Exercise 1.1
1 L]

2.

3.

5.

6'

(i) coefficientofx? =3
(ii) coefficientofx = —9
(iii) independent term = 5.

(i) degree?2
(i) degree3
(iii) degree 4.

4= —4x~1, —1is not a positive power;

3

X2, % is not an integer.

(i) 3x2—6x+7+5x+2x—9=8x2—4x—2
(i) > —4x2—5x+3x3+6x2—x=14x3+ 2x> — 6x
(i) x(x + 4) + 3x(2x — 3) = x> + 4x + 6x% — 9x

= 7x? — 5x
(iv) 30— 7)+2x(B3x—1) — 7x+2=3x2— 21+ 6x2 — 2x — 7x + 2
=9x2— 9% —19
(i) 3x%(4x + 2) + 5x%(2x — 5) = 12x3 + 6x%> + 10x®> — 25x?
=22x3 — 19x?
(i) X3(x — 2) + 4x3(2x — 6) = x* — 2x3 + 8x* — 24x3
= Ox* — 26x3

(iii) X0 +4x2 —7x) + 3x2(2x2 — 3x+ 4) =x* + 43 — 7x2 + 6x* — 93 + 12x2

= 7x* — 5x3 + 5x?
(iv) 3x(x2 —7x+ 1) + 2x3(6x — 5) = 3x3 — 21x%2 + 3x + 12x> —10x?
= 15x3 — 31x2 + 3x

(x+4)(2x+5) =2x2+5x+ 8x+20=2x2+ 13x + 20
2X+3)x—2)=2x*—4x+3x—6=2x*—x—6
3X—2)x+3)=3x2+9%—2x—6=3x2+7x—6

— 5y)? = x> —10xy + 25y?
2x + 3y)? = 4x* + 12xy + 9y?

i)
i) (
i) (
(iv) Bx—2)4x—1)=12x>—3x—8x+2=12x>—11x+ 2
(v) Bx—1)2x+5)=6x2+15x—2x—5=6x>+13x—5
(Vi) @x+1)2x—6) =8x> —24x+2x—6=8x>—22x— 6
(i) x—2)x+2)=x>*+2x—2x—4=x>*—4
(viii) (2x+ 5)(2x — 5) = 4x2 —10x + 10x — 25 = 4x2 — 25
(ix) (ax — by)(ax + by) = a*¢* + abxy — abxy — b%y? = a’x*> — b?y?
(i) x+2?=x*+4x+4
(i) x—3)2=x2—6x+9
(iii) x+5)2=x2+10x+ 25
(iv) (a+ b)2=a?+ 2ab + b?
(V) x—y)?=x>—2xy +y>?
(vi) (a+ 2b)?> = a? + 4ab + 4b?
(vii) 3x — y)2 = 9x? — 6xy + y?
i)
)

(
(
(
(




Text & Tests 4 Solution



b0 el g e}
B
= 8x% — 4x+%

(i) —(1—x)2=—-(1—2x+x3) = —1+ 2x — x?

)
9. (i) x>+ 5x + 25; No, cannot be written in the form (x + k)2
(ii) 9x2 — 6x — 1; No, cannot be written in the form (x + k)?
(iii) 4 + 12x + 9x%2 = (2 + 3x)% YES.

10. px*> + 4x+ 1 = (ax + 1)?
px? + 4x + 1 can be written in the form (ax + 1)2 = a®¢? + 2ax + 1
SL2a=4=a=2
Slax+1)2=02x+1)2=4x2+ 4x+ 1

Sp=4.
11. 25x2 + tx + 4 = (5x + 2)? or 25x2 + tx + 4 = (5x — 2)?
=25x2+ 20x + 4 =25x2—20x + 4
= t=20 = t=-20
12. 9x2 + 24x + s = (3x + a)? = 9x? + 6ax + d?
= 6a=24
a=4.

S92 4 24x + s = (3x + 4)?2
=9x2 4+ 24x+ 16
=s=16.

13. (i) x+2)*+2x+6)=x3+2x* + 6x+ 2x* + 4x + 12
=X+ 4x* + 10x + 12
(i) x—8)2x2+3x—1)=23+3x2—x—8?—12x+ 4
=2x3—5x2—13x+ 4
(i) 2x+3)2—3x+2)=23—6x2+4x+3x2—9+ 6
=23—-3x2—5x+6
(iv) Bx—2)(2x*—4x+2)=6x3—12x*+6Xx—4x>*+8x— 4
=6x3 — 16x2 + 14x — 4.
14. (x +Y)02 —xy +y2) =X = 32y + 3 + 29 — uf* + y3
:X3+y3
15. (x—y)(x2+xy+y2)=x3+}(7y+/f2—§7y—/f2—y3
=X — )3
16. 2x—3)Bx* —2x+4)=6x> —4x> + 8x — x> + 6x — 12

=6x3—13x2+ 14x— 12
= coefficient of x = 14.

17. X+ 3)x—4)(2x+ 1) =K+ 3)2x2 + x — 8 — 4)
=+ 3)(2x*—7x— 4)
=23 —7x2 —4x+6x2—21x—12
=2x3— x> — 25x — 12.
18. (X —3x—2)2x* —4x+ 1) =2x* —4x3 + x> — 6x> + 12x*> — 3x
—4x2+8x— 2
=2x* — 10x3 + 9x2 + 5x — 2.



Solution

19. (3x%2 + 5x — 1)(2x2 — 6x — 5); x2 coefficients include —15x2 — 30x2 — 2x2

= —47x?
coefficient of x2 = —47.
20. () 3X3+ 6 —x+2
2
(i) XX — x4
X

3¢ —6x% _ 3X(x— 2)
3x  3x
15x% — 10xy?
5xy
6x%y + 9xy* — 3xy

3xy B
6x* — 9x3 + 12x% _ 3x%(x> — 3x + 4)
3x2 B 3x2

=x2—3x+4

(iii) =x(x—2)=x*— 2x

(iv) =3x— 2y

21. (i) x+ 3y —1

. %Zb
22, () 129V _yq
?ati

J/Zazbz’
3dd

Xy?z
(iil) = = 2yz
oy Y
3y 4 _ Xy _y
2 6x2 2 x
2 +5x—3 _ x=1T(x+3) _
2x — 1 2—T
2x2—2x—12:2(X2—X—6):2(x;/37’(x+2)
x—3 x—3 *x—3
=2x+2)=2x+4

82+ 8x—6 _ 2(4x*+4x—3) _ 2(2x—1) (2x + 3)
4 -2  22x-1) 2 (2x—1)

=2x+3

(ii) = 4ab

(iv)

23. (i) x+3

(ii)

(iii)

24. (i) X2 —7x+ 12
x—1|x>—8x>+19x — 12
X =X
—7x2+19%x — 12
—7x> + 7x
12x — 12
12x — 12

(i) x> =1
2X— 1|23 —x2—2x + 1
23 — X2
—2x+ 1
—2x+ 1

(iii) X2 — 1
3x— 4|3 —4x2 —3x+ 4
3x3 — 4x?
—3x+4
—3xt+4




(iv) 4x> + 5x — 6
X— 3|43 —7x2—21x+18
4x3 —12x2
+5x2 —21x+18
+5x? — 15x
—6x +18
—6x+ 18

(v) x* —5x+3
X+ 5% —22x +15
x3 + 5x2
—5x2 —22x +15
—5x> — 25x
+3x+ 15
+3x+ 15

(vi) 2x*+3x+6
x— 2| 23— x? —12
23 — 4x?
3x2 —-12
3x2 — 6x
6x—12
6x — 12

25. (i) X—2
X2+2|x3—2x2+2x— 4
X3 + 2x
— 2% —4
—2x° —4

(i) x—3
X2 —6x+9(x3—9x2+ 27x — 27
x3 — 6x2 + 9x

—3x2 + 18x — 27
—3x2+ 18x — 27
(i) 3x— 1

X+x—2|33+2%*—7x+2
3% + 3x% — 6x

—x*—x+2

—x>—=x+2

(iv) X+ 2
5x2 4+ 4x —1|5x3 + 14x*> + 7x — 2
5% +4x* —x
+10x2 + 8x — 2
+10x> +8x—2

26. (i) X2+ 2x+ 4
x—2x -8
X —2x?
2x2 -8
22 — 4x
4x — 8
4x — 8




Solution

(i) 4x% + 6xy + 9y?
2x — 3y|8x3 —27y3
8x3 —12x%
12x%y —27y3
12x% — 18xy?
18xy? — 27y3
18xy? — 27y3

Exercise 1.2

1. xcm length of smaller side,

2.

(x + 4) cm length of longer side.
(i) Ax) = x(x + 4) = (x* + 4x) cm?
(i) Px) =2[x+ (x+4)] = (@4x+ 8 cm

(i) Area = length X width

Area _ 6x* +4x— 2

length 3x—1
_Bx—1N2x+2)
B 3x—1

(ii) Perimeter = 2(length + width)

=2(Bx— 1)+ (2x + 2))
P(x) = 10x + 2

=width =

=2x+2

. (@ V) =2x+3)X)Kx+1)

= (2x + 3)(x%2 + x)
=2x3 + 2x2 + 3x2 + 3x
=2x> 4+ 5x? + 3x

(b) S(x) = (x¥)2x+ 3) +20)(x +1) + 2(2x + 3)(x +1)
=2+ 3x+ 2>+ 2x+4x> + 4x+ 6x+ 6
=8x2+15x+ 6

(€ (i) V(5) =2(5)3+ 5(5)%+ 3(5) =390 cm?

(i) S(5) = 8(5)2 +15(5) + 6 = 281 cm?

fx)=2x*—x2—5x—4
(@) f(0)=2(0°—(0)2—5(0) —4=—4
(b) f(1)=2(12—-(1)>—-5(1)—4=-8
(0 F(=2) =2(—2?°— (=22 —5(-2) —4=—14
(d) f(3a) =2(3a)® — (3a)> —5(3a) — 4 =54a®> — 9a> —15a — 4
fx)=x*—3x+6
(@) f(0)=(0>—3(0)+6=6
(b) f(=5)=(—=5%—3(—5 +6=46
— 1) 51 _31_
©) f(——)—( 2) ( 2)+6— 2L=775
_(aQ _ 5(a _a _3a
)f(Z)_(Z) 3(4)+6 TR
Length = (x — y).

Width = (2x + 3y).
(@) Area = (x — y)(2x + 3y) = 2x> + 3xy — 2xy — 3y?
= 2x? + xy — 3y?

(b) Perimeter = 2[(x — y) + (2x + 3y)] = 2[3x + 2y] =

6x + 4y



7.

10.

11.

12.

Length = xcm
Width = (x — 5) cm
Height = 2xcm.
(@) Volume = Length X Width X Height
= (X)(x — 5)(2x) = 2x3 — 10x?
(b) Surface area = 2(x)(x — 5) + 4(2x)(x — 5) + 4(2x)(x)
= 2x> — 10x + 8x? — 40x + 8x?
= 18x? — 50x.
(i)
(ii)

(4) = the number of diagonals in a 4-sided polygon
(5) = the number of diagonals in a 5-sided polygon.

_ @7 3@

d
d

6=2.

> 8 —
(6 _306) _25 _
2 2 2
(67 _3(6) _36 _ 0
2 2 2 2 2 )
d(3) = 0 because a triangle has no diagonal.

=S

G
[
|
[

15_10
2 2
18 _18 _

S
()
[
|
[
W

CAff(x) =x+5,

f(a> —3fla)+2=a*>+5—-3@+5)+2
=ag*+5—3a—15+2
=ag%?—3a— 8.

f(x) =x*—3x+ 6.

(i) f(=2t)=(—2t)>—3(—2t) + 6 = 4t + 6t + 6.

(i) f(t2)=(t2)*—3(t) +6=1"—3+6.

(i) ft—2)=(t—22—-3(t—2)+6=t>—4t+4—-3t+6+6.
=t —7t+ 16.

(i) 4t2 + 6t + 6is of degree 2.

(i) t*— 3t + 61is of degree 4.

(iii) t2 — 7t +16is of degree 2.

V(r, h) = 377r2h

(i) V(r= 14,h=21)=%77-142-21 = 13727 cm?
i1 = :l .r2. :l 3

(i) V(rbh=r 3 re-r 37TI’

(i) V(r=2hh) =L 7Qh?2-h= % wh?

3
The dimensions of the base of the box are 24 — 2xand 18 — 2x, in cm.
The height of the box is x, in cm.
Thus the volume, V, of the box, in cm?3, is

V=x(24 — 2x)(18 — 2x)

V = x(432 — 48x — 36x + 4x?)

V = x(4x% — 84x + 432)

V = 4x3 — 84x*> + 432x



Solution

The smallest possible value of x is 0. The largest possible value of x is given by
18 —2x=0
9=x
Hence0<x<9,andsoa=0and b = 9.

13. T= 277\/—7
9

W T2=41
qr _

C4m

o

42
=whenT=4andg=10,/=

2 [

10.4° _ 40
4

14, v=§m3

=3y

3
33V
=  r=g

= =13
A J 198

_ 792 _ 22 A[3X792 XX _3
WhenV—7and7r— =Xy x 22 =427
=3m
15. H(x) = %(x — 1), x = number of students.

) x=5=H(@E) =2(5—1) =10

AN

(i) x=6=>H(@®)==(06—-1)=15

N

(i) x=10=H(10) =%(1o— 1) =45

(iv) Hx) = 136=§(x— 1)

272 =x(x— 1)
= The product of two consecutive numbers = 272.
=ifx=16,x—1=15 ..16 X 15 = 240.
ifx=17,x—1=16 ..17 X 16 = 272.
Sx=17.

or
272 =x*—x

=x*—x—272=0

x—17)(x+16)=0
SXxX—17=0=x=17
orx+ 16 = 0= x = —16 whichis invalid
since x stands for the number of students
Sx=17.

Exercise 1.3
1. 5x2 — 10x = 5x(x — 2)

2. 6ab — 12bc = 6b(a — 20)
3. 3x%2 — 6xy = 3x(x — 2y)



O ® N & u »

10.
11.

12.

13.

14.

15.

16.

17.

18.
19.
20.
21.
22.
23.
24,
25.
26.
27.

28.

29.

. 2x%y — 6x°2 = 2x*(y — 32)

. 2a* — 4a*> + 8a = 2a(a*> — 2a + 4)

. 5xy? — 20x%y = 5xy(y — 4x)

. 2a’b — 4ab? +12abc = 2ab(a — 2b + 6¢)
.« 3x%y — 9xy? +15xyz = 3xy(x — 3y + 52)

« 47> + 67rrh = 27r(2r + 3h)

3a(2b —¢) —4(2b — ¢) = (2b — ¢)(3a — 4)

x2—ax+3x—3a=x(x—a) + 3x—a)
=xX—ax+3)

2c2 —4cd+c—2d=2clc— 2d) + c— 2d
= (c— 2d)(2c +1)

8ax + 4ay — 6bx —3by = 4a(2x +y) — 3b(2x + y)
= (2x + y)(4a — 3b)

7y* — 21by + 2ay — 6ab = 7y(y — 3b) + 2a(y — 3b)
= (y — 3b)(7y + 2a)

6xy +12yz — 8xz — 9y? = 6xy — 9y? +12yz — 8xz
= 3y(2x — 3y) + 4z(3y — 2x)
= 3y(2x — 3y) — 4z(2x — 3y)
= (2x — 3y)3y — 42)

6x% — 3y(3x — 2a) — 4ax = 6x*> — 4ax — 3y(3x — 2a)
= 2x(3x — 2a) — 3y(3x — 2a)
= (3x — 2a)(2x — 3y)

3ax? — 3ay? — 4bx* + 4by? = 3a(x* — y?) — 4b(x* — y?)
= (x> — y?)(3a — 4b)
= (x — y)x + ¥)(3a — 4b)

a?—b2=(a—b)a+b)

X2 = 4y? = (x — 2))(x + 2y)

I —y?=(3Bx—y)3x+y)

16x% — 25y2 = (4x)? — (5y)? = (4x — 5y)(4x + 5y)

36x2 — 25 = (6x — 5)(6x + 5)

1—36x2 = (1— 6x)(1+ 6X)

49a? — 4b? = (7a)?> — (2b)? = (7a — 2b)(7a + 2b)

Xy —1=xy— 1Nxy+1)

4a2b? — 16¢* = (2ab)? — (4¢)* = (2ab — 4c)(2ab + 4¢)

3x2 — 27y? = 3(x*> — 9y?)
= 3(x — 3y)(x + 3y)
45 — 5x2 = 5(9 — x?)
=5B—x)3 +x)

45g? — 20 = 5(9a? — 4)
=5Ba—2)3a+2)



30.
31.
32.

33.
34.
35.
36.
37.
38.
39.
40.
a1.
42,
43.
44,
45,
46.
47.
48.
49,
50.
51.

Solution

2x+yP—4=2x+y—2)2x+y+2)
(3a—2b)2—9=3Ba—2b—3)3a—2b+3)

a*t— b= (02)2 _ (bz)z — (az _ bZ)(az + bZ)
= (a — b)(a + b)(a* + b?)

X2+9%+14=Kx+2)x+7)
2+ 7x+3=2x+ 1)x + 3)
232 +11x+14 = 2x + 7)(x + 2)
XX —9%+14=x—2)x—7)

2= 11x+28=(x—7)(x— 4)
2X2—7x+3=(2x— 1)(x—3)
3x2 —17x+ 20 = 3x — 5)(x — 4)
7x> —18x + 8 = (7x — 4)(x — 2)
2x> —7x— 15 = (2x + 3)(x — 5)
32+ 11x—20=(3x — 4)(x + 5)
12— 11x—5=(@4x—503Bx+ 1)
6x2 +x—15= (3x + 5)(2x — 3)
3x2 +13x— 10 = 3x — 2)(x + 5)
6x2 — 11x+3=(3x— 1)2x — 3)
36x2—7x—4=9%x—4)4x+ 1)
15x2 — 14x — 8 = (5x + 2)(3x — 4)
6y> +11y — 35 = (3y — 5)2y + 7)
12x2 +17xy — 52 = (4x — y)(3x + 5y)

(i) X2+ 3/3x+ 6.
=a=1b=3/3,c=6.

(o —b /b2 —4ac _ —3/3+/27 — 4()(6)

2a 2(1)
_ —3/3+V3
2
= —3¢§2+J§ or x— —3@2—&

x=—/3 or —2/3
. Factors are (x + v3) and (x + 2//3)
(i) x2+ 2V/5x — 15.
=a=1b=2/5c=—15.
— —bxVb?—4ac _ —2/5+/20 — 4(1)(-15)

2a 2(1)
_ —2/5+/80
2
_ —2/5+4/5
2
= —2£2+ A5 = —2@2— 4/5

s x=V5 or —-3/5
.. Factors are (x — v/5) and (x + 3V5)



(i) 2x> — 5/2x — 6.
=a=2b=—-5/2,c= —6.
,— —bt Vb2 — 4ac _ 5/2 /50 — 4(2)(—6)
2a 2(2)
_ 5/2+/98
4

5272
4
5247 5272
4 4
x=3/2 or _Tﬁ
.. Factors are (x — 3V/2) and (x + g)

But since coefficient of x2 is 2, one of the factors must

contain 2x. .. x+g =0

=2x+V2=0
. Factors are (x — 3v2) and (2x + V2)
52. (i) a®*+b3>=(a+ b)a*>— ab+ b?
(i) a® —b3>=(a—b)a*+ ab+ b?)
(iii) 8x% +y3 = ((2x)° + y?) = 2x + y)(@x* — 2xy + y?)

53. (i
i) x> —64=x>—4>=(x—4)(x* + 4x +16)
8x3 — 27y3 = (2x)> — (3y)® = (2x — 3y)(4x? + 6xy + 9y?)

) 27x3 — y3 = (3x)3 — y3 = (3x — ¥)(9x* + 3xy + y?)
)
)
54. (i) 8+ 27k3 = (2)* + (3k)® = (2 + 3k)(4 — 6k + 9k?)
) 64 — 125a% = (4)® — (5a)* = (4 — 50a)(16 + 20a + 25a°)
)
)
)

27a® + 64b3 = (3a)® + (4b)® = (3a + 4b)(9a? —12ab +16b?)

a® — 8b3c = a® — (2bc)® = (a — 2bc)(a* + 2abc + 4b*c?)
5x3 + 40y3 = 5(x3 + 8y3)
=50 + (2y)?)
5(x + 2y)(x2 — 2xy + 4y?)
=x+y—2x+y?+Kx+yz+ 2]

55. (i

w

(i) (x+y)3 —

Exercise 1.4

1 (i)g_é‘yzi (ii) 7(7%/% —_a
. 2}/;2 y2 12 95 bﬂb 2b
202 de?
(iii) ax oA X
(iv) Ty+2y2 Y7+2) T+
vy Iy 7
V) 5ax _  Bdx _  x

15a +10a®>  Bd(3 +2a) 3 +2a

2. @ F+3 =795 ~ 5
3x _x_6X _5Xx_ X
(b) 5 2 10 10 10
2x+3 x_6x+9  4x_ 10x+9
(© 2 T37 717 T3 12



Solution

X+1,2x=1_5x+5, 8 —4_ 13x+1

4 5 20 20 20
3x—4_ 2x+1_3x—4_ 4x+2_ —x—6

6 3 6 6 6
3x—2 x—3_6x—4 3x—9_3x+5

6 4 12 2 12
5x—1_2x—4_25x—5_8&—16_ 17x+ 11
4 5 20 20 20
3x+5 2x+3 _6x+10 6x+9 1

1
6 4 12 12 12 12
0

_2x—1:15x—10+g_4x—2

8x 8x 8x 8x

1,1 _x+3+x_ 2x+3
X x+3 x(x + 3) x(x + 3)

2, 3 _2x+4+3x+2)_  5x+14
x+2 x+4 x+2)x+ 4 x+2)x+ 4

L3 21 +36—2)_  7x—8
x—2 2x—1 x—2)2x—1) x—2)2x—1)

5 2 _56x+3)—-2Bx—1)_  —x+17

3x—1 x+3  GBx—1Nx+3)  (Bx— 1+ 3)
3 1 _35x+2)—(2x—7) _ 13x + 13

2X—7 5x+2  2x—7)0Bx+2)  (2x—7)(5Bx+ 2)
2 1 _8—(x—5)_ 13—3x

3x—5 4  4(3x—5) 4(3x—5)

5 3 _5k—2)—-3@2x—1)_ -x—7
2x—1 x—2 2x—1)x — 2) 2x—1x—2)
x Y :x(x+y)—y(x—y):x2+)gy+)yf/+y2
X—y x+y X —=y)x+y) x=y+y)
X2+ y?
_Xz_yz
3,4 2 3By +4)— 2 9y+4x—2
x 3y  3xy 3xy - 3xy
3. 2 4 _3x=M-2—-4_ x-7
x x—1 x(x—1) x(x—1) x(x — 1)

2224z _272(z—-2) _z-2
222—10z 27(z—5) z-5
Y+7y+10  (p+5)y+2) y+2
y?— 25 (y+5)ly—5) y—5
2+3t—4_(t+4t=—1_t+4
2—3t+2 (t—2Qt—1 t—2

x 1 _ X 1

xXX—4 x+2 x+2Qx—2) x+2

_ x—Kx=2) _ 2
xX+2)x—2) Kx+2)x—2)




(vi)

(ii)

(iii)

(iv)

2 _a+2 _ 2 _ a+?2

a+3 a*—9 a+3 (a+ 3)a-—23)
_2a@—3)—(a+2) _ a—38
@+ 3)@—-3) (a@a+3)a-—3)

x—1 1T _ x—1 1

=4 x—2 _(x—2)(x+2)+x—2

_X—14+x+2 _ 2x+ 1

x—2)x+2) (x—2)x+2)

10 2 10 2

2X2—3x—2 x—2 2xX+Nx—2) Kx-—2)

_10-2(2x+ 1)
T 2x+ Nx—2)
8 — 4x _ 42 — x)

22X+ MNx—2) 2x+1)x—2)
—4 (x—2)
2x + Nx=2)
X+ 2 1 _ X+ 2 1
2XZ2—x—1 x—1 2xX+NDx—1 x—1

o x+2—(2x+1)

C2x+ NHx— 1)

_ —x+1  _ Trx=1 _
2x+Dx—1 @x+ Dx<1) 2x+1
12 1 2

-9 xX—-x—-6 (x—3)Kx+3) x—3)Kx+2)

X+ 2—2kxx+3)
x—3)x+3)x+2)
_ —x—4
x—3)x+3)x+2)
3 . 2 _ 3 . 2
X+x—2 xX2+3x+2 Kx+2Qx—1) x+2)x+1)
3x+1)—2(x—1)
X+2)x— NHx+1)

_ x+5
x+2)x— Nx+ 1)
2 3 _ 2 3

6x2—5x—4 9x2—16 (Bx—42x+1) Bx—4)Bx+4)

 2Bx+4) —302x+ 1)
T Bx—A2x+1)3Bx + 4)

6X+8 —6x—3 _ 5

Bx—4)2x+ 1)Bx+4) @Bx—4)2x+ 1N3Bx+ 4)

1 _ 1 _ 1 _ 1
xy—x> y’—xy xty—x) yly—x)




7.

(i)

(iii) ]

(ii)

(iii)

(iii)

(iv)

(ii)

(iii)

Solution

1 3 2 3 5
2td_ath_ & _5.4_ .
1 11 47
4 4 4
2 5 4 5 9
§+g=L=E=9_31><$_4=4
3 3 3
8 s 1 B A
X—x S - - M)
+1 L x4 —x+T1)
P15 (4% x  _1+x
1 L b¢ 1—=x 1-—x
1 1 — 4x2
2TA e _(1-4) ¥
L N - § Xz (1—2x)
X X
_(1=2000 + 2% _ 1+ 2
X(3—2x) X
x+ty x+ty bty xy .y
-2 )= . -
x*ty Sy e
8y—3
y-3_ % _8&-3 1_8 -3
2 2 2 2 4
2— 5 B ax—1 1 _ 2x—1
2 2 X 2 2x
Xty _ P 341 13+
2 2 X 2 2X
4y +
y+tr L ay+1 Ayt
i A 1 2
2 2

1 4x o+ 2
XT3 i 1y 4

—_— —_— . :2
1 4% +1
Xty X4 ’Z1 )
1 222 —1
Z_Z: 2z :(222_1). 37
71 32-1 2z (3z22-1)
3z 3z
_6z22—3
622 —2
1 xX(x+1)—1
X x+1 _ x+1 :X2+X—1. 1
x—1 X—1 X+ 1 xX—1
_X4+x—1
X2 —1
2 2
45 % x+2) x—2 _x-2
X+2  x+2 X 'M_ X

N
N
x
|
N

243 | 2 e

1
22 +x xx+1) x x2x+1) x?



X(x —2) + 2x
X+ 2 ===

X—2 _ (x—2)
(iii) 1+ 2 T x+2x—2) +4
x+2)x—2) x+2)x—2)

_ X —Ix+2x x+2)x—2)
(x—2) XA+ 4

o ‘(x+2)jx/—/ZY:X+2

T 2
a+b\_[a—b (a + b)a+b) — (a—b)a—b)
11 (I) (a—b (a+b)= (@a—b)+(a+ b)
‘ 1+(a7b La—+b] +La—1)
a+b (a + b)
:az+2ab+b2—(a2—20b+b2)'(a+b)
(@—b)a+b) 2a
_ (@@ +2ab+ b7 —a”+2ab— k) (a+b)
(@a—b)(a+b) 2a

_ 24abla+b] _ 2b
(a—blla+b)2d a-b

xX+3 02 + 3) X32

43
(||)X_%=X4_9= x ¢—09)

_ 303 2
X2 =3)E+3) x*—3
9g_1 9y — 1
v y?
(i) 9+6 11  9P+6y+i
YUy T
_y -1 Y

2 92+ 6y +1
_ By =By 3y
By+1)By+T1 3y+1

3x=5_ 1 _Bx=5R—-x+Kx=2)
X—2 2—x x—2)(2—x)
_6x—3x*—10+5x+x—2
x—2)(2—x)
—3x2+ 12x— 12
x—2)2—x
_ —3(x2 — 4x + 4)
x—2)2—x)
:—31)(7%7”()(;/2T23
— 2] x—2) '

12.

Exercises 1.5

1. By calculator:
0) (Z)=35 (ii) (g)=15 (iii) (j)=15

(iv) (‘45):1365 v) (‘°)=1o



Solution

2. (i) (3):1 (ii) (‘1°)=1o (iii) (:§)=1
W (T)=1 @ 3)=(7)=18
3. (132)=(1212_3)=(192). Hence k = 9.
)

4.(12 =( 16 )=(146).Hencek=4.

5. (a + 2b)* = (0)04 + (1 )a3(2b) + (‘2‘)c,2(2b)2 (3) a2b)? + ( )(2b)
= (1)a* + (4)a32b) + (6)a*(4b?) + (4)a(8b3) + (1)(16b%)
= a* + 8a3b + 24a%b? + 32ab® + 16b*

6. The coefficients in the 6th row of Pascal’s triangleare 1 6 15 20 15 6 1.
Thus
(x + y)6 = x® + 6x°y + 15x*2 + 20x3y3 + 15x%y* + 6xy° + )5,

7. The fifth row of Pascal’s triangleis1 5 10 10 ..
The coefficient of the 4th term is thus 10. The 4th term is then
10(1)%(2x)® = 10(8x%) = 80x3
Thus the coefficient is 80.

(i) (a—2b)= (g)a4 + (4)03(—2b) + (‘2‘)az(—2b)2 + (‘3‘)a(—2b)3 + (j)(—zb)4
= (1)a* + (4)a3(—2b) + (6)a2(4b?) + (4)a(—8b3) + (1)(16b%
= ag* — 8a3b + 24a%b? — 32ab? + 16b*

(i) (20— y)* = (2]@0° + (3 @02y + 3 ]@0(=y2 + 3 ](-y7

= (1)(8x%) + 3)4xA)(—y) + (3)(2x)(y2) + (1)(—y?)

=8x*> — 12x% + bxy? — y*
(i) (p+3q) = (2)p* + (1)p°Ga) + (3]p2Ba) + §)pBay + ()39
= (Mp* + 4p>3q) + (6)p*(99°) + (Ap(27¢°) + (1)(81q")
= p* + 12p3q + 54p’q* + 108pg>® + 81g*

(iv) (1 +2y)5=(5)(1)5+( )( Y2y) + ( I )(2y)2+( )( )2(2y)?

0
+ ()@t + 2 )y
= (M) + G + (10)(D@y2) + (10)(1)@B) + (5)1)16y) + (1)(325)

— 1+ 10y + 402 + 80y3 + 80y* + 325
9. () 2+3pP= (6)26 + (6)25(3p) + (6)24(3p)2 + (2)23(3p)3 + (3)22(3,9)4
(oo S
= (1)(64) + (6)(32)(3p) + (15)(16)(9p?) + (20)(8)(27p3) + (15)(4)(81p?)

(6)( )(243p°) + (1)(729p°)
— 64 + 576p + 2160p2 + 4320p3 + 4860p* + 2916p° + 729p°

-7 e+ (g » o - (rcon
o
= (D) + @) (M)(=b) + 21)(1)(B?) + (35)(1)(—b%) + (35)(1)(b*)
(

+ @NM(=0°) + (D)%) + (1)(=b))
=1—7b + 21b% — 35b% + 35b* — 21b° + 7b° — b’



10.

11.

12.

13.

14.

15.

W o4~ 3+ (p-t0)+

+ (2 |pt-4a* + (3 ) —497
= (1)p°> + (5)p*(—4q) + (10)p*(16g?) + (10)p*(—64q3) + (5)p(2569%)

+ (1)(—1024q°)
= p> — 20p*q + 160p3q> — 640p>q® + 1280pg* — 1024¢°

Jp*(—4a7 + (3 Jp(—4a)

The coefficients in the 7th row are then
1 1+6 6+15 15+20 20+15 15+6 6+1 1
or1 7 21 35 35 21 7 1.

General term = (?)ﬁ*’y’. For the 5th term, r = 4. Thus the 5th term is

8\,8-4,4 _
( 4}@ V4 = 70Xy,
General term = (2)x9*’(—y)’. For the 4th term, r = 3. Thus the 4th term is

(§)X9—3(—y)3 = (84)x%(—y3) = —84x5y>

General term = ( 1r0 )(Zx)“’*’y’. For the 6th term, r = 5. Thus the 6th term is
(150)(2x)5y5 = (252)(32X%)y® = 8064x°y5

The number of termsin (p + 2g)%is6 + 1 = 7.
The middle term is then the 4th term (3 before and 3 after)
The general term is ( )p6 "(2g)". For the 4th term, r = 3. Thus the middle term is

($)p°2292 = 20)p%(84°) = 160p°

The coefficient of this term is 160.
() 2x =y =(3)@0° + (8)(ZX)7(—y) + (3 )@0o=p2 + ( §J@0%(-yr
( ) ( )(2x)( y) +(§)(2x)2(—y)6
+ (5 J@ayy =+ [y
= (1)(256x8) + (8)(128x7)(—y) + (28)(64x%)(y?) + (56)(32x°)(—y?3)
+ (70)(16x%)(y*) + (56)(8x3)(—y°) + (28)(4x?)(y°)
+ (8)(2x)(—=y") + (1)(?)
= 256x8 — 1024x’y + 1792x%y? — 1792x%y3 + 1120x** — 448x3y°
+ 112x%° — 16xy” + y8
(i) (a + 2b)° = (g)a9 + (?)aS(zb) + (3)a7(2b)2 + (g)a6(2b)3 + (Z)as(Zb)“
9
( )a4 2b5+( ) (2b)6+(7)a2(2b)7 (8) (2b)8+( )(2b)
= (1)a® + (9)a®(2b) + (36)a’(4b?) + (84)a’(8b3) + (126)a>(16b%)
(
9

+ (126)a*(32b°) + (84)a*(64b°) + (36)a*(128b7)

+ (9)a(256b8) + (1)(512b°)

= a’ + 18a®b + 144a’b? + 672a°b® + 2016a°b* + 4032a*b> + 5376a°b®

+ 4608a%b’ + 2304ab® + 512b°



Solution

16. The general term in the expansion of (5x + 1)'%is
(1'9 )(Sx)m—r(])r.
For the 3rd term, r = 2. Thus the 3rd term is
(‘20)(5x)8(1)2 = (45)(390625x%) = 17578125x8

9
17. The general term in the expansion of(x - %) is
9\ o —3VY
(r)x9 ( 2 )

For the 4th term, r = 3. Thus the 4th term is
— 3 — 3
HEE R Ol

3 2 8
The coefficient is — 5767 = —283.5.

Exercise 1.6
1. ax* + bx+c=(2x—3)3x + 4) forallx
=6x2+8x—9x—12
=6x2—x—12
sa=6,b=-1,c=-12

2. Bx—2)x+5)=3x*>+px+gq forallx
3+ 15x —2x—10=3x*+ px + q
32+ 13x—10=3x>+px+ g
S.p=13,g=—-10

3. x+6x+16=Kx+a)?+b forallx
xXX+6x+16=x*+2ax+a*+b
2a=6=a=3
anda*+b=16
9+b=16=b=7

4. >’ +4x—6=Kx+a+b forallx
X +4x—6=x>+2ax+a*+b
SL2a=4=a=2
anda*+ b= -6

44+b=—-6=b=—-10

5. 2x* +5x+ 6 =p(x+q)? +r forallx
=px*+2xq+q*) +r
=px>+ 2pgx + pg* + r

p=2
and2pg =5
.'.2(2)q=5:>q=%
andpg’+r==6

52

25 25

£2 4 = =6 — =2

8 r=6=r==6 8

_48-25_23

8 8



6. 2x+ a)>=4x>+ 12x+ b for all values of x
42 +4ax + a>=4x*+ 12x+ b
S4a=12=a=3
anda’=b=9=0>b

7. x2—4x—5=(x—n)2—m forall values of x
X—A4x—5=x>=2nx+n>—m
—4=-2n=n=2
and —5=n?—m
—5=4-m=m=9

8. () VW=ax*+bx>+cx+d=(x+5Kx+3)x+2) forallx
= (x2+ 8x+ 15)(x + 2)
=x3+ 2x> + 8x%> + 16x + 15x + 30
=x3+10x2+ 31x+ 30
s.a=1,b=10,c=31,d=30.
(i) S)=px>+gx+r=2x+3)x+ 2) + 2(x + 5)(x + 3) + (x + 5)(x + 2)
=2(x2+5x+6)+2(x2+ 8x+ 15) + (x2 + 7x + 10)
=5x%>+ 33x+ 52
p=5,qg=33,r=52

9. 3x—p)P+qg=3x2—-12x+7 for all x
L3 —=2px+p)+qg=3x%—-12x+7
L3 —6px+3p2+qg=3x2—12x+7
s —6p=—12=p=2
and3p?+qg=7
32?+g=7=q9g= -5
10. V(X) =x3+ 12x2+ bx + 30 = (X2 + cx + 4)(x + a)

=x3+ax2+ cx?+ acx+ 4x + 4a
=x3+ x%a+ ¢) + x(ac + 4) + 4a

atc=12
andb=ac+ 4
_ _30_15
and4a=30=a 2 >
at+tc=12=c=12—a
—19_15_9
c=12 5 5
_ _15 9, 135416 _ 5,3
b=ac+4=1"> > 2+4 2 373

11. (x —4)3 =x3+ px? + gx — 64 forall x
=x—4)x—4)(x—4)
= (x2—8x+ 16)(x — 4)
=x3—4x* — 8x*+ 32x+ 16x — 64
=x3 —12x> + 48x — 64
Sp=—12,q=48

12. x+ a2 +bx+2)=x>—2x2—x—6 forallx
=x3+ bx*+ 2x+ ax* + abx + 2a
=x3+x3(b+a)+x(2+ ab) + 2a
b+a=-2

and 2 +ab= —1

and 2a=—-6=a= -3
b+a=-2=b—-3=-2=0b=1



13.

14.

15.

16.

17.

18.

Solution

x—2)®+bx+c)=x>+2x*—5x—6 forallx

=x3+bx?+cx— 2x* — 2bx — 2¢

=x3+ x3(b—2) + x(c — 2b) — 2¢
b—2=2=b=4

andc—2b=-5=c—2(4)=—-5=c=3

5a—b)x+b+2c=0 for all x
S Bba—-bx+b+2c=0x+0
S.5a—b=0=b=5a

and b+2c=0=b=—-2c

S.5a=—2c
_ —2c
a=-3

(Ax + 1 +s) =43+ px* +gx+ 2 forallx

=43 +4xs+ 1> +rs

=433+ x>+ 4xs + rs

Sooor=p

and4s =g

andrs =2
pq =4rs=412)=8

= pq =r.4s =4rs

X+ s)x—s)ax+t)=axd+ bx2+ cx+d forallx
=X —sAax+ 1)
=axd+ tx? — as? x — ts?

s t=b
and—as2=c| . —asf _c
and —ts2=d -t d
= —ad = —ct
butt=0>b s.—ad= —cb
=ad=cb
1 _ A B
KNG =D o+ = forallx
N ; 1 _Ax—1) +Bx+1)

x+MNDx—1) x+1Kx—1)

= 1=Ax—1)+Bx+1)
= 1=Ax—A+Bx+8B
= 1=x(A+B)—A+B
: Ox+1=A+Bx—A+B
A+B=0
and —A+B=1
adding: 2B=1
sinceA+B=0:>A=—B=—%.
1 __C n D
x+2)x—3) x+2) (x—3)
1 _ Cx—3)+Dx+2)
x+2)x—3) x+2)x—3)
= 1=Cx—3)+ DK+ 2)

1=Cx—3C+Dx+ 2D
O0x+1=x(C+D)—3C+ 2D



= C+D=0

X3 and —3C+ 2D =1

L 3C+3D=0
s.adding: 5D=1=

1

5

sinceC+D=0:>C=—D=_%_
1 __A ,_ B
x+NMx+4) x+1) x+4)
— 1 =A(x+4)+B(x+1)
x+ Nx+4) x+ Nx+4)
=1=Ax+4A+Bx+B
Ox+1=x(A+B)+4A+B
A+B=0
and 4A+B=1
subtracting: —3A= —1 :>A=%
since A+B=0 :B:_Az_%_

(x — 3)?isafactorof x> + ax+ b

=Kx—-32x+k=x3+ax+0b

L —6x+9x+k=x>+ax+b

SX+ ki —6x2—6kx+9x+ 9% =x3+ax+ b

X+ xAk—6)+x(—6k+9) +9%=x+ax+b=x+0x>+ax+b
S k—6=0=k=6

also—6k+9=a ..—6(6)+9=a=a=—27

also 9k =b ..9(6)=b=b=>54

(x — 2)?isafactorof x> + px + g
=>Kx—2°Kx—k=x+px+q
LA+ AXx—k=x+0x+px+g
X =k — A2+ dkx+4x—4k=x>+0x> +px+ g
X+ X~k — 4) + X(8k + 4) — 4k =
So—k—4=0
= k=—4
alsop=4k+4=4(—4)+4=-12
q=—4k= —4(—4) = +16.

. (X* —4)isafactorof x> + cx> + dx —12
LA+ k=x+c2+dx—12
X+ kG —Ax—dk=x3+ x> +dx—12

. k=c

also d=—-4

and —4k=—-12=k=3=c¢

LA+ 3)=x+3x2—4x—12

= KX—2)x+2)x+3)=x>+3x2—4x—12.

. (x> + b)isafactorof x> — 3x2 + bx —15
=0 +bx+k =x—3x2+bx—15
S+ kX 4+ bx+ bk=x> —3x2+ bx —15
= k=-3

—15

_ _—15_ —
alsobk=—15=b X —3 5.



24.

25.

26.

Solution

x> — px + 9isafactorof x> + ax + b
L —px+ Y+ Kk =x>+0x>+ax+b
S+ ke —px?—pkx+9x+ 9%k =x>+0x*+ax+b
X3+ X2k —p)+x(—pk+9) + 9% =x>+0x*+ax+b
k—p=0=k=p
—pk+9=a= —plp) +9=a
sa=9—p?
alsob=9%=-b=9p
atb=17
= 9-p’+9p=17
—pPP+9p—-8=0
pP2—9p+8=0
p—8(p—-1)=0
S.p=281

x? — kx + 1is afactor of ax®> + bx + ¢
ax + ak
X2 —kx+ 1| ax®+ +bx+c
ax® — akx* + ax
akx?> + bx —ax + ¢
akx*+ (b—ax+c
gk — ak’x ___ + ak
(b — a)x + ak’x + c — ak
(b —a+ ak?)x + c— ak (remainder)
Since x> — kx + 1 is a factor, there can be no remainder.
L b—a+ak¥x*+c—ak=0 forallx
=b—a+ak¥=0
andc—ak=0= k=

<
a
. b—a+a(§)2=0

2
‘. b—a+%=0:>ab—a2+c2=0
=c2=a’—ab=ala—b)

(x — a)?isafactorof x> + 3px + ¢
i.e. x> — 2ax + a?is a factor of x3 + 3px + c.
X+ 2a
SoX2 = 2ax + a? | +3px + ¢
X — 2ax*> + a’x
2ax*> + 3px — a*x + ¢
2ax+ 3p—adx+c
2ax* — 4a’x + 243
(3p — a?x + 4a? x + ¢ — 2a® (remainder)
Since x> — 2ax + a?is a factor, there can be no remainder.
S.Bp—a*+4a>)x+c—2a*=0 forallx
L3p—a*+4a’=0=3p=—-3a’=p=—a’
also,c — 2a* = 0= c= 2a>.




27. x> + ax + bis afactor of x3 — k.
X—a

X +ax+ bl —k
¥+ ax® + bx

—ax¥— bx — k
—ax*—a*x—b
—bx+a*x—k+b
x(—b+ a?) — k+ ba (remainder)
Since x2 + ax + b is a factor, there can be no remainder.
(=b+a)=0=b=a?
(i) also, —k+ba=0=k=ab=a.a*=ad?
(ii) Sinceb=a*>= b3>=(a??=a’®=k>

28. 2x —1
2x— V3 [ 4% — 201+ V3)x+ /3
Ax2—2/3x
=201+ V3)x + 2/3x + V3
—2x —23x +23x+ V3
%+ 3
—2+Y8

0
- 2x — /3 is afactor
and the second factor is 2x —1.

29. 5x + 3 = Ax(x + 3) + Bx(x —1) + C(x —1)(x + 3) for all x
5x+3=Ax>+3Ax+ Bx* —Bx+ C(x* + 3x — x — 3)
= Ax? + 3Ax+ Bx> — Bx+ Cx* + 3Cx — Cx — 3C
= Ax? + 3Ax + Bx> — Bx + Cx* + 2Cx — 3C
=A+B+0Ox*+ BA—B+20x—3C

LA+B+C=0

also3A—B+2C=5

and —3C=3=C=—1
A+B=1
3A—-B=7

adding: 4A =8=A=2
since A+B=1=B=1-A=1—-2=-1.

Exercise 1.7
1. (i) 3x—2y=4

3x =4+2y
4+ 2y
X T3
(i) 2x — b =4c
2x =4c+b
_4c+b
2
NS 4
(iii) 5x — 4 >
_y
5x —2+4
y
X:§+4_y+8

(9]
o



Solution

(iv) 5(x —3) =2y

2 2y + 15
LYY

=X_

V) 3y=3-2
X _ _3y—
3 3y—2
K:

3 3y+2
X=9y+6

(vi) Xy =xz+yz
Xy —Xz=yz
xy —2) =yz

- )z
==z

wix

N
X
1

- Wi
1

<

wl +

+
+

6
X

< W= w|=

X

. _y—2

(i) z= 3
3z=y— 2
2x=y— 3z
_y—3z
X=

(iii) x b=c
a—bx=cx
—cx—bx=—a
ox+bx=a
x(c+b)=a

a
X:
b+c

3. (a) V= mr2h
=mar:h=V
4

=ri=—_
h




"4 A?

o A
2 2
:>A2=47T7HQ Y~ 4mhv

° (a) Acircle = ar’
(b) The side of the square = 2r

= Asquare = 12 = (21?2 = 4r?
) Acorners = 4r> — wr* = (4 — m)r?

(d) area of new square = (4r)? = 16r?

_

. r\2
area of new circle = W(E) 4

2

= area of new shaded section = 16r2 — %
=r? (16 - 727
2
=% (64— m)

To find the radius of the outer circle we need to find the distance
from the centre of the circle to a corner (vertex) of the square.
d=Vr+r=2r2=2r.
= Area of outer circle = 7d?
= 7(V2r?
= 27r?
= twice the area of the inner circle.

c—u c—u
=fc—u)=fc f'lc—u)=fc
c u=f—c, flc—fu=fc
f fc—fc="fu
—u=f—C,—c cf—f="fu
_Z_K_f'c—fc_c(f/_f) C=ff}lf
u= fl_ f' - f/

T2:47TZL

g
T
A 10.32 90
T:3,g:10. = |= 47.7_2 =m22.3m

§=Ztg (i)  bc—ac=ac
x(a—b)=yla+ b) _GC:ZZE: :Z;
ax — bx = ay + by —be
ax —ay = bx + by ~ o
ax—y)=blx+y)
b(x +y)

x—y




Solution

_3u-—v
y=73
4y=3u—3v
3v=3u—4y
_3u—4y
vE—a

8. (i)

. 3
9. A=41+—L)

100
i 3
ﬂ1+ﬂ%)—A
i \_A
“+1m'_P
i _3A
T+ 300 = Vp
. 3IA
100+/= 100 2
. 3A_
i= 100 2 100
P = 2500, A = 2650
10032650
S i =100 2500 100
= 100(1.0196) — 100
= 1.961
i=2%
10. () d=,9°0
ac
dz:a—b
ac
acd?’=a—b
_a—b»b
€T ad?
11. (i) From Pythagoras: h? + r? = 152
h?=152-p
h=v152—r2

(i) atr=5cm:h=V15%2—52

= /225 — 25 =200
=10v2 cm

2 E)Z
15 (2
=/168.75 = 12.99 cm
h=13cm

(i) 2W+ L =300
L=300—2W
(i) A=LX W
= (300 — 2W) - W= 300W — 2W?2

(iii) 10000 = 300W — 2W?

2W?2 — 300W + 10000 = 0

W? —150W + 5000 = 0

(W—50)(W—-100) =0

12.

(i) s=Lw+v

2
2s=tu+tv
—tv=1tu—2s
tv=2s—tu
_2s—tu
YT
.. _2c—1
(ii) b—ic_1
=blc—1)=2c—1
bc—b=2c—1
bc—2c=b-1
cb—2)=b-1
_b—-1
‘b2
[/ 1111111111/
w w
— fence
L




= W=50 or W=100

hence, L =300 — 2(50) or L =300 — 2(100)
= 200 =100

answer: (50,200) or (100 100)

Exercise 1.8

1.

(a)
(b)
(@]

(d)

4,7,10,13,16 ... constant 1t difference = linear
—2,2,6,10,14 ... constant 1%t difference = linear
—-4,-3,0,5,12

+1,+3, +5, +7

+2,+2, +2.... constant 2" difference = quadratic
2,1,—-2,—7,—14,—23...

-1,-3,-5,-7,

—2,—2,—2... constant 2" difference = quadratic
2,7,22,47

+5, +15, +25

+10, +10..... constant 2" difference = quadratic
3,1,=5,—15,—-29,....

-2,—6,—10,—14

—4, —4,—4, ... constant 2" difference = quadratic
1,—4,—19,—44,—-79 ....

—5,—15,—-25,—-35

—10, —10, —10 ... constant 2" difference = quadratic
3,—2,—7,—12,—17...

—5, =5, =5, —5... constant 1%t difference = linear
0,3,12,27,48

+3,+9, +15, +21

+6, +6, +6 .... constant 2" difference = quadratic
5,17,37,65,101

+12, +20, +28, +36

+8, +8, +8... constant 2" difference = quadratic.

-1,3,15,35,63

first differences = +4, +12, +20, +28
second differences = +8, +8, +8.

= quadratic pattern of the form ax? + bx + ¢
also,2a=8=a=4.

A2+ bx+c
letx=1= 412+ b(1) +c= —1
= btc=-1-4=-5

letx=2=4(2)2+b2)+c=3
=2b+c=3-16=-13

using simultaneous equations: 2b + ¢ = —13
b+c=-5
b = -8
=—-8+c=-5
= c=-5+8=3

Laxt+bx+c=4x2—-8x+3 forx=1,23,..
Note also we could let x = 0 = 4(0)2 + b(0) + c = —1
= c=—1



3.

Solution

letx=1=4(1)2+b(1)+c=3

4+b+c=3
4+b-1=3
b =0

sLaxt+bx+c=4x>—-1 forx=0,1,2,...
(b) 4,3,0,—5,—12, —21, —32
first difference = —1, —3, =5, =7, —9, — 11
second differnce = —2, —2, -2, -2
= quadratic pattern of the form ax? + bx + ¢
also,2a=—-2=a=—1.
So=x2+bx+c
letx=0 = —(002+b0)+c=4
c=4
letx=1 = —(1)2+b(1)+c=3
-14+b +4=3
b =0
s.ax? 4+ bx+ ¢ = —x% + 4isthe patternforx =10, 1, 2, ....

(i) 2,7,12,17,22,.....
first difference = 5, a constant = a linear pattern.
S f(x)=ax+b=>5x+b.
Let x = 0 be the 15t term of the pattern.
=f(0)=50)+b=2
b=2
S f(x)=5x+2forx=0,1,2,...
(i) —6,—2,2,6,10...
first difference = 4, a constant = a linear pattern.
SfX)=ax+b=4x+b
Let x = 0 be the 15t term of the pattern.
=f(0)=4(0)+b=—6
b= —6.
S fx)=4x—6forx=0,1,2,...
(iii) 3,2,1,0,—1,—2,...
first difference = —1, a constant = a linear relationship
Sfx)=ax+b=—x+0b
Let x = 0 be the 15t term of the pattern.
= f(0)=—-0)+b=3
b=3
S fx)=—x+3
=3—X
(iv) —2,7,—-12,—-17,-22, ...
first difference = —5, a constant = a linear relationship
Sfx)=ax+b=-5x+b
Let x = 0 be the first term of the pattern.
=f(0)=—-50)+b=-2
b= -2
S f(x)=—5x—2
(v) 3,35,4,45,5,...
first difference = 0.5, a constant = a linear relationship.
S fx)=ax+b=05x+0b



Let x = 0 be the first term of the pattern.
~.f(0)=0.50) +b=3

= b=3

S f(x) =0.5(x) + 3

=§+3 forx=0,1,2,...

(vi) —1,-0.8, —0.6, —0.4, —0.2, ...
first difference = 0.2, a constant = a linear relationship.
SfX)=ax+b=02x+0b
Let x = 0 be the first term of the pattern.
o f(0)=0.22(0) + b= —1
b= —1
~fx)=02x—1 forx=0,1,2,...

4. 11,13,15,17,19, ...
first difference = 2, a constant = a linear relationship.
SfX)=ax+b=2x+b
Let x = 3 be the first term of the pattern.
= f(3)=23)+b=11
= b=5
s f(x) =2x+ 5forx=3,4,5, ...

5.1,3,5709,...
first difference = 2, a constant = a linear relationship.
Sf)=ax+b=2x+0b
Let x = —2 be the first term of the pattern.
S f(=2)=2(-2)+b=1
b=1+4=5.
S fx)=2x+5forx=-2,-1,0,...

6. (@) 3,6,9,...
a first difference = 3 (a constant) = a linear pattern.
=fx)=ax+b=3x+b
Let x = 1 be the first element of the pattern.
~f(1)y=3(1)+b=3
= b=0.
Sfx)=3x forx=1,273,...
= for the 15% element, x = 15.
.. f(15) = 3(15) = 45 matchsticks are needed.
(b) 4,8,12,...
a first difference = 4 (a constant) = a linear pattern.
=fx)=ax+b=4x+0b
Let x = 1 be the first element of the pattern.
() =41)+b=4
= b=o0.
= . fx)=4x forx=1,23,...
= for the 15% element, x = 15.
. f(15) = 4(15) = 60 matchsticks are needed.
(c) 3,5,7,...
a first difference = 2 (constant) = a linear pattern.
=fX)=ax+b=2x+0b



Solution

Let x = 1 be the first element of the pattern.
Sf(M=21+b=3

= b=1
Sf)=2x+1forx=1,2,3,...
= For the 15™ element, x = 15.
. f(15) = 2(15) + 1 = 31 matchsticks are needed.

7. PlanA=35x+ 70
Plan B = 24x +125
Both plans repay the same amount if
35x + 70 = 24x +125
= 11x =55
x = 5 months.

8. 4,7,14,25,40
first difference: 3,7, 11, 15
second difference : 4, 4, 4 = a quadratic pattern, f(t) = at?> + bt + ¢
sL2a=4=a=2.
Sf) =22+ bt+c
Att=0, f(0)=2(0)2+ b(0)+c=4 (ie.atthestartthere were 4 bacteria)
= c=4
Att=1, f()=2002+b(1)+c=7
=2 +b +4=7
= b =1
Sft)=2t2+t+4 for t=0,1,23,...
when is f(t) = 529, assuming f(t) = 2t2 + t + 4?
ift=10= 2(10)2+ 10 + 4 = 214 too small
t=15= 2(15)>+ 15 + 4 = 469 too small
t=16= 2(16)> + 16 + 4 = 532 too large
.. In the 16 hour, the number of bacteria was 529.

Exercise 1.9

1. (i) y=2x?>+ 2x —1is not linear because the highest power is not 1.
(i) y=2(x—1)"" is not linear because the highest power of xis not 1.
(iii) y2=3x+4
= y=+3x+4 isnotlinear because the highest power of xis not 1.

1
= (3x + 4)?

2. (i) Solve5x—3 =32
= 5x =35
—3_5:
x—5 7

(i) Solve3x+2=x+8
= 3Xx—x=8-2
2X=6
xX=3
(iii) Solve2 —5x =8 — 3x
= 3x—5%=8-2
—2Xx=6

-6 __
X=—- 3



(ii)

(iii)

(ii)

(iii)

Solve2(x —3) + 5(x —1) =3
=2X—6+5x—5=3

= 7x=3+11=14
X=2
Solve2(4x —1) — 3(x—2) =14
= 8x—2—3x+6=14
5x=14—-4=10
xX=2

Solve 3(x —1) — 4(x — 2) = 6(2x + 3)
=3x—3—4x+8=12x+ 18
—Xx—12x=18—5
—13x=13
x=-1
Solve3(x + 5) + 2(x + 1) — 3x = 22
3K+ 15+2x+2—3x=22

2x =22 —17
2x=5
5
x=§:2.5
2x+1_ 4
5
=2Xx+1=5
2x=4
X=2
3x—1
7 =8
=3x—1=32
3x=133
x=11
X—3 _x=2
4 5

=5x—3)=4(x—2)
5x —15=4x—8
5 —4x=15—-8

x=7
2a_a_>5
3 4 6

= multiplying each term by 12:4(2a) — 3(a) = 2(5)
=8a—3a=10
5a=10
a=2

= multiplying each term by 12:3(b + 2) —4(b—3) =6
=3b+6—4b+12=6
—-b=6-18
—b=-12
b=12



Solution

3c—1 _c¢c—3_4

6 4 3
= multiplying each term by 12:2(3c —1) — 3(c — 3) = 4(4)
=6c—2—3c+9=16

3c=16—7
3c=9
c=3
X—2 , 2x—3_1
5 TT70 2

multiplying each term by 10 we get: 2(x — 2) + (2x — 3) = 5(1)
=2x—4+2x—3=5
4x=5+7
4x =12
x=13
3y—12 3(y —5)
5 37 yz
multiplying each term by 10 we get: 2(3y —12) + 10(3) = 5.3(y — 5)
=6y — 24 +30= 15y — 75
6y —15y =24 —30— 75

—9y = —81
3p—2 3p+1

2
6 4 3
multiplying each term by 12 we get: 2(3p — 2) — 3(3p +1) = 4(2)
=6p—4—9p—3=8
—3p=8+7
—3p=15
p=-—5
3r=2 2r—3 _ 1

5 4 2
multiplying each term by 20 we get : 4(3r — 2) — 5(2r — 3) = 10(1)
=12r—8 —10r+15=10

2r=10—-7

2r=13
_22
r—2 1.5

2x-1)-34-x=2
multiplying each term by 12 we get :3.3(2x —1) — 4.2(4 — x) = 12.2

=18x—9—-32+8x=24

26x = 24 + 41
26x = 65
_ 65 _
x—26 25
2 1
= j— _— J— — +
(ii) 3(x 1) 5( )=x+1

multiplying each term by 15 we get:5.2(x —1) — 3.1(x — 3) = 15x + 15
= 10x—10—3x+9=15x+ 15
7x—15x=15+1
— 8 =16
xX=—2.



Exercise 1.10

1.

2.

(i) 3x—2y=38 N 3x —2y=28

xty=6 2x+2y =12

(adding) 5x =20
x=4

since x+ty=6=4+y=6

SLy=2
.. solution  (x,y) = (4, 2)
(i) 3x —y=1 6x —2y=2
=
x—2y=—8 x—2y=—8
(subtracting) 5x=10
x=2
since x—2y=-8=2—2y=-8
—2y=—10
y=>
.. solution  (x,¥) = (2,5)
(iii) 2x — 5y =1 N 4x — 10y =2
4x—3y—9=0 4x—3y=9
(subtracting) 7y = -7
y=1
since 2x—5y=1=2x—5(1)=1
= 2X=6
x=3
sosolution  (x,y) =(3,1)
(i) 4x — 5y =22 = 12x — 15y = 66
7x +3y—15=0 35x+ 15y =75
(adding) 47x = 141
_ 141 _
X="5 3
since 4x — 5y =22 =4(3) — 5y =22
—5y=22—-12
=5y =10
y=-2
.. solution  (x,y) = (3, —2)
T X_X:l — =
(i) 575756 N 3x—y=1
X—2y=—8 X—2y=—8
= 6x —2y =2
X—2y=—8
(subtracting) 5x=10
x=2
since 3x—y=1=3(12)—y=1
6—y=1
—y=-5
y=>5

.. solution  (x,¥) = (2,5)



Solution

4x—2_g 4
(iii) 5 70 8x —4 =28y

=
18x — 20y =4 18x — 20y =4
= 8x —8y=4
18x — 20y =4
= 40x — 40y = 20
36x — 40y = 8

(subtracting) 4x =12
x=3
since 18x— 20y =4
= 18(3) — 20y = 4
—20y=4—-54=-50
y=2%
-.solution  (x,¥) = (3, 2%)
12§§§+%=6:5Qx—$+3y=wﬁ
= 10x — 25+ 3y =90
10x + 3y =115

5
M) 5 = 3x+ 10.2 =53y —5)
= 3x+20=15y— 25
= 3x — 15y = —45
S 10x+ 3y =115 50x + 15y = 575

3x — 15y = —45 3x — 15y = —45
(adding) 53x =530
x=10

since 10x + 3y =115
10(10) + 3y = 115
3y=15
y=>5
.. solution  (x,¥) = (10, 5)
4. y=3x—23 = y=3x—23
y=§+2 = 2y=x+4
= 2y=6x—46
2y=x+4
(subtracting) 0=5x—50
= 5x =50
x=10
since y=3x—23
= y=3(10)—23=7
.. solution (x, y) = (10, 7)



5.

(i)

(ii)

(iii)

A2x+y+z=38 3A: 6x + 37 +3z=124
B:5x—3y+2z=3 B: 5x—}f+22=3

C7x+y+3z=20 D:(adding) 11x +5z=27
also  B:5x -3y +2z=3

3C:21x + 37 + 92 = 60

E: (adding) 26x +11z=163
=11D: 121x + 582 = 297
5E:130x 4+ 55z = 315

(subtracting) —9x= —18
x=2
since 11x + 5z =27
11(2) + 5z =27
52=27-22=5
z=1
since 2x+y+z=28
200 +y+1=8
y=3
.. solution (x,y,2) = (2,3, 1)
A2x—y—z=6 2A:4x — 27— 22 =12

B:3x+2y+3z=3 = B:3x+2y+3z=3

C4x+y—2z=3 D:(adding)7x +z=15
also B:3x+2y+3z=3
2CG:8x+ 2y —4z=6
E: (subtracting) —5x +7z=-3

sinceD: 7x+z=15=7D =49+ 72/=105
alsoE= —5x + 722 = —3

subtracting: 54x = 108
X =2.

sinceD:7x +z=15
= 72)+z=15

z=1
also, since A:2x —y—z=6
= 2Q)—y—1=6
-y=3
y=—3.
s.osolution (x,y,2) = (2, —3,1)
A2x+y—z=9 A2x+y—7=9

B:x+2y+z=6 = B:x+2y+7/=6

CG3x—y+2z=17 D(adding):3x +3y =15
also 2B:2x + 4y + 22 =12
C3x—y+2/=17

E (subtracting): —x + 5y = —5



Solution

since D: 3x+3y=15
3E: —3x+ 15y = —15

adding: 18y =0
y=0.
since E: —X+5y=-5
—x+5(0)=-5
x = 5.

also,A:2x +y—z=9
2(5)+0—2z=9
—z=9—-10= -1
+z=1
.. solution (x,y,2) = (5,0, 1)

(i) A:2a+b+c=8 = 3A:6a + 36 + 3c = 24

(ii)

B:5a —3b+ 2c=3 B:5a — 36 + 2c= —3

C7a—3b+3c=1 D:adding: 11a + 5¢ = 21
also  B:5a—36+2c= -3
C7a—3b+3c=1

E: subtracting: —2a —c=—4.
sinceD:  11a + 5¢ = 21
and 5E: —10a — 5¢€ = —20
adding: a =1
since D:11a+ 5¢c = 21
= 11(1) + 5¢ = 21

5¢=10
c=2.
also,A:2a+b+c=8
20)+b+2=28
b=4
.. solution (a, b, ) = (1,4, 2)
Ax+y+2z=3 = 202+ W +4z=6
B:4x+2y+z=13 B:4x + 2 +2z=13
C:2x+y—2z=9 D:(subtracting): —2x +3z= -7
also B:4k + 2 +2z=13
2C:4%+ 2 — 4z =18
E: (subtracting): 5z= -5
== z=—

since D: —2x+3z=—7
= —2xX+3(-1)=-7

—2Xx—3=-7
—2x=—7+13
—2x=—4

X=2.



also,A: x+y+2z=3
2+y+2(—1)=3
y=3
.. solution (x,y,2) = (2,3, —1).
(i) Aix+y+z=2 Ax+y+z=2
B:2x+3y+z=7

X, Y, z_2 2y _
C.2+2+3 3 = C3x—y+2z=4

D:(adding) 4x +3z=6
alsoB:2x+3y +z=7
3CG:9x — 3y +6z2=12
E: (adding) 11x +7z=19
. 11D:44x + 33z = 66
AF: 44x + 282 =76
subtracting: 5z=—10
z=—2
sinceD:4x+3z=6
4x +3(—2)=6
4x =12
x=3
also, Aix+y+z=2
=  3+y-2=2

y=2-1
y=1
.. solution (x,y,2) = (3,1, —2)
Abx+4y—2z—5=0 = Abx + 4y —2z=5
B:3x — 2y +4z+10=0 2B:6x — 4 + 8z = —20

CG5x—2y+6z+13=0 D:(adding): 12x + 6z= —15
alsoB:3x — 20 + 4z= —10
C5x— 20+ 6z2=—13
E (subtracting): —2x —2z=73
also,D:  12x+6Z= —15
3B —6x—62=9

adding: 6x =—6
x=—1
sinceD: 12x+6z= —15
12(=1) +6z= —15
6z=—3

Z:_E

also,A:  6x+4y—2z=5

= 6(—1)+4y -2 —1]=5

—6+4y+1=5



Solution

4y =10

11

.. solution (x,y, 2) = (—1, 22, >

8. Curvef(x) =ax*+ bx + ¢

(1,2) on curve = whenx=1,f(x) = 2
=2=a(1)?2+b(1) +c
=2=a+b+c A

(2,4) on curve = whenx=2,f(x) =4
=4=a(2?+b2)+c
=4=4a+2b+c :B

(3, 8) on curve = whenx = 3,f(x) = 8
=8=a(3)?+b3)+c
=8=9a+3b+c :C

since A: atbfc=2

andB: 4a+2b+g=4

D(subtracting): —-3a—-b =-2

sinceB:4a+2b+¢=4
andC: a+3b+¢=38

E(subtracting): =5a—b = —4
also D: —3a—-p=-2
E: —5a—-4k=—4

subtracting: 2a =2
= a=1
since D: —3a—-b=-2
= -3(1)—b=-2
—b=+1
b= -1
also A:a+b+c=2
= 1—1+c=2
c=2

.. solution (a,b,¢c) = (1, —1, 2)

9. Point1, (1,1)
point2, (0, —6)
point3, (—2,—8)
Curve =flx) = ax* + bx + ¢
(1,7 on curve = whenx =1, f{x) = 1
=1=a(1)2+b(1)+c
=1=a+b+c
(0, —6) on curve = whenx =0, f{x) = —6
= —6 =a(0) + b(0) + ¢
=—-6=cC
(=2, —8) on curve = whenx = —2,f(x) = —8
= —-8=a(—2)?+b(—2)+c¢



10.

11.

12.

—8=4a—-2b+c :C
also A: at+tb—6=1
C: 4a—-2b-6=-8
= 2A: 2a+—-12=2

adding: 6a—18 = —6
6a =12
a=2

sinceA: a+b—-—6=1

= 2+b—-6=1

b=1+4=5

(a,b,¢c) = (2,5, —6)
solution: f(x) = 2x2 + 5x — 6

Let x = number of people paying €20
Let y = number of people paying €30
x+y=44000:A

also, 20x + 30y = 1200000: B

. 20A:20x + 20y = 880000
B: 20x + 30y = 1200000

subtracting: —10y = —320000
y = 32000

.. 32000 paid the higher price.

Let x be Lydia’s age now.

.. five years ago, Lydia was (x — 5) years old.

Let Callum be y years old now.

.. three years from now, Callum will be (y + 3) years old

= (y +3) =2(x — 5) A
aIso,ij=16
=x+y=232 :B
FromA: y+3=2x—-10
13=2x—y
A 2x—y=13
B: x+y=32
adding: 3x =45
x=15
sincex +y =32
=15+y=32
y=17

Lydia is 15 years old, Callum is 17 years old.

Equation of line:y = ax + b.
(6,7) on line=whenx =6,y =7
=7=a6)+b
=6a+b=7 A
also, (—2,3)online=whenx= -2,y =3
= 3=a(-2)+b



Solution

= —2a+b=3

since A: 6a + 4 =7
and B: —2a+4=3
subtracting: 8a =4
~4_1
= a T8

sinceA:6a+b=7
1 _
:>6(§)+b—7
b=4
Iiney=%x+4.
1

Verify (4, 6) is on line = 6 = 5(4) + 4

= 6, which is true.

N
13. -f—N2=o = N,—4N,=0
Ny+%M—99=0 — 2N, + N, =198

since A N,—4N,=0

and 4B: 8N, + 4N, =792

adding: 9N, =792
N, = 88

also,A: N, —4N,=0
= 88—4N,=0
—4N, = —88
N, =22
(N1, N,) = (88, 22)

a b _ 4
B S T 2 =2+ 2
alx+2)+ bx — 2) 4

x—2)x +2) x—2)x +2)
=ax+2a+bx—2b=4

(a+bx+2a—2b=4+0x

= at+b=0 A
and 2a—2b=4 B
also 20+2b=0  :2A
adding: 4a =4
a =1
since at+b=0
= 1+b=0
=1
(a,b)=(1,-1)
1 + -1 _ 4
"x—2 x+2 Kx—-2)Kx+2)
X+2—-Kx—2) _ 4
(x—2)x+2) x—2)x+2)
_X+2-x+2
(x—=2)x +2)
4 4

K61 -2+ 9



15'z£3+zgzzc—3ﬁz+m
(z+2)+dz—-3) _ 4
(z—3)z+2) (z—3)z+2)
=ccz+2ct+dz—3d=4
(c+dz+2c—3d=0z+4
c+d=0 tA
and 2c—3d=4 :B

= 2c+2d=0 1 2A
subtracting: —5d=4
_—4
5
since c+d=0
—i:
= C 5 0
_4
= c=3
. —(4 _4
ea=(4Y

4 —4 4

T5z—3) 52+ Z-3)z+2
4(z+ 2) — 4(z — 3)
5z - 3)z 1 2)
_ 84+ 12
5(z—3)(z+ 2)
20
5z - 3)Z +2)
4

T Z-3z+2 Z-3z+2 ged
16. Let x = number of litres of 70% alcohol

= x(70%) + 50(40%) = (x + 50)(50%)
= 0.7x + 0.4(50) = 0.5x + 0.5(50)
0.7x + 20 = 0.5x + 25
0.7x — 0.5x =25 — 20
0.2x =5
x = 25 litres.
17. x = bigger number

y = smaller number

A x+ y=26
B: 4x—5y=>5

= 5A: 5x+ 5y =130
B: 4x—5y= 5
adding: 9x =135
X =15
since x+y=26

= 15+y=26
y=1



18.

19.

20.

Solution

Sooy)=(05.11)

v=u+at v = speed

t = time.
att=7,v=2 = 2=u-+7a A
att=13,v=5 = 5=u+13a B
since Au+ 7a=2

B:u+13a=>5
subtracting: —6a = —3
6a =3
_3_1
9762
sinceu +7a=2
1) _
= u+t7(3)=2 |
u-= 2—135
u-= —15
s 4x + 2y =60 A X
also, 2x + 4y = 42 :B
y Pen 1.
4x + 2y = 60 A
X
also 4x + 8y = 84 :2B X
subtracting: —6y = —24
9 y y y
y=4
since 4x + 2y = 60 Pen 2.
=4x + 2(4) = 60 y y
4x = 52
x=13 X

.". Original pen dimensions: 26 X 4
new pen dimensions: 13 X 8
Pen 1 requires 4x and 2y lengths
Pen 2 requires 2x and 4y lengths
= they both have 2x and 2y length in common
.. in pen 2, 2x lengths are swapped for 2y lengths
if y < x, less fencing is needed in pen 2.

Note: Area of pen 1 = (2x) X (y) = 2xy
Area of pen 2 = (x) X (2y) = 2xy
= the areas are the same.

y=ax’+ bx+c

the point (0, 1) € curve = whenx =0,y =1
= 1=a(0)?+ b(0) + ¢
=1=c

the point (2,9) € curve = whenx =2,y =9
=9=0a(22+b2)+c
=9=4a+2b+c
=9=4a+2b+1 sincec=1



=8=4a+2b
A: =4=2a+ b dividingeachterm by 2.
the point (4, 41) € curve = whenx = 4,y = 41
=41 =a(4)? +b4) +c
=41 =16a + 4b + ¢
=41 =16a +4b+1 sincec=1
=40 = 16a + 4b
B: = 10=4a + b dividing each term by 4.

since A 2a+p=4

and B: 4a+46=10

subtracting —2a= -6
a=3
since A: 2a+b=4
=23)+b=4

b= -2

s(abo=3,-21)

21. () A y—z=3
B: x—2y+z=-4

G x+2y=11
: A: y-7=3
B: x—2y+7=—4
D(adding): X—y=—1
(6 X+ 2y=11
subtracting: —3y=-12
y=4
sincex —y=—1
= x—4=-1
x=3
also y—z=3
= 4—z=3
—z=—1
z=1
solution (x,y,2) = (3,4, 1)
i) A: X Y —2=7=2x+3y—6z=42
3y
Lo X_ 2z — S
B: 2 2+2 6=x—6y+2z 24
. K—Z—é: —_ —_ =
C: 6 43 1= 2x—3y—4z=12
Ar %+ 3y—6z=42
2B: 24 —12y +4z= —48
D(subtracting): 15y — 10z =90
also 2B: 24 —12y + 4z = —48
C 2K—3y—4z=12

E(subtracting): — 9y +8z=—60
. 4D: 60y — 407 = 360
5E:  —45y + 407 = —300




22.

23.

Solution

adding: 15y =60
y =4
since D:15 —10z=90
15(4) —10z =90
—10z =30
z=-3
also A: 2x + 3y — 6z =42

2x + 3(4) — 6(—3) =42
2x+ 12+ 18 =42
2x =12
X=06
(x,y,2) = (6,4, —3)

Curve: x*+y*+ax+by+c=0.

(1,0) € curve=whenx=1,y=0
=12+0%2+a(1)+b0)+c=0
=1+a+c=0
=a+c=—1 A

(1,2) € curve = whenx =1,y =2
=12+22+a(1)+b(2) +c=0
=1+4+a+2b+c=0
=a+2b+c=-5 :B

(2,1) € curve =whenx =2,y =1
=22+12+a)+b(1)+c=0
=4+1+2a+b+c=0

=2a+b+c=-5 :C
since B: a+26+ c=-5
and 2CG: 4a+26+2c=-10
D(subtracting): —3a —¢=5

A _a +¢=—1
adding: —2a =4

a = -2

sinceA: a+c=-—1
= —2+c=-1

c=1

also B a+2b+c=-5
—2+2b+1=-5
2b=—4
b=-2
s(a b d=(-2-21)
Let x be the number of small bags, y be the number of medium bags and z be the number of large
bags. Then

x+y+z=15 |

3x+5y+7z=77 w2

y=x+2

—xt+ty=2 w3
Then

1: x+y+z=15



3: —X+y =6

2y+z =17 w4
Also
2: 3x+5y+7z=77
3X3: —3x+3y =6
8y+7z=283 w5
Then
4 X —4: -8y —4z=—68
5: 8y +7z=283
3z=15
z=5
4: 2y +5=17
2y =12
y==6
3: 6=x+2
x=4

The shop sells 4 small, 6 medium and 5 large bags of popcorn.

. Let €x be the amount in the mutual fund, €y be the amount in government bonds and €z be the
amount in her local bank. Then

x+y+z=10500 e 1
X=2z
x—2z=0 e 2
0.11x + 0.07y + 0.05z = 825
11x + 7y + 5z = 82500 w3
Then
1x2: 2x + 2y + 2z = 21000
2: X —2z=0
3x + 2y = 21000 el
1x-=5: —5x — 5y — 5z= —52500
3: 11x + 7y + 5z = 82500
6x + 2y = 30000 w5
Then
4x-1: —3x — 2y = -21000
5: 6x + 2y = 30000
3x = 9000
x = 3000
2 X =2z
3000 = 2z
z= 1500
1: 3000 + y +1500 = 10500
y = 6000

She invests €3000 in the mutual fund, €6000 in a government bond and €1500 in her local bank.

. Let x be the number of white beads, y be the number of blue beads and z be the number of green
beads. Then



Solution

y=Kx+2—4
xX—y+tz=4 w1
z=x+ty
x+y—z=0 w2
y=2x
2x—y=0 w3
Then
1: XxX—y+z=4
2: x+y—z=0
2x=4
xX=2
3: y=2x
y=4
2: z=x+y
z=2+4
z=06

He uses 2 white, 4 blue and 6 green beads.

Revision Exercise 1 (Core)
1. ) 12m?n® _ X mn? _ 1
: (6m?*n°?2  36mén'® 3mén’

(i l_(3xx+1)=(3x+1)_( X )3t
)5( (SJ;“X) X 5+4x/ 5+ 4x
(i) f+§ e R = B
=16 (x—4Kx+4) 2x—4x+4) 2x—8
2, () y=x+4 N y—x=4 A
5+ 2x=6 5y+24=6 B
2y —24=8 2A
adding 7y =14
y =2

sincey=x+4
= 2=x+14
= Xx=-2
Sy =(-2,2)
(i) 3x+y=7 = y=7-—3x
X*+y?=13 = x*+((7-3x2?=13
= x>+ [49 —42x+ 9x’] =13
X2+ 49 —42x+ 9x*> =13
10x2 —42x+36=0
52 —21x+18=0
(5x—6)x—3)=0

x=3 or ng
= y=7-303) or y=7—3(g)
y=7-—9 or y=7—%

17

y=-—2 or Y=z



Sy =B,—-2  or (g%)
3. X2+ 2x —1
x—3 X —x2—7x+3
x3 —3x2 (subtracting)
2x* —7x+ 3
2x%* — 6x (subtracting)
—x+3
- x+3 (subtracting)
0
answer: x> + 2x —1
4q, 3x3 + 6x2 + 3x+ 33
x—2|3x% —9x? 4+ 27x — 66
3x* — 6x3 (subtracting)
6x3 — 9x% + 27x — 66
6x3 —12x? (subtracting)
3x2 4 27x — 66
3x% — 6x (subtracting)
33x — 66
33x — 66 (subtracting)
0

answer: 3x3 + 6x2 + 3x + 33

5. (i) X—9%?=0
=x2x*—9)=0
=x*(x—3)x+3)=0
5.x=0,3 -3

(i) 2x—12Q2—x) =
= (2x—1)3 =
= 2x—1) =

6. 4x? + 20x + k is a perfect square
= 2x+ a)2x+ a) = 4x2 + 20x + k
= 4>+ 4ax+ a*>=4x>+ 20x + k
= 4a =20
a=>5
a’=52=25=k
k = 25(5%)
7. () 2x+3)= ((5))(2)()5 + (f)(zx)4(3) + (g)(2x)3(3)2 + (g)(Zx)2(3)3 + ( i)(Zx)(3)4 + (g)(3)5
= (1)(32x°) + (5)(16x*)(3) + (10)(8x3)(9) + (10)(4xA)(27) + (5)(2x)(81) + (1)(243)
= 32x° + 240x* + 720x3 + 1080x% + 810x + 243

R R e e e T

= (1)x° + (6)x°(—2) + (15)x*(4) + (20)x3(—8) + (15)x2(16) + (6)(x(—32) + (1)(64)
= x% — 12x° + 60x* — 160x3 + 240x2 — 192x + 64

8. 3—-27=x3—-33=x—-3)x*+3x+9)



Solution

9. px—q)?+r=2x*—-12x+5 for all values of x
=px*—2xq+q?) +r=
= px? — 2pgx + pg> + r=2x>* —12x + 5.
p=2,-2pg=—12 and pg? + r=>5.

=  —22)q=-12

= g=3 and 2(3)2+r=5
r=5-18
r=-13

p.gn=1(23, -13)
10. A: 3x+5y—z= -3

B: 2x+y—3z=-9

C: x+3y+2z=7

=2A: 6x+10y— 2= -6
C: x+ 3y+2£=7

D(adding): 7x + 13y =1

also 3A: 9+ 15y —32=—9
B: 2x+ y—32=-9

E(subtracting):  7x + 14y =0

D: 7x+ 13y =1
E: 7x+ 14y =20
(subtracting): —y=1
y=-—1
since 7x+ 14y =20
7x+ 14(—1) =0
7x=14
X=2.

also, C: X+3y+2z=7
2+3(-1)+2z=7
2z=18
z=4,

(x,y,2)=1(2,—1,4)

11. b+ 12— (b—1)3
=bp3+3b2+3b+1—(b>—3b>+3b—-1)
=P +302+36+1—- B+ 302 — 36+ 1
=6b2 + 2.

12. (i) 3,12,27,48,75, ...
first difference: 9,15, 21, 27, ...
second difference: 6,6,6... = quadratic pattern of the form
an’*+bn +c

= 20=6

a=3

3n% + bn + c represents the pattern
let n=1=3(1)2+b(1)+c=3
b+c=0 : A

let n=2=32)2+0b2)+c=12



2b+c=0 : B

= A: b+c=0
B: 2b+c=0
(subtracting): —-b =0
= b =
since b+c=0
=0+c=0
= c=0

an? + bn + ¢ = 3n?
(i) 5,20,45,80,125, ...
first difference: 15, 25, 35, 45, ...
second difference: 10, 10, 10, ...
quadratic pattern of the form an? + bn + ¢
=2a=10
a=>5 ~. 5n? + bn + crepresents the pattern

We note thatforn=1: 5n*>=5
n=2: 5n?>=20
n=3: 5n?2=45, etc
=- b and ¢ must equal zero
[alternatively, set up simultaneous equations in b and c and solve]
the quadratic pattern is 5n?
(iii) 0.5,2,4.5,8,125, ...
first difference = 1.5, 2.5, 3.5,4.5, ...
second difference = 1,1, 1

quadratic pattern of the form an? + bn + ¢
=2a=1
a= % ..0.5n? 4+ bn + ¢ represents this pattern

By comparison to part (ii), we can deduce that the quadratic pattern is 0.5n2.

13. 6,12,20,30,42, ...
first difference: 6, 8,10, 12, ...
second difference: 2, 2, 2

quadratic pattern of the form an? + bn + ¢
=2a=2
a=1 = n?+ bn+ crepresents this pattern

let n=1 = 12+b(1)+c=6

b +c=5 A
let N=2 = 224+bQ2)+c=12

2b +c=38 :B

since A: b+c=5
and B:2b+c=38

subtracting: —b = —3
b =3

also A: b+c=5



Solution

34+c¢c=5
c=2
quadratic patternis n? + 3n + 2
When n=100 = 100%+ 3(100) + 2 =10, 302

14. Let the width = xcm.
Let the length = ycm.
= A: 3x=2y+3

B: 4y=2(x+y +12

= B: 4y=2x+2y+12
= B: 2y=2x+12.
since A: 3x—2=3
and B: 2x—2/=—12
(subtracting):  x =15 = width = 15 cm.
also B: 2x—2y=-12
2(15) — 2y = —12
—2y=—42
y =21 = length = 21 cm.
15. Ar Lypl_2
u v r
B: m=Y—'
r—u
since A: 1,12
u v r
-, vtu_2
uv r
:>g=v+u
r uv
r_ uv
“2 vty
2uv
:>r_v+u
~2uv
alsom=Y—r—__v+tu
—u 2uv
v+u
(v(v +u) — 2uv)
_ v+u
(2uv—u(v+u))
v+u
_Vtwu-2uv (D)
(v+1)  2uv —uv — u?
:vz—uv:V(,\V/U)_
uv—u?  u(yv=)

Revision Exercise 1 (Advanced)



1. 1,3,6,10,...
first difference: 2, 3,4, ...
second difference: 1, 1, ...
= quadratic pattern of the form an? + bn + ¢

=2a=1
a= % = %nz + bn + crepresents this pattern
let n=1: 212 +b(1)+c=1
1 _
2+b+c—1
b—|—C=l CA
2
let n=2: %(2)2+b(2)+c=3
2+2b+c=3
2b+c=1 :B
since A: b+[:%
and B: 2bt+e=1
(subtracting): —b z_%
_1
b =3
. :l
also A b+c 3
1, .1
= 2+c—2
= C:O
1 1

.. the quadratic pattern is =n? + 5N

N

2. If xm?3 of soil is needed,
= Xx(55%) + 1(25%) = (x + 1)(35%)
= 0.55x + 0.25 = 0.35x + 0.35
= 0.55x — 0.35x = 0.35 — 0.25
0.2x= 0.1
x=0.5m3.

3. (i) Letxkgofalloy 1 be added to
y kg of alloy 2.
=x+y=84 A
alloy 1 contains 60% gold
= the amount of gold in the new alloy = x(60%) = 0.6x
alloy 2 contains 40% gold
= the amount of gold in the new alloy = y(40%) = 0.4y
also, the total amount of gold in the new alloy = (x + y)(50%)
=05k +y)
= 0.6x + 0.4y = 0.5(x + y) :B
since A: x+y=84
and B: 6x+4y=5(x+y)
= B: x—y=0 (simplifying B)
/



4.

7.

Solution

and A: x+y=84

= 2x =84
x=4.2kg

since B: x—y=0

= 42 —-y=0

= y = 4.2 kg also.

Bp—2t)x+r—4t2=0 forallx.
=@Bp—2t)x+r—4t2=0x+0
3

—~ 3p-2t=0 :>t=7p
and r—4t*=0.
_ 3p)2_
=T 4(7 =0

4.9p?

A

= r=9p

= r— =0

Xty Lx=1 -y
X2 X
=x+y?*+x(x—1)=—x* [multiplying each term by x?]
=Xty +x—x=—x*
=x+y +x—x+x2=0

2x> +y*=0.
2
aIso,ziznL 1=0.
y

2x?

v
x__1
2

. Let the students take x litres of 10% solution and y litres of 30% solution.

= x+y=10litres

also, x(10%) + y(30%) = (x + ¥)15%

= 10x+ 30y = 15(x +y) [multiplying each term by 100]
x+y=10 :A

and 10x + 30y = 15x + 15y

= —5x+15y=0 :B

since A: x+y=10

and B:—=5x+15y=0

= 5A: 5%X+5y=50

adding: 20y = 50
_50 _ 51,
Y= 22 litres.
also, since x+y=10
1_
= X+25=10
X = 7 litres.
2

Q) 7%Iitres of 10% mixed with (i) Z%Iitres of 30%.

3x—y=0 . (1)



x+y+z=23000 .. (2)
75x + 55y + 30z = 870000
15x + 11y + 6z = 174000 .. (3)

(2) X 6: 6x+ 6y + 62 = 138000

15x + 11y + 6z = 174000
6x + 6y + 6z = 138000
9% + 5y = 36000
(1) X 3: 9% —3y=0
8y = 36000
y =4500
3x =4500
x =1500
X +y+2z=1500 + 4500 + z= 23000
z=17000
x=1500,y=4500,z= 17000

8. Brian’s time for 50 m = 50a seconds.
Luke’s time for 50 m = 50b seconds.
Luke faster than Brian = 50a = 50b + 1
Brian’s time for 47 m = 47a seconds.
Luke’s time for 50 m = 50b seconds.

Luke faster than Brian = 47a = 50b + 0.1

Subtracting : 3a=09
a=0.3
=-50(0.3) =500 + 1
14 = 50b
028=0b
Y = l = —1 =
Luke’s speed = b= 028 3.57 m/sec.
. _ X
9. (i) (2 3) ,
General term: Ty = (?)(2)9_,(%)
_ (99— (=X
o (r)z ' 3r

For the 6th term, r = 5. Thus the 6th term is
( 9 )2975 (—1)°x°
5

35
_ (=1)x°
= (126)(16) 243
— _224s
27"
(i) Bx+ M2
General term: T = (1r2 )(3x)‘2"(1)’
— (12)312—rx12—r
;
For the 8th term, r = 7. Thus the 8th term is
(12)35X5
7

= (792)(243)x°
= 192456x°

10. 3x — 1)



Solution

General term: T = (1r1 )(3x)”"(—1)’
= (_1)r( 1r1 )3X11—rx11—r
For the 6th term, r = 5. Thus the 6th term is
—_1\5( 1126
e
= (—1)(462)(729)x°
= —336798x°

11. (2x — 3)™
General term: T = (1r4)(2x)14_’(—3)’

— (1;" )214—rx14—r(_1)r3r
For the term containing x'°,
14—r=10

r=4
The coefficient of x'% is then

(144 )210(_1)434

= (1001)(1024)(1)(81)
= 83026944

Revision Exercise 1 (Extended-Response Questions)

1. (a) Let xbe the number of adults
y be the number of children.
X+ y =548 A
also, 5x + 2.5y = 2460 :B
since A: x+y =548
and B: 5%+ 2.5y = 2460
= 5A: B+ 5y=2740
(subtracting): —2.5y = —280

2.5y =280
280
y—ﬁ—ﬂz.
since A: X +y=>548
= x+112=548
= x =548 — 112
x =436

= (i) Number of adult tickets (x) = 436
(i) Number of children tickets (y) = 112.

(iii) Proportion of adult tickets sold = 436 _ 0.7956.

548

(b) attendance (predicted) = 13000
= adults = 0.7956 X 13000 = 10343
= children = 13000 — 10343 = 2657
Revenue = 10343 X (€5) + 2657 X (€2.5) = €58357.50

2. (i) xstandard sofas



y deluxe sofas
Standard sofas require 2 hours of work = 2x = time for x sofas
Deluxe sofas require 2.5 hours of work = 2.5y = time for y sofas
=- with 48 hours of manufacturing time: 2x + 2.5y = 48 : A
(i) also, standard sofas need 1 hour finishing = x = time for x sofas
deluxe sofas need 1.5 hours finishing = 1.5y = time for y sofas
= with 26 hours of finishing time: x + 1.5y = 26:B
since A: 2x+ 2.5y =48
and B: x+15y=26
= 2B: 2%x+3y=52
andA: 2%+ 2.5y =48

(subtracting) : 05y =4
y=28

also, since B: x + 1.5y = 26
x+ 1.5(8) = 26
X+12=26

x=14

(iii) 14 standard sofas and 8 deluxe sofas.

3. Rectangular box with square base of length x cm.
Height of box = hcm.

Volume of box =/X b X h
=x X x X h = xh.

() fV=40= 40=xh TR
= h= @.
X X
(ii) Surface Area =4 X (x X h) + 2x2
40
=4x. 7+ 2
S= 160 + 2x2.
X
(iii) S
300 4+
250 +
2004 )
“. .
150 + N .
' e
' e
100 + . e
2. L o --9 $=72
50 +

0 1 2 3 4 5 6 7 8 9 10
160
X
72x = 160 + 2x3

=2x3 —72x+ 160 = 0.

Using trail + erroratx=2  : 2(2*—72(2) +160=32>0

(iv) 72 = + 2x?



Solution

atx=28 : 2(2.8)°—72(2.8)+160=23>0
atx=29 : 2(2.9)3—72(29) + 160 = —0.02<0
s.atx = 2.9 cm (approximately), S = 72 cm?
also,atx=4: 2(4)3 —72(4) +160 =0
satx=4cm, S=72cm?

40

whenx=4, h= @ 2.5cm.
_ _ 40 _
whenx = 2.9,h 2.9)° 4.76 cm.

4. Selling price of game =€11.50.
Production cost for each game = €10.50.
Initial production costs = €3500.

(i) Cost of producing xgames = C(x)
= C(x) = 10.5x + 3500
(ii) Income =1(x)
=1(x) = 11.5x.
(iii)
1) | C/i
€50000 T

€40000 +
€30000 T+
€20000 T

€10000 + C

€35007' /
t t t t t » X

1000 2000 3000 4000 5000

(iv) Torecoupcosts: 11.5x = 10.5x + 3500
= x = 3500 need to be sold.
(v) P=1-C = P = profit.
(vi) To make a profit of a 2000 :
= pP=1-C

2000 = 11.5x — [10.5x + 3500]

2000 = 11.5x — 10.5x — 3500

5500 = x

.. 5500 need to be sold.

5. 15 days to complete quilt.
x blue squares at a rate of 4 squares a day.
y white squares at a rate of 7 squares a day.

96 squares in quilt = x + y = 96 A
15 days to finish = 4£+¥=15:B
A: x+ y=96

28B: 7x + 49 = 420
also 4A: 4x + 4y = 384
(subtracting): 3x =36
x=12
since A: x+y=296



= 12+y=96
y=284

(@) Cost = x(0.8) + y(1.20)
= 12(0.8) + 84(1.20)
=£€110.40
(b) I:w =3x:2x
= 3x.2x = 96
6x2 =96
x> =16
x=4
|=3X4=12
w=2X4=28

The 12 blue squares could form 2 rows of 6 in the centre. (There are many different possibilities.)

6. Overheads = €30000 per year
Cost of manufacture = €40 per wheelbarrow
(i) C(x) =40x + 30000

30000 _
6000

= Total cost per wheelbarrow = €40 + €5 = €45
(iii) To get a cost of €46 per wheelbarrow:

30000

(ii) 6000 wheelbarrows per year = €5 overhead per wheelbarrow

+ 40 = 46.

= 30000 + 40x = 46x
= 30000 = 6x
x = 5000 wheelbarrows
(iv) Selling price = €80 per wheelbarrow
= Revenue = €80x



Solution

C(x) = 40x + 30000

R/IC
£€50000 +
€40000 +
£30000 - RO = 80x
€20000 +
£€10000 +
100 200 300 400 500 600 700 800 900 1000 X (Wheelbarrows)

(vi) To make a profit 80x > 40x + 30000
= 40x > 30000

30000"
X > 20 =750

The minimum number of wheelbarrows = 751.
(vii) Profit €P = 80x — [40x + 30000]
€P = 40x — 30000




Exercise 2.1
1. @ (i) x=4,x=-5
(i) x—3)x—4)=0
=x=3,x=4
(iii) x+1x—=5)=0
=x=-1,x=5
(b) () (x+3)x—5)=0
=x=—-3,x=5
(i) (2x—3)x+5)=0
=2x=3,x= -5
:>x=%,x= -5
(iii) Bx+2)x—5)=0
=3x=-2,x=5

_32,)(25

(€ () Bx+2)x—3)=0
=5x=-2,x=3
—2

:>X:?,X:3

(i) Bx+5Bx—4)=0
=3x=—-53x=4
-—5,_4
=X = 3 X=3
(iii) 4x+5)(2x—3)=0
=4x=—52x=3

=5 =3

= X=

=X =

4 2
(d () &x+3)x—3)=0
=x=-3,x=3

(i) xBx—10)=0
=x=0,3x=10
:>x=0,x=%

244 —-401)(—-2)

2. (@ () x= 200)

_2+x412
2

2 +44(3
2

=1+43
=2.7,20.7

(iii)

(e) (i)

(ii)

(iii)

(ii)

(i) x =

(iii)

x(5x —8) =0

=x=0,5x=8
—o0x=28
=x=0,x 5
5+x)3—2x)=0
=x=-52x=3

= — :é
=x=—5x 5

G+3x2—-x=0
=3x=—-5x=2
:>XZ_T5’XZ2
2+x(1—-x=0

=x=—-2,x=1

i) x+5)Kx+4)x—4)=0

=x=—-5x=—4x=4
x=3)x+1Nx—-1)=0
=x=3,x=—-1,x=1

i) x+2)x—2)3x+4) =0

=X=—-2,x=2,3x=—4

=x= —2,x—2,x=_T4
x+4x+3)x—5=0
=Xx=—4x=-3,x=5

~3= (9~ 4+ 1)(-2)
2(1)

_ —3+17

==

= 0.56, —3.56

=06, —3.6

6 + {36 — 4(2)(3)
X =
2(2)
_6*+112
(4)
= 2.36,0.635
=24,06




4'

(a)

(i) x =

(iii)

= 2.535,0.13
=25,0.1

—4 + {16 — 4(3)(—5)
X =
2(3)
_—4=*176
B 6
_—2=+419
3
12144 — 4Q2)(—-5)
2(2)
_12x4184
4

5

614
2
452 — 12x+9=28
=4x2—12x+1=0
. 12 + {144 — 4(4)(1)
2(4)
121128
===
_3+22
2

(i) x(x +7)+ 2(3) = 4(3)x)

(iii)

=x+7x+6=12x
=x2—5x+6=0
=Kx—-2)x—3)=0
=x=2,x=3

1x) +4x— 1) =3X)Kx—1)
=x+4x —4=3x>—3x
=3x2—-8x+4=0
=0Bx—2)x—2)=0
=3x=2,x=2
éxz%x=2
3x+1)—2x—1)=1x—-1T)x+ 1)
=3x+3-2x+2=x>—1
=2x—-x—6=0
=Kx+2)x—3)=0
=x=-2,x=13

(b)

(iii)

(ii)

(i)

(ii)

(iii)

—4 =+ {16 — 4(2)(=5)
X =
2(2)
_ —4=*456
4
=0.87, —2.87

=09 -29

X =

1x —2) + 2(x) = 3(x)(x — 2)

=x— 2+ 2x=3x>— 6x

=3x2—9%%+2=0

_9*(81-43)2) _9=157
2(3) 6

X+2)x—2)=2x+ 1)x — 4)

=>x—4=2x—-7x—4

=x2—-7x=0

=x(x—7)=0

=x=0,x=7

200)(x —4) + 3(x — 2)(x — 4)

=X

=50k —2)
=22 —8x+3x2 —12x — 6x + 24
= 5x> —10x
= 5x2 — 26x + 24 = 5x*> —10x
= —16x = —24
—24 _ 3
- 62



5. @ @) y=x*=y’-7y+10=0 (i) k=2y—3 =k—-1=0
=(y—2—5=0 = k+Nk=-1=0
=y=2y=5 =k=-1,k=1
Hence:x?=2,x>=5 Hence:2y —3=—1,2y—3=1
=x=*(2,x=*/5 =2y=22y=4

(i) y=x+1=y’+3y—2=0 =y=1y=2
_ —3x{9-4(1)(-2) © k=y+2=k—9k+20=0
=y = 5 y
Y= —k=4k=5
:>x+1=7_34—;“—7_ Hence:y+§=4,y+§=5
_ —5+417 =y +4=4y,y +4=>7y
X ~ 22— 4y +4=0,
2 __ _
(i) y=x2=y?—2y—2=0 y>=5+4=0
2+ (4 — 4(1)(=2 - y=2=0
Ly=2% 2()( ) -1y —4=0
Sy=2y=1y=4
N :2tm=1+ﬁ Sy y y
y 2 - () x=2t=2=3=x~12+27=0
Hence:x2=1=*13
—3)x—9) =0
=x=*{1%3 =K =3)k-9
. =x=3,x=9
(iv y=k—2=22—-3y—4=0 s s
:>y:3i 9— 4Q2)(—4) Hence:2t—?=3,2t—?=9
2(2) =22 —-5=3t22—5=09t
_3x41 =22 -3t-5=0,22-9t—-5=0
4 = (t+1)Q2t—5)=0,Qt+ 1)t —5) =
Hence:k—2=3i4m =t=—12t=52t=—-1,t=5
:k:nim =t=—-1,t 2,t 2,t 5
b) () k=2y—1 =k —3k—28=0
=k+4)k—-7)=0
=k=—-4,k=7
Hence:2y —1=—4,2y —1=7
=2y=—-3,2y=38
- -3 .,_
=y= 2,y 4
6. x = 20) (b) x=—23,13
3427 (c) x=-95,—-0.5
B 4 (d) —1.6<x<0.6
_{3£3/3 () x=—16,06
4 f) x=-31
_ ?, _¥ (@) x= 36,06
h) —4.1<x< —0.
e _\/§ (h) X 0.9

2 8. Graph does not intersect the x-axis



Solution

9. (@) x,—x;=—-225+25=-20
(b) x, +x, =—225—-25= —25
10. (@) x=—05,2
(b) x=—-0.8
() x=-05,24

11. () u=+x Equationis:

2u’+3u—5=0
Ru+5)wuw—-1=0
2u+5=0 or u—1=0

u= —% or u=1
As u = Vx must be positive, u = —% is not possible. Thus
u=+x=1
w=x=1

is the only solution for x.

(ii) u=+vx Equationis:
u*—3u—4=0
u+Mu—-4=0
u+1=0 or u—4=0

u=-—1 or u=4
As u = VX must be positive, u = —1 is not possible. Thus
u=+Vx=4
u>=x=16
is the only solution for x.
7+ [T AN (i) x = —7V5 + 245 — 4(2)(15)
12, (i) x= >0) 2(2)
/7 + 63 _ —=7{5 4125
=71 ='Y 4
2
7+ 307 (7 —3(7 _ —7/5+5(5 =7/5 —5/5
= ] 4 ! 4
2 2
207, {7 = -5, 35
Exercise 2.2
1. () f
(i) h
(i) g
(iv) Curve fhasroots = 1.6,4.4

Curve h has root = 3

—b = b? — 4ac
2a

—b —Vb*— 4ac
2a

—b +1b* — 4ac 0
2a '

2. y=0=x=

:>A:( IO

=B=

3. (i) b2 —4ac = (1) — 4(2)(5) = —39 < 0 = Imaginary roots
(i) b2 —4ac=(3)>—4(=2)(1)=17>0
= Roots are real and different
(iii) b*—4ac=(2)*—43)(—1)=16>0
= Roots are real and different



(iv) b2 —4ac=(2)*—-4(—-1)(-3)=-8<0
= Imaginary roots
(v) b2 —4ac=(8)?—4(1)(16) =0
= Roots are real and equal
(vi) b2 —4ac = (—10)2 —4(1)(25) =0
= Roots are real and equal

4, y = x> — 2x + 5 is positive for all values of x
3x? — kx +12 is positive \

= Roots are imaginary
= b’ —4ac<0
= (—k?) —4(3)(12) <0

y=x>—2x+5
=k?—144<0
= Factors: (k + 12) (k — 12)
= Roots: k= —12,12 1: é
= Solutionfork? — 144 < 0= —12<k <12
5. Equal Roots = b?> — 4ac =0 (iii) (—2k—2)2—4(1)(5k+1)=0
(i) (=100 —4(1)k) =0 =4k +8k+4—20k—4=0
=100—4k=0 =4k —12k=0
= —4k=—100 =k*—3k=0
= k=25 =kk—3)=0
(i) (k) —4(4)(9) =0 =k=0k=3
= k2 —144=0
=(k+12)(k—12)=0
=k=-12,12

6. Equal Roots = (2k + 2)? — 4(k?)(4) =0
=4k> + 8k +4 —-16k*=0
=12k>—8k—4=0
=3k?—2k—1=0
= @Bk+Nk—-1=0

1
=k = —§,k—1

7. (i) Real Roots = (—3k)? —4(1)(—k?’) =0
=9k2+ 4k?*=0
= 13k = 0True
(ii) Real Roots = (2)2 —4(k)(2 —k)=0
=4—-8k+4k*=0
=k*—2k+1=0
= (k — 1)2=0True

8. Real Roots = (—3)2 —4(1)2 — ) =0
=9—-8+4c2=0
= 1+ 4c2 = 0True

9. Real Roots = (2)2 — 4(k — 2)(—k) =0
=44+ 4k>—8k=0
=k>—2k+1=0
= (k—1)>=0True



Solution

10.

Equal Roots = (2k + 1)? — 4(k — 2)(k) = 0
=4k’ +4k+1—4k*+8k=0
=12k = —1
=k=—1

11.

Equal Roots = (6 — 2m)? — 4(m + 3)(m — 1) =0

=36—-24m+4m? —4m?* — 12m+4m +12=0

= —-32m+48=0
=-2m+3=0
= —-2m= -3
=m=3

12. Equal Roots = b%? — 4(a)(1) =0
=b>—4a=0

= —4ag = —b?
=da :Z

—b+ 10

&
2\t
- _p.2__2
= b=

Hence, x =

13.
= 4p? —12p? — 4¢°<0
= —8p? —4¢*<0

= —2p*>—qg*<0 True

Exercises 2.3

Tl.y=—2+3Ny=x2
=x2=—-2x+3
=x*+2x—3=0
= Kx+3)x—1)=0
=x=-3, x=1
=y=(=3%y=(0)
=y=9 y=1
ANS =(—3,9),(1,1)

2. x=y—1Nx2+y*=5
=y—1)2*+y’—5=0
=y =2y+1+y*—5=0
=22—2y—4=0
=y'—y—2=0
S+ 1y—2=0
=y=-1, y=2
=x=—1—-1,x=2—-1
=x=—-2,x=1
ANS = (=2,—1),(1,2)

No Real Roots = (—2p)? — 4(1)(3p? + g») <0

3. y=-2x+2N4x>=y
=4x2=—2x+ 2
=42+ 2x—2=0
=2¢+x—1=0
=>Kx+12x—1)=0

1

=>X= —1,x=§
Sy=—2-N+2y=-23+2
=y=4, y=1

ANS=(—4,®%%;W

4, y=—x+1Ny=x>—6x+5
=x2—6x+5=—x+1
=x2—5x+4=0
=>KxX—-—1Tx—4)=0
=x=1, x=4
Sy=—141 y=—-4+1
=y=0, y=-3
ANS = (1,0), (4, —3)



5. y=—x+7Nx*+y*=25 10. 2x+2=yNxy=4

=x24+x+7)2—-25=0 =x(2x+2)=4
=x2+x>—14x+49—-25=0 =2x*+2x—4=0
=2x>—14x+24=0 =2x+x—2=0
=x2—7x+12=0 =Kx+2x—1)=0
=Kx—-3)x—-4)=0 =x=-2,x=1
=x=3,x=4 =y=2(-2)+2,y=2(1)+2
=y=-3+7y=-4+7 =y=-2y=4

L y=4y=3 ANS = (=2, -2), (1,4)

ANS = 3,4), (4,3) M. y=-2%+3Ny +xy=2

6. 2x+1=yN3x2—y>=3 =(—2x+32+x(—2x+3)—2=0
=3x—(2x+1)2—-3=0 =4x*— 12x+9—2x*+3x—2=0
=32 —4x2—4x—1-3=0 =2¢—%+7=0
= -—x*—4x—4=0 =2x-7)(x—1)=0
=x*+4x+4=0 :>x=%,x=1
z)((X:_Z)Z(X“)_O sy= =22 +3,y=—201)+3
=y=2(=2)+1=-3 =y=—4y=1
ANS = (—2, —3)

ANS (% -4), (1,1)

12. x=y—-3Nx>+y*+2x—4y+3=0
=(—3P2+y*+2(y—3)—4+3=0
=y’ —6y+9+y*+2y—6—4y+3=0
=2y’—8y+6=0

7. y=3x—4Ny=x>—4x+6
=x—4x+6=3x—4
=x>—7x+10=0
=xX—2)x—5 =0

=x=2,x=5
' 2—4y+3=0

—y=3(2)—4,y=3(5)—4 DGR
=y—-1Ny—-3)=0

—=y=2,y=11 y—Ty=3

ANS = (2,2), (5, 11) _ _
=x=1—3,x=3—-3

8. y=—x+t4Nx*+y’—4x+2=0 =x=-2,x=0

=x2+(—x+4)2—4x+2=0 ANS = (—2,1),(0,3)

=x+x2—8+16—4x+2=0
= 2x2— 12x+ 18 =0
=x2—6x+9=0
=XxX—-3)x—3)=0

13. s=2t— 1N3—2s+s2=9
=32-2tt— 1)+ 2t— 1)2=9
=3 —4t2+2t+4P—4t+1—-9=0
=32-2t—8=0

=x=3

+ —_ =
RS = (3t i)(t 2)=0
ANS = (3, 1) :>t:—§,t=2

9. x=—-2y+2Nx>+4y?=4 :>s=2(—g)—1,522(2)—1

=(=2y+2°+4°-4=0 .
= 42— 8y+4+4y2—4=0 =s=-3,5=3
:>8y2—8y=0 11 4
ey —y=0 ANs = (-1 —2],3,2)
=yly—1=0
=y=0y=1

=x=-20)+2,x=-2(1)+2
=x=2,x=0
ANS = (2,0),(0, 1)



Solution

14, 2s+3=tN2s2=1+1
= 2s2=(2s+ 3)2+ 1
=282=4s24+ 125+ 9+ 1
=252+ 12s+10=0
=s2+65s+5=0
=((+N)s+5=0
=s=—1,s=-5
=t=2(—-1)+3,t=2(-5 +3
=t=1t=—-7
ANS = (=1, 1),(=5, =7)

Exercise 2.4

1. , x+ 1= X2+ (x+ 1)2 =61

=x+x2+2x+1—-61=0

=2x+2x—60=0

=x>+x—30=0

= Kx+6)(x—5=0

=x=—6,x=5

=x+1=-5x+1=6
Numbers are —6, —5or 5,6

2. ,x+2=x?+ (x+2)2=52

=x2+x2+4x+4—-52=0

=2x*+4x—48=0
=x2+2x—24=0
=Xx+6)(x—4)=0
=x=—6,Xx=4
=>x+2=—-4x+2=6
Numbers are —6, —4 or4,6

3. (i) Perimeter =2x + 2y = 62

= x+ty=31

= y=—x+31
Area = (X)(y) = 198
= xy = 198

=x(—x+31)—198=0
= —x>+31x—198=0
=x>—31x+198=0
=>X—-9Kx—22)=0
=X=9m,x=22m
=y=-9+31,y=—-22+ 31
=22m, =9m
Dimensions =9m, 22 m

15. 2t=3s+ 1T Nt2+ts— 452 =2

_3s+1 3s +1)2 3s+1) _42_~_

=t 2:>(2)+s(2)4520
2 2

:>9s +265+1+352+s_452_2:0

=952+ 65+ 1

+ 652+ 25— 1652—8=0

= —524+85—-7=0
=s2—-8+7=0
=6E—-—1N—-7)=0

=s=1,5s=7
3(1) + 1

=t==7

=t=2t=11

ANS =(1,2),(7,11)



4. Sides = x,x + 1,x + 2 = Pythagoras = (x + 2)> = (x)2 + (x + 1)?
SxX+A4x+4=x2+x>+2x+ 1
=x>—2x—3=0
=x—-3)x+1)=0
= x=3,x= —1(Not valid)
=x+1=4
=x+2=5

Perimeter =3 + 4 + 5 = 12 units

5. s=25=12t— t2 =25
=2 —12t+25=0
12 = {(=12)% — 4(1)(25)
2(1)

12 4144 — 100
2

12 = {44
2
_ 12+ 6.633 12 —6.633
2 ’ 2
= 9.316, 2.683
=9.32,2.68

= t=

6. x> —15=2x
=x>—2x—15=0
=x+3)x—5 =0
=x=—-3,x=5

7. h=6= —16t2+24t+1=6
=162 —24t+5=0
= 4t—1)4t—5) =0
=4t=1,4t=5

1

=1 -3
:>t—4sec,t 4sec

8. Pythagoras = (x)? + (x + 4)? = (20)?
= x>+ x>+ 8x+ 16 = 400 20 cm
=2x>+8x—384=0
=x2+4x—192=0
= Kx—12)x+ 16)=0 _J
= x=12,x= —16 (Not valid) (x+4) cm

9, x,x+2=x(x+2)=42x+2) — 1
=x>+2x=8x+8—1
=x2—6x—7=0
==KxX+1)x—7)=0
=x=—-1,x=7
=>x+2=1,x+2=9

ANS=—1,10r7,9

10. Pythagoras = (x)2 + (x + 3)> = (x + 6)?
=x+x+6x+9=x*+12x+ 36 (x+6) cm
=x>2—6x—27=0
=>KxX—9Kx+3)=0
= x=9,x= —3(Not valid) _J

(x+3)cm

Xxcam

xam



11.

12.

13.

14.

15.

Solution

X, x + 4= Area = x(x + 4) = 60
=x>+4x—60=0
=Kx—6)x+10)=0
= x=6,x= —10 (Not valid)

Dimensionsare6m, 10 m

XX+ 1,x+2=3x+x+1+x+2)=Kx+1)x+2)

=0 +9=x>+3x+2

=x2—6x—7=0

=>x+1)x—-7)=0

=>x=—-1,x=7
ANS = —-1,0,10r7,8,9

Area = mw(x + 14)2 — 7w(14)? = 607
=x2+ 28x+ 196 — 196 = 60
=x*+28x—60=0
=Kx—2)x+30)=0
= x = 2,x = —30 (Not valid)
width of desk = 2m

Area = x>+ 96 = (2x)(x — 2)
= X% + 96 = 2x> — 4x
=2x—4x—-96=0
=Kx—-12)x+8)=0
= x=12,x = —8 (Not valid)
Dimensions = 10 m, 24 m

PointG=0.1x2—x+25=1.5
=01x2—x+1=0
=x2—10x+10=0

10 = {100 — 4(1)(10)

= Xx= 20
_10=*160
2
_10—160 10 + 60
2 2

1.127,8.873 (Not valid)

PointC = 0.1x>—x+25=3
=01x*—x—05=0
=x>—10x—5=0

_ 10£4100 — 4(1)(—5)

=X 20)
_10+4120
2
_ 10 +4120 10 —4120
2 2

= 10.477, —0.477 (Not valid)

Distance = 10.477 — 1.127 =9.35m

X

2x




16. 3t—4=s5sN 22+ s2 =43
=20+ (3t—4)2—-43=0
=22+ 92— 24t+ 16 —43 =0
=112 —24t—27=0
= ({t—3)(11t+9 =0

~t=3t= —% (Not valid)

=s=33)—4
=5
Point = (3, 5)

17. x+3y=5N x>+ 6y> =40
=x=—-3y+5=(-3y+5°2+6y’—40=0
=9y —30y+25+6y?—40=0
= 15y2—30y—15=0
=y—2y—1=0

244 —-4)(—1)

B 2(1)

2+18

2
=Sy=1+12,1-12
=y =2414, -0.414
=x= —3(2414) + 5,x= —3(—0.414) + 5
= —2.242, = 6.242
Plane crosses front at 2 points; (—2.2, 2.4) and (6.2, —0.4)
k=10=x+3y=10N x>+ 6y>= 40
=x=—-3y+10=(—-3y+ 102+ 6y>—40=0
= 15y? — 60y + 60 = 0
=y —4y+4=0
=y—-2(y—-2=0
=y=2andx=—-3(2)+10=4
Plane crosses front at one point; (4, 2)
= Plane will avoid weather front when k> 10
= Minimum value of k = 11

=Yy

=y=

Exercise 2.5

1. (@ (i) sum= -9 (i) product =4
(b) (i) sum=2 (ii) product= —5
() (i) sum=7 (i) product =2
(d) (i) sum=9 (ii) product= —3

. _7 . _ 1
(&) (i) sum= 5 (i) product >
. _ 1 _ 1
(f) (i) sum = 7 (iii) product 7
. __10 .. __2
(@) () sum= 3 (i) product 3
. __10_ _ .. _1
(h) () sum= s 2 (i) product 5
(i) (i) sum= -2 (ii) product= —3
. _3 . _5
() (i) sum = 2 (i) product 2



Solution

2. @) x2+3x—1=0
by x*—6x—4=0
() x2—7x—5=0

242, 7 _
(d)x+3x 3

=3x2+2x—7=0
(e)x2+%x—2=0

=2x2+5x—4=0

3. () xX—@+e6)x+@e6) =0

=x2—10x+24=0

(i) x—2—-3x+2)(—3)=0
=x2+x—-6=0

(i) X2 —(-=5—1)x+(=5)(—=1)=0
=x2+6x+5=0

(iv) X2 — (4 +V5)x + 4)(5) =0
=x—(@4+5x+4/5=0

(v) xX2—(a+3ax+ (@)3a)=0
=x2—4ax+3a*=0

. 2,3 2\(3) _

wi) =3+ 3+ (53] =0
:>x2—x+%=0
=25x2—25x+6=0

Exercise 2.6

1. ) c=(§)2=(14)2= 196 (i) ¢

2

2. () ¥*—8—-3=0
=x*—8+16—-16—3=0
=x—-4?—-19=0

(i) ¥ —2x—5=0
=x—-2x+1—-1-5=0
=KxX—-1?—-6=0

(i) xXX—=2x+1=0
=x—-1?%=0

3. () ¥*+4x—6=0
=x*+4x+4—-4—-6=0
=Kx+22—-10=0

(i) ¥ +9%+4=0

1 1
2 + — — + 4 =

:>(x+4l)2—161=0
2 4
(i) XX —=7x—3=0

1 1

:>x2—7x+122—12——3=0

4
1 2

B BT
:>(x 32) 155 =0

3

(f)x2+§x—5=0
=2x2+3x—10=0
2 1,1 _

(g)x+4x 3 0

=12x*+3x—4=0
2412, 41 _
(h)x+13x+2 0
=6x2+10x+3=0
i) - (2+ 3t 2)3) =
(vii) x (b+b)x+(b)b 0

:>x2—%x+%=

=bXx2—5bx+6=0

i 2— 2 é) (é)-(é):
(viii) x (2+5x+ IRE 0
> 31 3 _

= X —1Ox+—2—0

= 10x2—31x+15=0



4, () 2x*+4x—-5=0 (i) 4x*+x+3=0

5 1 3

2(x + 2x 2) 0 :>4(X +4x+4) 0

— o[ x2 _ _é)z (z .11 i)z
2(x+2x+1 1 5 0 :>4x+4x+64 64+4 0
2[(x+1) Zl=0 s allx+1if+ 3 =0

= 2 —

=2x+1)?—-7=0 i4(x+l)2+£:

= Minimum Point = (—1, —7) 8 16

(i) 3x* —6x—1=0 = Minimum Point=(—%,%)
=3[ -2x-1]=0

:>3(x2—2x+1—1— )=o

%
:>3[(x— 12 — 1%] =0

=3x—12—-4=0
= Minimum Point = (1, —4)

5.x2—6x+k=0
=x>—6x+9—-9+k
=x—32+k—-9
hence,k —9>0
=k>9
Minimum value of k = 10

6. 2> —12x +7

—o[y2 — Z)
2(x 6x—|—2

=2(x2—6x+9—9+%)

=2[(x—3)2—%]
20— 3)2— 11

7. glx) = x>+ 8x + 20
=x2+8x+16-16 + 20
=(x+4)?+4

Since (x + 4)2=0
=gx)=Kx+4)2+4=4

8. (i) Minimum forf(x) = (=1, —5)
=fx)=Kx+1)2-5
=x2+2x+1-5
=x2+2x—4
Choose (=2, —4) = f(—2) = (—2)*+ 2(—2) — 4

Minimum for g(x) = (2, —1)

=gx) =Kx—-2?%-1
=x2—4x+4 -1
=x*—4x + 3



10. y

11.

12.

13.

Solution

Choose (3,0) = g(3) = (3)> — 4(3) + 3

=9—-12+3
=0
Minimum for h(x) = (4, 1)
=hx)=Kx—4)2+1
=x>2—8x+16+1
=x2—8x+ 17

True

Choose (5,2) = h(5) = (5)2 — 8(5) + 17
=25—-40+17

=42 -40=2

fx) =x*+4x+7
=x*+4x+4+3
=Kx+2?2+3
(i) smallest value of fix) = 3
(i) x= -2

1
i) S+ ax+7)

= —x*+ 6x

—(x* — 6x)
—(x*—6x+9-9)
—[x —3)*>—9]
—x—=32+9
maximum point = (3, 9)

True

= % (greatest value)

9t y=—x*+6x

greatest height =9

(i) C:x>*—6x+8
=x*—6x+9—-9+8
=(x—32%-1

Curve C: Maximum point = (2, 4) =

=y=4—alx—2)?

point (0,3) =3 =4 —a(0 — 2)?
=3=4—a4)
=4a=1

=1
= a=y

Curve D: Maximum point = (2, 4) =

=y=4—alx—2)?
point (1,3) =3 =4 —a(1 — 2)?

=3=4-a(1)

=a=1
Rootsarex =6,x = —3

Hence, y=alx— 6)(x+ 3)
=y=alx*—3x—18)

(iii) A:x2—6x+ 10
=x2—6x+9—94+10
=(x—-3)2+1

(p, q)

(p. q)

point (1,10) = 10 = a[(1)? — 3(1) — 18]

=10=a(1 —3—18)
= 10= —20a

- _1
= a=—3

=y= —%(x2 —3x—18) = —%xz +

3

=X+ 9

2



14. Minimum point = (—1, 3)
=y=alx+1)?+3
point(0,4) =4 =a(0+1)>+ 3

=4=a+3
=a=1
=y=1x+1)2+3 =x*+2xt+4

15. (i) Maximum point = (6, 4)
= fix) =4 — (0.1)(x — 6)?

(i) fix)=4—(0.1)(x* —12x+36) =0
=40—- (x> —12x+36)=0
=-—x+12x+4=0

—12 =144 — 4(—1)(4)
2(—1)
—12 =160
—2
_ —12=4/10
—2
=6—2(10,6 + 2/10
point where ball started is (6 — 2/10, 0)
and point where ball finished is (6 + 2/10, 0)
(iii) Horizontal Distance = 6 + 2/10 — (6 — 2/10)
=6+2/10 -6 +2/10
=4/10

(a + b)h

=X =

16. (i) Area of trapezium =

(x + 20)(2x)

N|—= N|=

= x(x + 20)
= x2 + 20x
(i) Given: x*+ 20x = 400
x2 + 20x + 100 = 400 + 100
(x + 10)> = 500
X+ 10 = £4500
x+ 10 = *10/5
x=—10+ 10/5 (asx =
x=10(/5—1)

17. T=36 + 4t — 12
?—4t=—T+36
t?—4t+4=-T+36+4
(t—2?%=-T+40
T=—(t—2)?2+40
The maximum temperature is then 40°.
Then

t=0 or t=4

—10 — 10V5 is not possible)

Thus it will take 4 hours for temperature returns to 36°



Solution

Exercise 2.7

1. () V8=1V442=2/2
(i) V27 =V943 =3/3
(iii) V45 =49.4/5 =3/5
2. (i) 2/2+6V2 —3/2=5/2
(i) 202 + V18
=22 +9.42
=2Y2 + 3Y2 =52

(i) V32 +418
=162 + 9.2
=42 + 3/2
=72

V27 + {48 — 2V3
=49Y3 +/16vV3 — 2/3
=3V3 +4/3 —2/3 =5/3

(iv)

3. ) L-1.3_13
3 V343 3
(i) 2 =—2_ 2 _1.02_1
V8 42 212 2 Y2 2
iy 2 -2 .2_202_12
5/2 5242 10 5
(iv) 20 - 20 _ 20 _ 4 2 _4/2 _
V50 V25V2 52 Y2 V2 2
W8 - 8 _ 8 _102_12
V128  {64V2 82 2 V2 2

i) V8 X V12 =196 =11616 = 4/6
3V2 X 5Y2 = 15/4 =152 =30

(5—13)(5+43)
=5(5+13) —V3(5 +3)
=25+ 53 —5/3 — /9
=25—-3=22

(/7 +5)(7 — {5)
=707 —5) +{5(/7 — V5)

=149 — 35 +35 =25 =7-5=2

(a+ 2/b)(a— 2/b)
=ala — 2/b) + 2/b(a — 2/b)
=a? —2alb + 2alb — 4/b2 = a> — 4b

4 5-1_405-1)_4(5—-1) _ 465 1)

(iv) Y200 =+100./2 = 10V2
(v) 318 =349./2 =3.3/2 =9/2

(v) V8 +1200 — V18
=42 +100V2 — V972
=2Y2 +10V2 — 3/2
=92

(vi) 7V5 + 2420 — /80
= 7V5 4+ 2445 — {16./5
= 7V5 + 4/5 — 45
=75

)
)

(i) V2(/6 +3V2) =12 + 34 =43 +32=2/3 +6
)

={5-1

5+1V5—1 25 —1 5—1

4

12 3+4V2 _36+12/2 36+ 122

(if)

3-23+V2 9-14 7
(i) 2—-y52—-45 _4—2(5-2(5+25
2+52—15 4 — 25

=9__‘1“/§=—9+4V§

1 1 1

MR aR-n "m0

N



11 _124+n-1(2-1)
2 -1 2+1 W2 =12 +1)
W24+ 1=V2+1 2

TVati2-z-1 2-1 °
i) 1y 1 _12=13)+12+3)
2+4Y3 2—-43 2 +1V3)2 —43)
_ 2—{3+2+43
4—2(3 +2/3 -9
—_4 _4
4-3
7. (i) (2/3 —45)(2/3 +V5)
= 2/3(2V3 +V5) — V5(2/3 + 1/5)
=43+ 2(15—-2(15 —25=12—-5=7
iy —4 2 42 +15) + 2(2 — 5)
2—F 2445  Q2-15Q2+15)
_ 8+4/5+4-2/5
4+ 25 — 25 — {25
_12+2/5
—1
=-12-2/5
. 4+4y3  4—43 _ 8 V2 _82
8. () X+VY= IR _E'E_T_Mj
(mX_Y=4+ﬁJ§_4ﬁJ§=4+J§E4+B
203 2 _ 2\/6
"m0l
(m)XY:4+v§.4—v§:16— F+F 19 _16—3_13
2 2 2 2 2
4+ 43
i) X = 12 _4+1(3 4+V3 _16+4/3+43+1(9
Y 4-—y3 4-4y3 4+y3 16+4/3—4/3-19
V2
_19+8/3
13

9. (25 — 3V2)(2V/5 + 3V2)
= 2Y5(2/5 + 3V2) — 3/2(2/5 + 3V2)
=4/25 + 610 — 610 — 9/4

10.

=20-18=2
5 _ 5 2-43
2+3 2443 2—13
_52-43) .,
==7—3 —52-13
1. 2+F021-02_2-202+2-2_=2_ 15

1T+42 1—=42 1+V2—-y2-2 -1
(5-2 {54+1_54+V5-2(5-2_3-45

V5—1V5+1 5445 —45—1 4
Hence,\/f-B;B 3+F—£ (3 +15) — /53 + {5)]
:£

[9 + 3/5 — 3Y5 — 5]
F
7[4] V2



Solution

1+43 1T+V3 1-43
—-1+V3+4V3 -3
(12 = (/3)?

—4 4+ 2(3
1-3
—4+ 243
-2
=2—-43

3 1 _ (32— (1 -143)

12. —1+B_—1+BX1—B

L e SR Uy
_3-1+43
3-3
:2+BXB+3
V3—-3 {3+3
_2/3+6+3+3/3
(f32-9
_9+5/3
- 3-9
_9+5/3
T -6
_—9-53
6
Exercise 2.8
1. d? = (x+ 2%+ (x — 2)?
=xX>+4x+4+x>—4x+4 am x=2)m
=2x2+8 N
:>d=m (x—=2)m

2. @ |ACP=Q+3)2+(2—13)
=4+4/3+3+4—-4Y3-3
=14

= |AC| =14

(b) (i) Distance, 1tRunner=2—V{3 +2+{3+2—-Vy3+2+y3 =38
Distance, 2"d Runner = 2{14

= Difference = 8 —2V14 = 2(4 —V14)km

(i) Time, 1% Runner = % — 533333

2{14 X 1000
14

= Difference = 5345.22 — 5333.33 = 11.89 = 12 secs

3. [EGP = (42 + (22 =16+ 4 =20
= |EG| = V20
IKG2 = (/20)2 + (22 =20+ 4 = 24
= |KG| = V24 = {4/6 = 2/6
Hence: Distance =4 +2 + 2 + 2/6 = 8 + 2/6

Time, 2" Runner = = 5345.22



i = —1 ——1 =
4, (|)x+y—\/a+m+\/a N 2Va
s D
(i) x =y a+\/6 (a Jﬁ)
—fa+-L—ya+L=2

Ja Ja a

Hence, (x> — y2 =[x + y)(x — y)

= 2@-%=M=2

=
5. () {2x+1=3
=2+1=9 Checkx =4=12(4) +1=V9=3 True
=2x=8
=x=4
(i) V3x +10 =x Checkx=—-2=1{3(-2)+10 =4 =2+ —2

=3x+ 10 = x?
=x>—-3x—10=0
=KxX+2)x—5 =0
=Xx=-2,x=5

False

Checkx =5=13(5)+10=1y25 =5

True

(iii) V2x—1=Vx+8
=2x—1=x+8

Checkx =9=1209) —1=vV9+8

= Xx=9 = 17 =17  True
(iv) v3x =5 =x—1 Checkx=2=43Q2)—-5=2-1
= (3x —5)2=(x—1)? = 1=1 True

=3x—5=x2—2x+1

=x2—5x+6=0 Checkx =3=14y33)—5=3—-1

= xX—-2)x—3)=0 = 2=2 True
=Xx=2,x=73
(V) V2x+5 =x+1 Checkx = —2=12(-2)+5=—-2+1
= W2x—5)2 = (x + 1)2 = 1=—1 False
=2X+5=x2+2x+1
=x2=14 Checkx=2=1{22) +5 =2+ 1
=>Xx=-2,x=2 = 3=3 True
(i) V22 —7 =x+3
= (2x2 = 7)? = (x + 3)? Checkx = —2=12(—22—-7=-2+3
=2—-7=x>+6x+9 = 1=1 True
=x*—6x—16=0
= x+2)x—8) =0 Checkx =8=12(8?>—7 =8+3
=Xx=—-2,Xx=28 = 11 =11 True

6. () \x+5=5-—Vx

= (x +5)2= (5 — Vx)? Checkx =4=1V4+5=5—44

=x+5=25—-10/x +x = 3=3 True
= 10Vx = 20
=X =2

=x=4



(if)

(iii)

(iv)

1

Solution

V5x +6 = V2x + 2
= ({5x + 6)2 = (V2x + 2)?

=5x+6=2x+42x+ 4

= 3x+2=4/2x
= (3x + 2)? = (4/2x)?
= 92+ 12x+ 4 = 16(2x)
=9x2—20x+4=0
= Xx—-2)x—2)=0
2

:>x=§,x=2
IX+7=7—1x

= (Wx+7)2=(7—x)?
=x+7=49 — 14Vx + x
= 14Vx = 42

=X =3

=x=9
Bx—2=Vx—2+2

= ({3x—2)2=(Ix —2 + 2)2
=3x—2=x—2+44/x—2+4

=2X—4=4x—2
=x—2=2x—2

= (x—2)2= (2/x —2)?

=x>—4x+4=4kx—2)=4x—38

=x*—8+12=0
=Kx—-2)x—6)=0
=X=2,X=6

1 1

1

70 - =
Ix+2 J4x+8 Ix+2

1

J4(x + 2)
1

TUxt2 2x+2

_2—1
2x + 2
1
2ix+ 2

Thus
11,
Ix+2 J4x+38
1

=2
2ix + 2
1=4/x+2
1=16(x + 2)
1=16x+ 32
—31 = 16x
—31

X~ 6

_ 2 2 _ |4
Checkx——;:> 5(—;)+6— ;+2

=16 =2+2

= 4=4 True

Checkx=9=V9+7 +/9 =7
= 4+3=7 True

Checkx=2=1{32)—2=V2-2+2
= 4=0+2
= 2 =2 True

Checkx =6=13(6)—2=16—2+2
= V16 =4 + 2
= 4=2+2 True



8. x=1V4x+5

=4x+ 5
—4x—5=0
x—=5x+1)=0
x=5 or x=-—1
check: x=5  5=425
5=5 True.
x=—-1—-1=41
—1=1 False.

Thus the only solution is x = 5.

1
ex=4va+-—+
9. x a o 1 1

X — 2= Gt 1 — 2 =G+ T

Ja Ja
Hence, x2 — 2x = x(x — 2)

= (m+ % + 1)(m+%

=f@lia+ =)+ g

=a+1—m+1+%—

—a+1 41
a
10. (@ +V3)b—1V3)=7+3(3
=ab—V3a+V3b—3=7+3/3
= (ab—3)+(—a+by3=7+3/3
=ab—3=7and—-a+b=3
= b=a+3
=aa@+3)—3—-7=0
=a*’+3a—10=0
=(@+5@—2)=0
= a = —5 (Notvalid), a = 2 (Valid)
=b=2+3=5

1. () |IC)2= (x+ 22 + (x — 2)2
=xX2+4x+4+x2—4x+4

=2x>+8
= |IC| =V2x* + 8
(i) [ID]2= ([2x2 + 8) + X2
=2x*>+ 8 + x?
=3x2+8
= |ID| = 3% + 8
Hence, 3x2 + 8 = {56
= 3x2+ 8 =56
= 3x2 =48
= X =16

= x = —4 (Not valid), x = 4 (Valid)

_1)

si- 5.
+

1
e
G+




Solution

Exercises 2.9

1. flx) = x> —8x+ 15 If (x — 3) is a factor, then x = 3 is a root.
=f(3) =(3)> —8(3) + 15
=9—-24+15
=24—-24=0 = (x — 3)is a factor

2. If (x — 1)is a factor, then x = 1is aroot.
fx) =x>—x*—9%x+9
=f1)=012—-1)2-91)+9
=1—-1—-94+9=10-10=0
= (x — 1)is a factor

3. If (x + 2) is a factor, then x = —2is a root.
fx)=x3+6x2+11x+6
=f(-2)=(=23+6(—22+11(—-2)+6
=—8+24—-22+6
=30—-30=0
= (x + 2)is a factor

4. If (x — 2) is a factor, then x = 2 is a root.
fix) =2x3 —3x* —12x + 20
= f(2) = 2(2)> — 3(2)> —12(2) + 20
=16—-12—24+ 20
=36—-36=0 = x— 2isafactor

5. If (x — 2) is a factor, then x = 2 is a root.
fx)=x>—5x+8x—4
=f2)=2)3—-52)?+82) —4
=8—-—20+16—4
=24—-24=0 = (x— 2)isafactor

6. If (2x — 1) is afactor = x = %is a root.

fX) =23+ 7x2+2x—3

SHEH IR

1.7 _

—4+4+1 3

=3—-3=0 = (2x— 1)isafactor
7. If (2x + 1)isafactor=x = —%isa root.

_%:o = (2x + 1) is a factor

8. If (x —1)is afactor = x = 1isaroot.
f)=x3>+ke*—x—8
=fN=>03+k(1)?>—(1)—8=0
=1+k—1-8=0
=k=28



9. If (x + 2) is a factor =~ x = —2is aroot.
fx)=x3+6x2+px+6
=f-2)=(-2P2+6(-22+p(-2)+6=0

= -8+24—-2p+6=0
—2p=-22
=p=11

10. If (x — 3) is a factor = x = 3is a root.
fX)=x>—2x2—5x+6
=f(3)=(3)*—2(3*—5(3) + 6
=27—-—18—-—15+6=33—-33=0=x=3isaroot.

X2+ x—2
x—3lx—22—-5x+6 =x2+x—2
X3 — 3x? =x+2x—1)
x? — 5x .. the other two factors are (x + 2)and (x — 1)
x> — 3x
—2x+6
—2x+ 6

0

11. If (x + 3)isafactor = x = —3isaroot.
X)) =x>—2x>—9x + 18
=f—3)=(-3%—-2(—3)>—9(—3) + 18
=—-27—18+27+18=45—-45=0=x= —3isaroot.

x> —5x+6
x+30x3—2x2—9x+18
X3 + 3x?
—5x? — 9x
—5x? — 15x =x2—5x+6
6x + 18 =Xx—-2)x—3)
6x + 18 .. the other two factors are (x — 2) and (x — 3)

0

12. (i) f)=x—4x —x+4
=f1) =072 —-4012—-0)+4
=1-4-1+4=5-5=0 = x = lisaroot
= (x — 1) is a factor.
x*—3x—4
x—1x—4ax2—x+4
X3_X2

—3x2 —x
—3x% + 3x =x-3x—4=Kx+1)x—4)
—4x + 4
—4x + 4
0



(if)

(iii)

Solution

fix) =x3—8x2+ 19x —12
=f(1)= (1)} —8(1)2+ 19(1) —12
=1—-8+19—-12=20—-20=0

XX —7x+ 12
x—1x3—8x2+19x — 12
X3 —x?
—7x*+ 19
—7x*+ 7x
12x — 12
12x — 12

0
fix) =x3+6x2—x—30
=f2) =23 +6(2)2—(2)—30
=8+24—-2—-32=32—-32=0

x>+ 8x+15
x—21x3+6x2—x—30
X3 — 2x?
8x2 — x
8x? —16x
15x — 30
15x — 30

0
fix) =3x3 —4x* —3x+ 4
=f1)=3(12—-41)2-301)+4
=3-4-3+44=7-7=0

3 —x—4
x—13x—4x2 —3x+ 4
3x3 — 3x?
—x* — 3x
—x2+x
—4x + 4
—4x + 4
0
fx) =2x>—3x2—8x—3
(1) =2(—12—-3(—1)?%*—8(—1)—3
=—2—3+8—-3=8-8=0

2x2 —5x— 3
x+ 123 —3x2—8x—3
2x3 + 2x2
—5x% — 8x
—5x% — 5x
—3x—3
—3x—3

0

= x = Tlisaroot
= (x — 1) is a factor.

=x2—7x+12
=X —3)x—4)

= x = 2isaroot
= (x — 2) is a factor.

=x2+8x+15
=X+ 3)x+5)

= x = lisaroot
= (x — 1) is a factor.

=3x2—x—4
=Bx—4)x+1)

= x = —1isaroot
= (x + 1) is afactor.

= 2x*—5x—3
=2x+ 1)(x — 3)



13.

14.

15.

(vi) fix)=2x>—3x2—12x+ 20
f2) =2(2)2 —3(2)2—12(2) + 20
1

2x2+x—10
x—212x3 =32 — 12x + 20
2x3 — 4x?
X2 —12x
X2 — 2x
—10x + 20
—10x + 20
0

fix) =2x3+ 13x2+ 13x —10
(—2) =2(—2)3+13(—2)2+ 13(—2) —10
=—16+52—-—26—-10=52—-52=0

2x2+9x — 5
x+ 2123+ 132+ 13x — 10
2x3 + 4x2
9x2 + 13x
9x% + 18x
—5x—10
—5x — 10
0

(x + 2)isafactor = x= —2isaroot
f)=x3+ax?—x—2
=f(-2)=(—23+a(-2?>—(—-2)—2=0
=-—-8+4a+2—-—2=0
=4a =38
=a=2
X2 —1
x+2x3+22—x-2
X3 + 2x?
0—x—2
—X—2
0

fX) =x3—x2— 14x + 24
2)=2P—2)?%*—142) +24
=8—-4—-28+24=32—-32=0

X2+ x—12
x—2x3—x2—14x+ 24
X3 — 2x?
X2 — 14x
X2 — 2x
—12x + 24
—12x + 24
0
Hence, roots x = 2,3, —4

6—-12—-24+20=36—-36=0

= X = 2isaroot
= (x — 2) is a factor.

=2x2+x-10
= (2x+ 5)(x —2)

= Xx = —2isaroot
= (x + 2)is a factor.

=2x2+9x—5
= (2x —1)(x + 5)

=x2—-1=Kx+1Kx—-1)

= x = 2isaroot
= (x — 2) is a factor.

=x2+x—12
=Kx—-3)x+4)



Solution

16. f(x) =x>+5x>+2x— 8
=f1)=1)3+51)*+21)—8
=1+5+2—-8=8-8=0 = x= Tisaroot
= (x — 1)is afactor.

x>+ 6x+8
x—13+5x+2x—8
X3 — X2
6x% + 2x
6x% — 6X
8x — 8 =x>+6x+8=0
8x— 8 =x+2)x+4)=0
0 =rootsx= —2, -4
17. () ) =x>—4 —x+4
f1)=0P2—-4012—-(1)+4
=1-4-1+4=5-5=0 = x = lisaroot
= (x — 1) is a factor.
x> —3x—4
x— 13 —4ax2 —x+4
X3_X2
—3x2 —x
—3x* + 3x
—Ax+ 4 =x2—3x—4=0
—4x+ 4 =KX+ NHx—4)=0
0 =rootsx= —1,4

(i) FX)=x3+2x2— 11x— 12
(=) =(=12+2(=1)2—=11(—-1)— 12

=—1+2+11—-12=13—-13=0 = x= —1lisaroot
= (x + 1) is a factor.
X +x—12
x+ 13+ 22— 11x— 12
X3+ x?
x> —11x
x>+ x
—12x— 12 =x+x—-12=0
—12x—12 =xX+4)x—3)=0
0 = rootsx = —4,3
(iii) fx) =3x>—4x2—3x+ 4

(1) =3(1)3—4(1)2—-3(1)+4
3—-4—-3+4=7—-7=0 = x= 1lisaroot
= (x — 1) is a factor.

32 —x—4
x— 133 —4x2—3x+ 4
3x3 — 3x?
—x%> — 3x
—x?+ x
—4x+ 4 =3x2—x—4=0
—4x+ 4 =Bx—4)x+1)=0
0 3x=4orx=—1
:>rootsx=i,—1

3



(iv) fix) =x*—7x—6
f=1)=(=1P-7(-1)—-6
=-147-6=7-7=0

XX —Xx—6
x+1Ux3—7x—6
X3+ x2
—x*—7x
—x*—x
—6x—6
—6x—6
0

18. If (x + 1) is afactor = x = —1isaroot
fix) =23+ ax*+ bx— 3
f(=1)=2(=1)3+a(=1)?+b(-1)—3=0
=-2+a—-b—-—3=0=a—-b=5
If (x + 3)isafactor= x= —3isaroot

=f-3)=2(-3PF+a(—3)2+b(-3)—3=0

= —-54+9a—-3b—3=0

= 9a — 3b =57
= 3a—b=19
and a—b=5
= 2a=14
= a=7
= 7—b=5
= b=2
Hence, (x + 1)(x + 3) =x2+ 4x + 3

2x —1
=x+4x+323+7x2+2x—3
2x3+ 8x2+ 6x

—x2—4x—3
—x2—4x—3
0

19. If (x + 1) is afactor = x = —1isaroot
) =x3+ 5x2+ kx — 12
(=) =(—13+5(-1)2+k(—1)—12=0
= —1+5—-k—-12=0

—-k—8=0
= k= -8
X2+ 4x— 12
=x+ 13 +52—8x— 12
X3+ x?
4x? — 8x
4x* + 4x
—12x— 12
—12x—12

0

= x= —1isaroot
= (x+ 1)is afactor.

=x2—-x—6=0
=xX+2)x—3)=0
=rootsx=—2,3

2x—1=0

= 3" oot x = %

=x2+4x— 12
= (x + 6)(x — 2) other 2 factors



Solution

20. If (x + 2)isafactor = x= —2isaroot
fx) =2+ ax*—17x+ b
(—2)=2(-23+a(—2?*—17(-2)+b=0
= —-16+4a+34+b=0=4a+b=
If (x — 3) is a factor = x = 3is a root
=1f(3)=23)3+a(3)?—17@3)+b=0
=54+9a—-51+b=0
= 9a+b=-3
and4a+b=—18

= 5a=15
= a=3
=43)+b=-18
b= -30
Hence,(x + 2)x—3)=x*—x—6

2x+ 5
=x2—x—6/2x3+3x2— 17x— 30
23 — 2x2 — 12x

5x> — 5x — 30
5x2 — 5x — 30
0

21. x*—2x—3=Kx+1)x—-3)=0
=rootsx=—1,x=3
fxX) =ax*+ 8x*+ bx+ 6
=f—-1)=a(—1)3+8(—1)2+b(—-1)+6=0
=-a+8—-b+6=0
=a+b=14
f3) =a(3)*+ 8(3)*+bB)+6=0
= 27a+72+3b+6=0

= 27a+ 3b= —78
= 9a+ b= —-26
and at+tb=14
8a= —40

= a= —>5

= —-5+b=14

= b=19

—5x—2

Hence, x2—2x—3/—-5x +8x2+ 19x+ 6
—5x3 + 10x> + 15x
—-2x*+4x+ 6
—2X2+4x+ 6
0

= 3"dfactor = —5x — 2

= 3"4ro0t: —5x =2
- _2
=X= -

22. (Y ax®*—b=c
=a=b+c

b+ c
a

:>X:3,b+c
a

=x3=

—18

= 3" factor 2x + 5)



Exercise 2.10
1. (i) Graph crossesthe x-axisatx=—1,1,3
=fx) =akx+ 1)x—1)x—3)
Point (0, 3) = f(0) = a(0 + 1)(0 —1)(0 — 3) =3
=3a=3
= a=1
) =1x+NDx—1Nx—3)=x3—3x2—x+3
(i) Graph crosses the x-axisatx = —4,1,2
= flx) = alx + 4)x —1)(x — 2)
Point (0, 8) = f(0) = a(0 + 4)(0 —1)(0 — 2) = 8
=8a=28
= a=1
S0 =T+ 4 —1x—2)=x>+x*—10x+ 8

2. (i) Graph crosses the x-axisatx= —3,0,2
= flx) = alx + 3)(x)(x — 2)
Point (1, —4) = f(1) = a(1+ 3)(1)(1 — 2) = —4
= —4a=—4
= a=1
S ) = 1x+ 3)X)(x — 2) = x> + x> — 6x (Green Graph)
Point (1, —12) = f(1) = a(1+ 3)(1)(1 — 2) = —12
= —4a=—-12
= a=3
() =3(x + 3)()(x — 2) = 3x3 + 3x2 —18x  (Blue Graph)
(i) Graph crosses the x-axisatx=1,2,3
= fx) = alx —1)(x — 2)(x — 3)
Point (0, 6) = f(0) = a(0 —1)(0 — 2)(0 —3) =6
= —6a=6=a= —1
) =—1x—1x—2)(x—3)=—x>+6x>—11x+ 6 (Red Graph)
Point (0, 12) = f(0) = a(0 —1)(0 — 2)(0 — 3) = 12
=—6ad=12
= a=-2
S )= —2x —1)(x — 2)(x — 3) = —2x3 + 12x> — 22x + 12 (Blue Graph)

3. Graph crosses the x-axisatx =1, —2, 1

=fx) =alx —1)x+ 2)2x —1)

Point (0, 6) = f(0) = a(0 —1)(0 + 2)(0 —1) =6
=2a=6=a=3
) =3 1)+ 2)2x —1)
=6x>+3x2—15x+ 6
4. fx) = x—3)x+ KX+ 2)
=Kx—3)*+3x+2)
=x*-7x—6=a=0,b=—-7,c=—6
5. () f)=x3+2 Point (0, 2) = f(0) = 03+ 2 = 2 True
(i) gx) =x3 Point (1,1) = f(1) = (1)* = 1True
(iii) h(x) = 2x3 Point (1, 2) = f(1) = 2(1)3> = 2 True



Solution

6. f(x) = x(x — 4)(x — 6) 20 +
f2) =22 — 42 — 6) |
=2(—2)(—4) =16
f(5) = 5(5 — 4)(5 — 6) 10 +
=5(1)(—1)=-5
Points: (0, 0) (4, 0) (6, 0) (2, 16) (5, —5) >T
X L L L ol
1 2 3 A5 /6
_5__
-10 4ty
7. fx) = (x + 2)(x —1)(x — 3)
f(0) = (0 + 2)(0 —1)(0 — 3)
1) (1 1 1) _ =1
f3)=3+2)3-1)5-3) 38
f2))=2+2)2-12-3) =
e 1.1V
Points: (—2,0) (1,0) (3, 0) (0 6)(2,38)(2, 4) Y-
8. (i) Rootsarex=—1,1,2
=fix) =alx+ 1Kx—1)x — 2)?

(i)

Point (0,4) = f(0) =a(0 + 1)(0 — 1)(0 — 2)* =4

= —4a=4
a=—1
Hence, fix) = —1(x> =1)(x> — 4x + 4)
=—1x*+43-32—4x+4=a*+ b+ol+dx+e

=a=-1,b=4,c=-3,d=—-4e=4

(0,4) e fix) = f0) =4
(0, =2) € glx) = ¢g(0) =
Hence, 4 = a(—2)
=a=—2

f(x) has roots x = =2, 1
= fx) = alx + 2)%(x —1)?
Point (0, 4) = f(0) = a(0+2)>(0-1)>=4

—2

(double roots)

=4a=4
= a=1
Hence, f(x) = (x + 2)2(x —1)2

g(x) hasrootsx = —2,1 (double roots)

= g(x) = alx + 2)%(x —1)?

Point (0, —2) = g(0) = a(0 + 2)%(0 —1)? = -2
=4a= -2
__1
= a=—3
Hence, g(x) = —%(x + 2)2(x —1)2



10. (i) Rootsarex= —1,2,5
=>fx)=x+1x—2)x—5) =0
=x2—-6x2+3x+10=0
(i) Rootsarex= —3,—1,0
=fx)=x+3)x+1)x—0) =0
=x3—4x*+3x=0
1
73
= fx) = (x + 2)( —%)(x—3)=0
=>X+2@x—-1Nx—-3)=0
=4x3 —5x>—23x+6=0
1

(iii) Rootsarex = —2,

(iv) Roots arex=5, 2,4
:>f(x)=(x—%)( ) —4) =0

S2x—-1Nx—2)x—4)=0
=23 —-13x2+22x—8=0

11. (i) Rootsarex = —%,3,6

= flx) = a(x + %)(x —3)x — 6)

= f(x) = a2x+ 1)(x — 3)(x — 6)

Point (1, 30) = (1) = a(2(1) + 1)(1 — 3)(1 — 6) = 30
= 30a = 30
= a=1

=fx) =12x+ 1)(x — 3)(x — 6)

= flx) =23 —17x2 + 27x + 18

.. I e |
(ii) Roots arex = —4, 2,22

= f(x) = alx + 4)(x + %)(x - 2%)

= fix) =alx+ 4)2x + 1)(2x — 5)

Point (0, 20) = f(0) = a(0 + 4)(0 + 1)(0 — 5) = 20
= —200=20=a=—1

=fx)=—-1x+42x+ 1)(2x — 5)

= flx) = —4x3 — 8x> + 37x + 20

12. 2 Rootsarex = 2,4
=Kx—2x—4)=Kx>—6x+8)
—3x—1
Hence, x2 — 6x + 8 —3x3 + 17x2 + bx — 8

—3x3 + 18x% — 24x
x>+ (b+24)x—8
—x2 + 6x -8
0

Hence,b+24—-6=0 and —3x—1=0

=b=-18 = X=—

=a=—

W= w|=



Solution

13. (i) Graph f(x) = 0 meets x-axisatx = —1,0, 2
(i) f(x) = g(x) = Curve meetslineatx= —1.3,0,2.3
(iii) fx)=gx)=x3—x>—2x=x
=x—-x>—3x=0
=x(x*—x—3)=0

1212 40)(=3)
X_

=x=0 OR 207)

_1+/13

X_
2

_ 1+ 3.60555 1 — 3.60555

X = i
p i
= 2.303, —1.303
=23, —-13

=x=0,230r—1.3

14. (i) Volume =x(x—1)(x+ 1) = (xX3 — x) cm?
(i) Volume =24 =x3 —x
=fxX)=x3—x—24
f3)=(3BP—(3)—24=27—-27=0
= x = 3isaroot

15. h=2r:r=ﬁ

2
— ﬁ)z. — T3
v 77(2 h=Th
Q) Hence,ah3=%h3;»a=¥=o.785=o.79

(i) Volume cylinder = ah® = (0.79)(11)% = 1051.49 cm?
(iii) Volume = 215.58 = gh3
= (0.79)h® = 215.58

215.58 _
5o = 272.886

— h = 272.886 = 6.486 = 6.5 cm

16. Volume of cube = (3)3 = 27
Volume of sphere = (4.19)(27) = 113.13
Volume of cube = x3 = 113.13
= x=1V113.13 = 4.836 = 4.8 cm
Hence, 4.19x3 —150 = x3

= h?=

= 3.19% = 150
5_ 150 _
= x> = 375 =47.0219

— x = 47.0219 = 3.609 = 3.6 cm

Revision Exercise 2 (Core)
1. x*—6x+5=0
=xX—-—1Tx—-5=0
=x=1, x=5



Hence,t—?=1 OR t—
=t—-6=t OR t—6=5t
=t?—-t—6=0 OR #—-5t—6=0
=({t+2)(t—3)=0 OR ({t+MNt—6)=0

=t=-2,3-16

2+ Nx—4)— (x—22%2=0
=2—-6x—8—(xX*—4x+4)=0
=x2—2x—12=0

2 922 —4(1)(—12)

6 _
t_5

=Xx= 50)
_2*452

2
=72i§m=1im

3. p2+2x+1=0

6.

=2 *+4(2)* — 4(p)(1)
2(p)

_—2x(a-4p
= 2
No solution =4 —4p <0
= —4p<—4
=4p >4
=p>1

= X=

Real roots = b?> — 4ac=0
= (—a—d?—4(1)ad—-b>)=0
=a’>+2ad+ d*—4ad + 4b>* =0
=a>—2ad+d*+4b*=0
=(a@—d?+ (2b>=0 True

(x + 1)and (x — 2) are factors = x = —1 and x = 2 are roots
fx)=6x*—x>+ax2—6x+b
=f(—1)=6(—1)*—(—1)3+a(—1)?*—6(—1)+b=0
=6+1+a+6+b=0
=a+b=-13
f)=6(2)*—2)3+a)?—-62)+b=0
=96—-8+4a—12+b=0
=4a+b=-76
and at+b=-13
= 3a= —63
= a= —21
= -21+b=-13=b=28

(i) fix) =x3 —4x*— 11x+ 30
f(2) = (2)3 — 4(2? - 11(2) + 30
=8—-16—-22+30=38—-38=0
= x = 2isaroot = (x — 2)is a factor



Solution

(i) x> —2x—15
x— 203 —4x2 — 11x + 30
X —2x2
—2x2 — 11x
—2x* + 4x =x>—2x—15
—15x + 30 =+ 3)x—5)
—15x + 30

0
(i) fix)=x—2)x+3)x—5 =0
= Roots: x=2,—3,5

7. () b2—4ac=(—2)?— A(1)(=5)
=24>0 = 2distinctreal roots
(i) b2— 4ac = (—4)* — 4(1)(6)
=16—24=—-8<0 = 2imaginary roots
(iii) b2 — 4ac = (4> — 4(—1)(—6)
=16 —24=—-8<0 = 2imaginary roots

8. 3% —12(3)+27=0
= (32— 12(3)+27=0
Ify=3=y?—12y+27=0
=(y—-3)y—9=0
=y=3 OR y=9
=3*=3" OR 3¥*=9=3?
=x=1 OR x=2

Revision Exercise 2 (Advanced)

1. 2x> —4x—5
=2(x*—2x)—5
=22—2x+1)—2-5
=2(x—1)2—7

(i) 2X2—4x—5=0
=2x—1)?%=7
7
:>(x—1)2—5

(i) Minimum Point = (1, —7)

2. (202 —3)? = (2/2) — 2(2V2)(/3) + (—1V3)?
=8—4/6+3
=11—-4/6
(7445 _{7+(5 _{7+15
" Y80 +V5 4/5+45 5/5

3

4, (x+2=x—4
=x+2=(x—4)2=x*—8x+ 16
=x>—9%+14=0
=xX—-—2)x—7)=0



=x=2,7

Testx=2 =4V2+2=2-4
=4 ==2 False
Testx=7 =1{7+2=7—4
=9=3 True
5. (i) Testt=1=s5s=8(12+4(1)=8+4=12m
=t<1=Testt=09=s5=8(0.9)?2+4(0.9) = 10.08 m
(i) Solve 8t?+ 4t=10
=42 +2t—-5=0
—2 *+(2)?> — 4(4)(—5)
=t= 2@
_—2*y84
8
_ —2+9.165 —2 —9.165
8 ' 8
= 0.8956 (Valid), —1.3956 (Not valid)
=0.90
(iii) Answer = 0.8956
Corrected answer = 0.90 =- error = 0.0044
0.0044
= Percentage error = 0.8956 X 100
= 0.491%
= 0.49%
6. p(1+p)
n
=p+p?>=on
=p+ p?=o?n?
=p’+p—o02n*=0
—1£Q) - 4(1)(=a’n?)
—P= 2(1)
=1 +() + 40202
2
_ _1,11+40%n
2 2
7. 1 1
k<0 0<k< 2 k> 2
k Negative Positive Positive
4k Negative Positive Positive
4k — 1 Negative Negative Positive
k(4k — 1) Positive Negative Positive

Solve x2 + 4kx + k= 0.
_ —4k =y (4k)> — 4(1)(k)

—X= 201)
— 2 __
e 4k¢v126k 4k
— . 2 __
oy 4kiM2 4k — k

= Roots:x = —2k+k(4k —1)

Hence, x2 + 4kx + k>0for0<k<%



Solution

8. ax*+2bx+c=0
—2b+1(2b)? — 4(a)(c)

= Roots: x =

2a
_ —2b+14b2 — 4ac
X 2a
_ —2b+{4-{b2—ac
=Xx=
2a
— 2__
éﬁw (Real)
— 2 __
Similarly, bx2 + 2cx + a = 0 = Roots: x = Ci+‘/7"b
Trueifc>a = bc> a2
andb>a =a>—bc<0
—azxia’—bc

Hence, cx? + 2ax + b = 0 = Roots: x = —
Since a?> — bc < 0 = Roots are not real

9. Points of intersection at A and B occur when g(x) = f(x).
Hence,x2 +5x — 1= —x?+ 5x+ 3

=2%—-4=0
=x2-2=0
=x2=2
=x=—12,x=12

= g(—V2) = (—V2)2+5(—12) — 1
=2-5/2—-1=1-5/2

and g(V2) = (12)2 + 5(/2) — 1
=2+52—-1=1+5/2

Hence, A= (V2,1 — 5/2),B = (—V2, 1+ 5/2)

10. kx> —2kx —3k—12=0
[a=k b= —2k c=—3k—12]
For equal roots:
b?> —4ac=0
(—2k)?> — 4(k)(—3k—12) =0
4k + 12k* + 48k =0
16k*> + 48k = 0
k*+3k=0
k(k+3)=0
k=0 or k=-3
When k = 0, the equation is untrue.
Thus the only solution is k = —3.

11. X2 —{y3x—6=0
B33 —401)(—6)
xX= 201)
_ 34427 _{3+3/3 {3 -3(3
2 2 2

=2(3, -3
Hence, r,r, = (2V3)(—V3) = —6

12. 3x+y=—-1Nx%>+y>= 53
=y=-3x—-1=x>+(—-3x—1)?=53
=x2+9x+6x+1—-53=0
= 10x*+6x—52=0
=5x2+3x—26=0

(Real)



= 0GBx+13)x—2)=0
=5x=—-13,x=2

:>X__? =Yy —3(2) —1
13 -7
=y=-37>| -
_34
5
.. the solutions are: (_TB , 35—4) and (2, —7)

13. length = xand width = y.
=2+ 2y=48andx=%y2
=Xx+ty=24
=x=—-y+24 :>—y+24=%y2

= —2y + 48 = y?
=y?+2y—48=0
=({y+8y—-6=0
=y = —8(Not valid), y = 6 m (Valid)
=x=—6+24
=18m
= Dimensions are 18 mand 6 m
y_ x
1T x+1

14. =x2=xy+y

=x>—xy—y=0

_yF{(=y)? = 40)(~y)
2(1)

Yy +ay

=5 ,

Real roots = b? — 4ac=0 =y>+4y=0

Factors: y(y + 4) \ ®

= Roots:y =0, —4 —4\_/IO >
Fory?+4y=0 =y<-4 or y=0
15. y=ax> + bx+ ¢
Point(—2,—1)= —1=a(-2?%+b(-2)+c
=-1=4a—-2b+c
Point (1, 2) =2=a(1)+b(1)+c
=2=a+b+c

Point (3, —16) = —16 =a(3)>+ b(3) + ¢
= —-16=9a+3b+c¢

=X

=4a—-2b+c=—1 9a+3b+c=—-16
and a+b+c=2 at+tb+c=2

=3a—3b=-3 8a+2b=—18
=a—b=-1 =4a+b=-9
anda— b= —1
5a=—-10
=a=—2

=-2—-b=-1 and at+b+c=2

= b= —1 =-2—-1+c=2

= c=5



Solution

16. (i) ) =x*—6x2+11x—6 To
= f(0) = (0)* — 6(0)2 + 11(0) — 6 = —6 1,
=fM=0102-6(12+11(1)—6=12-12=0
=f2)=02)3—-62)2*+112)—6=30—30=0 +2
=f3)=0CB)2—-6(32+113)—6=60—60=0
=f4)=4)>—-64)2?+114)—6=108—-102=6

1,
(iii) Points are (0, —6)(1, 0)

17. (i) Rootsx = 2,5 (double root)
(i) fix) =alx — 2)(x — 5)?
(iii) fix) = a(x®* —12x* + 45x — 50)
Point (3, 8) = f(3) = a[(3)> —12(3)? + 45(3) — 50] = 8
= qa[27 —108 + 135 — 50] = 8
=4a=8=a=2
Hence, fix) = 2(x3> —12x% + 45x — 50)
= 2x3 — 24x% + 90x — 100 =a=2,b=-24
c=90,d=—100
(iv) Point (3, —8) = f(3) = a[(3)> —12(3)? + 45(3) — 50] = —8
=4a=—-8=a= -2
= flx) = —2(x> —12x? + 45x — 50)
= —2x3 + 24x> — 90x + 100
(v) Reflection in y-axis = x s replaced by (—x)
fix) = 2x3 — 24x? + 90x —100
= f(—x) = 2(—x)®> — 24(—x)2 + 90(—x) — 100
= —2x3 — 24x> — 90x —100

Revision Exercise 2 (Extended-Response)
1. (i) C(t) =0.02t — at®
t=5 = C(5) = (0.02)(5) — a(5) = 0.075
= 0.1 — 125a = 0.075
= —125a = —0.025

_ —0.025 _
=552 = 0.0002

(i) C(t)=0 = 0.02t — 0.0002t3 =0

=200t — 22 =0

=100t— =0

= t(100 —t3) =0

=t =0 (notvalid), t = 10 (valid)
(iii) Beyond t = 10 = (C{(t) is negative

=da

2. (i) Area= (2x+ y)(3x + 2y)
= 6x% + 7xy + 22
(ii) Area dividing strips = Area full poster — Area 6 purple squares
= 6x% + 7xy + 2y? — 6x?
=7xy+2y? =k=7



3.

4.

(iii) Area 6 purple squares = 6x*> = 1.5
=x*=025 =x=05m =%m

Hence, 7xy + 4y? = 3.5y + 2y? = 1
=4y’ +7y—2=0
=U4y—Ny+2)=0

=>y= % (valid), y = —2 (Not valid)

(@) Volume = (96 — 4x)(48 — 2x)(x)

V = 4608x — 384x% + 8x3 T

X
(b) (i) 0<x<24 -
(i) AtC,x=0 = Volume=0 .
At A, x=8 = Maximum volume occurs
(= 16384 cm?)
At B, x = 24 = Minimum volume occurs \
X

(=0cm?d)

(iii) Maximum volume = 16300 cm?(using graph)
(iv) x=10= V=196 — 4(10)1[48 — 2(10)][10]
= (56)(28)(10) = 15680 cm?

(v) x=>5 = Volume = 14440 cm?

x <5 = Volume < 14440

= Volume = 14439.9

(vi) If 5=x= 15, minimum volume occurs at x = 15 (using graph)

= x =15 = Volume = [96 — 4(15)][48 — 2(15)][15]

= (36)(18)(15) = 9720 cm?
(c) Area = 2(x)(96 — 4x) + 2(x)(48 — 2x) + 2(96 — 4x)(48 — 2x)

= 8x(24 — x) + 4x(24 — x) + 8(24 — x)(24 — x)
=424 — x)(2x + x + 48 — 2x)
= 4(24 — x)(48 + x)
=a=4,b=24,c=48
(i) 41+3w=120 w
=4/=120 — 3w
=1=30 3w ! ) /
Hence, area = 2lw
= 2030 - 3w | |
Z6OW—%W2
(i) 6OW—%W2=O P—r—
:W(eo_%w)zo 4600
_ 3, _
:>W—0,60—§W—0 4400
120 — 3w =0
= 3w =120 124
= w=40
w=| o | 10] 20 ] 30 | 40 0 10 20 30 40

=| 0 |450|600|450| 0 A




6.

7.

Solution

(i) A=
3

—%Wz + 60w

= —2(w? — 40w)

2
3

= —=(w? — 40w + 400) + 600

2
3

=600 — >(w —

2

20)?

Hence, maximum area = 600 m?

w=20m

(ii) t=4.5secs
2+4t—t=0

—4 + (472

=t=

Dimensions are: w =20m, /= 30 —

() h=5=1t=1,3

—4(=1@2)

3

Z(ZO) =15m.

_ —4*4J16+8

2(—1)

jt:ﬂ

-2
= t = 4.449
= t=4.45
(€ h=2+4t—t
=2 (2 41)

-2

=2+ 6 (valid), t = 2 — Y6 = —0.449 (Not valid)

=2—(P—4t+4)+4

=6—(t—2)?%=

(p,q) =(2,6)

No. of Price hikes

Price per Rental

Number of Rentals

Total Income (1)

€12 36 €432
1 Price hike €12.50 34 €425
2 Price hikes €13 32 €416
3 Price hikes €13.50 30 €405
X price hikes €(12 + 0.5%) 36 — 2x €(12 + 0.5x)(36 — 2x)

(i) =012+ 0.5%)(36 — 2x) = 432 — 6x — X2
(i) | =432 —6x— X2
=432 — (x* + 6x)
=432 —(xX2+6x+9 +9
= 441— (x + 3)2

(iii) Maximum Income = €441
(iv) Price per rental

(@) Area of garden = 2 Area BAC + Area ACED
— [ Ty2
272] + W)

%sz + xy

(b) () Length = 227+ y = 100

= mx+y=100

=

y =100 — mx

(i) Area =-Zx2+ x(100 — mx)

2

=Ty2 + 100x — 7mx2

2

A =100x — Zx2

2




(iii) 100 —mx =0
= mx = 100
100

= X=-—
an

Domain: 0 <x<¥

(c) Area = 100x — gxz = 1000
= 200x — mx% = 2000
— 7mx2 — 200x 4+ 2000 = 0

200 = {(—200)2 — 4(7)(2000)
2(m)
_ 200 = {40000 — 80007
2

_ 200 = 114 867.25877
2T

_ 200 +121.9314 200 — 121.9314
2 ! 2
= 51.236, 12.425
=51.2,124
(d) (i) Volume = (Area)(height)

= (100x — —x2

=x=

[50]

— 92 T 3
2x 1OOX

(i) x=12.4= Volume = 2(12.4)> — -Z_(12.4)3

100
= 307.52 — 59.898
=247.62 = 247.6 m?

= pr— 2
x=51.2 = Volume = 2(51.2)* — 100(51 2)3

= 5242.88 — 4216.574
= 1026 306 = 1026.3 m3

2
(iii) Volume = 2x 100 =500

= 200x? — 7x3 = 50000
fix) = mx3 — 200x% + 50000
f(18) = 18321.77 — 64800 + 50000 = 3521.77
f(18.8) = 7(18.8)> — 200(18.8)?> + 50000
=20874.85 — 70688 + 50000 = 186
= (18.9) = 7(18.9)3> — 200(18.9)2 + 50000
=21209.74 — 71442 + 50000 = —232.26
Hence, x = 18.8

=
=
=

8. (@) y=2xNy=6+ 5x — x?
=2x=6+5x — x*
=x*—3x—6=0

3+9(3)2— 4(1)(—6)

=X = 20)
_3+433
2
=303 23+J§) 34133



Henc

Solution

e,A=(3 +2m,3+m)

:>x2=3_m:>y2=2(@J=3—\/§

2

Hence,B=(3_\/§,3—\/§)

2

(b) (x,6 + 5x — x?) and (x, 2x)
d=1{(x —x?) + (6 + 5x— x? — 2x)?
= (6 + 3x—x?)?
=dx) =6+ 3x—x?

X=

—1

d(x)

= 2|6 |8

(d) dx) =6+ 3x — x?

—6—[y2_3y_ l)z) 1
6 (x 3x (12 +21

—al [, _ 11}
=8 (X 12)

- S|
(e) Maximum point = (1 > 84)

= Maximum vertical distance = 8% occursatx =1

f) 0=dx) = 8%

9. (i) y=xNy=1ix—b+c

(iii)

=x=Vx—b+c
=x—c=Vx—0b

=Kx—-0c2=x—0b

=x—-2x+—x+b=0

=x2—xQ2c+1)+c2+b=0
At(ga)=x=a=a*—aRc+1)+c*+b=0
(i) Tangent=-b?>—4ac=0
=[—Q2c+ NP —4(1)(c*+b)=0

=4’ +4c+1-4c—4b=0

= 4c=4b—1

_4b—1
= c==7
= 0 1 2 3 4
y= | —025| 0.75 1.16 1.48 1.75

N[—




(iv) yzxﬂyzﬁ—%

B

= X Z
1

= + —
= X=X 7

= AL I I
= X (x+4) X+2X+16
= X2 —lx+l—0

16
17 _ _1 _1 (ll
:>(x+4) 0 =x 4:>y 4:>4,4

w)y=x+kmy=J*—%
— w1

= X+ k=1x a
:>x+(k+%)=\/7

2 1) 2 LI
:>x+2(k+4+k+ k+16 X
:x2+(2k—%)+x+k2+§k+l=

160

(@) Twice = b*—4ac>0

( ) “L+k+76>0

2 _ LIy N Y AN |
= 4k 2k+4 4k* — 2k 4>0

= —4k>>0
=k>0
(b) Once = b?>—4ac=0
=k=0
(c) Atno point = b?> —4ac<0
=k>0
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Exercise 3.1

1. ()

(ii)
(iii)
(iv)

(vi)
(vii)
2. (i)

(ii)
(iii)

30° =

45° =

INEWCNE

150° = 5(30°) = 27

@)

135° = 3(45°) = 37

4
36" = <2 36° = 2
240° = 4(60°) = 4377
390°=13(30°)=—1Z7T
180°
90°
30°
57T_5><180 o
T = 22 150
4w _ 4 X 180° _ ..
A 80
1 _ 11X 180° _ 2200
2= 1 330
S _ 5% 180° _ o
12 12 75

I=r6 =1=(4)(2)=8cm
I=(4)4) =16cm

I= (4)(2%) =10cm
/= 4(%) =5cm

ro=1 =60=6 = 0= 1radian
60=12 = 6= 2radians

60=3 = 0=%radian
60=9 =0= 1%radians

_ — 12 adi
60—72 =0 14rad|ans

5.r0=1 =2r=15 :>r=7%cm

6. 50 =

6 =0= 1%radians




Solution

7. Area = L(8)2- 0 = 40

2
= 320 =40
_40_5_ .1 .
= 0= 327 14 radians

8. |=27r=2mr=12w
= r=6am

Area = %(6)20 =37

= 180=3m7
=37 _ T di
= 0= 186 radians
9. Area = %(6)20 =27
= 180=27
_27_3 .4
0= 18~ 5 radians
10. Shaded Area = Area large sector — Area small sector
—lop.m_15p. 7
2(8) 4 2(2) 4
— _m
= 87 5
— 152'7Tcm2
11. (i) 46=10
_10_5
= 0= 4 2radlans
(i) 6=2-180 _ 1432300 = 143°
2 T

12. Shaded Area = Area square — Area sector

=@ -7 2

=4 — mcm?
13. Shaded region AOC = Area square — Area sector

= —1@gr.I
= (8) (67 2

= (64 — 167) cm?

Shaded region COB = %(8)2 I =167 cm?

2

Shaded figure = Shaded region AOC + Shaded region COB
=64 — 167+ 167

= 64 cm?
14. (i) Aisacentre=|AB|=6cm (radius)
Cisacentre = |CB| =6cm (radius)

= AABCis an equilateral triangle
= |/£ABC| = 60°

(ii) LengtharcAB =6 - g =27 cm

A

C

«—8cm— «—8cm—>

B



(iii)  Shaded region AB = Area sector — Area AABC

—lg2.m_1 in 60°
—5(6)2 >~ 5(6)(6) sin 60
=67T—18-§
= (67 — 9Y3) cm?

Total shaded region = 2(677 — 9/3) = (127 — 18/3) cm?
15. (i) Length=r6+ 2r=40

ré =40 — 2r
9= 40 — 2r
r
) 1,1 2(40 )_
(ii) Area = 2r 0= 5 - 100
= 40r— 2r> =200
= r—20r+100=0
= (r—10)(r—10)=0
= r=10cm
40 —2(10) _ 40 — 20 _ .
(iiiy 6= 10 =0 2 radians
Exercise 3.2
1. (i) 0.7431 (i) 0.2756 (iii) 0.5407 (iv) 0.7266
2. (i) 48° (i) 69° (iii) 55° (iv) 78°
3. () 6=sin" §= 41.81° = 42° (i) 0= tan""
(i) 6= cos™ g — 53.13° = 53° (iv) 6=sin"!
i) sin245° 2450 — [V 4 1,1
4. (i) sin?45° + cos? 45 (ﬁ) ( ) 1+ 1=1

(ii) sin 60° cos 30° -+ cos 60° sin 30°
_13 .43 1_3_1

(iii) cos?60° + cos 60° sin 30°

e
5 S|nzg+sin2%+sm2'g
2 2 2
3+ (& 13
ésm30°=%
;»%=‘1—2 — XZ| = 24

IRZ| = |RZ|*> + (12)? = (24)2
= |RZ]2+ 144 =576
= |RZ|? = 432
= IRZ| = V432 = 12/3

A
8
12
5

(v) 0.5914
(v) 42°

=41.186 = 41°

= 23578 = 24°

(vi) 12°



Solution

YR = |YR]* + (12)2 = (13)2
= |YR]*> + 144 = 169
= IYR?=25 =|YR| =5
Hence, perimeter =24 + 13 + 5 + 123
=42 +12/3

. o_ X
7. (i) tan 60 3

= x=8tan 60°
= 13.856
=13.9
L 13.9
(ii) sinA = >0 = 0.695
= A=sin"10.695
=44.02
= 44°

1
2 8
= 2|RT|=V8=2/2
= |RT| =12
(i) |PT?+ (2)*=(V8)
= [PT?+2=38
= IPTI?=6
= PT| =16
ARTQis isosceles = |RT| = [TQ| =2

= Area ARPQ Z%(ﬁJr /6)-(V2)

N[N

= 1/ +72)
=22+23)
=1+ 13
Exercise 3.3
1. (i) 0.7660 (iii) 0.6428 (v) —0.8192
(ii) —0.7660 (iv) —0.6428 (vi) 0.5736
2. (i) 0.66913 = 0.6691 (iii) —0.900404 = —0.9004
(i) —0.84804 = —0.8480 (iv) —0.93358 = —0.9336
3. (i) sin50° (iii) —tan 20° (v) —sin70°
(ii) —cos 65° (iv) —cos 40° (vi) —tan 60°
4. (i) sin 120° = sin 60° = g (v) cos330° = cos 30° = g
(ii) cos135° = —cos 45° = —% (vi) tan225° = tan45° =
(vii) cos 150° = —cos 30° = —
(iii) sin 240° = —sin 60° = —g
: (viii) sin 300° = —sin 60° = —

(iv) sin210°= —sin30° = —=

N

m



6.
7.

10.

11.

12.

13.

14.

() 3 (i) 1% (i)

(i) 124° (ii) 68° (iii)
sinA=0.2167 = A =sin"1(0.2167)
= A=12515°=13°

2nd
240°

2" quadrant = A = 180° — 13° = 167°

() cosA=0.8428 = A = cos '(0.8428)
= 32.56° = 33° (reference angle)

cos A= —0.8428 = 2" quadrant = A = 180° — 33° = 147°
and 34 quadrant = A = 180° + 33° = 213°

(i) sin B=0.6947 = B = sin"'(0.6947)

= 44.003° = 44° (reference angle)

(iv) 1%t
(iv) 345°

sin B= —0.6947 = 3" quadrant = B = 180° + 44° = 224°

and 4™ quadrant = B = 360° — 44° =

(iii) tan C=0.9325 = C=tan"'(0.9325)
= 42.99° = 43°

and 39 quadrant = C = 180° + 43° = 223°

1 11

.Sinf===0=sin" 5230°

2

and 2" quadrant = 6 = 180° —
cos === cos”(l) = 45°
2 2

30° = 150°

and 4" quadrant = 6 = 360° — 45° = 315°

= tan45°=1 and tan 315°

tanAzl:>A=tan‘1 = 30°

5 5

=1

and 3 quadrant = 180° + 30° = 210°

= co0s30°= g and cos 210° = —g
sin 6 = g = 0 =sin"! g = 60° (reference angle)

3

sin 6= 5= 3dquadrant = 0= 180° + 60° =
and 4" quadrant = 0 = 360° — 60° = 300°

= C0s 240° = 1 and cos 300°

_1

2 2

sin A 2% = A=sin""
sin<0andcos <0 = 3quadrant

= A =180° + 53° = 233°

[1FN

ing_3
smB—5

3

B _l
X

sin > 0 and cos < 0 = 2"d quadrant

- _3
=tan B = 2

x?+32=52
x> +9=25
x> =16
xX=4

240°

= 53.13 = 53° (reference angle)

316°

(v) 75°



Solution

_ 1

15. tanB=— :>B=tan*‘i

= 30° (reference angle)

/3 /3
tan>0 and sin<0 = 3quadrant
:cosB:—E
2
16. tanA=1
h? =12 + 22
=1+4
h : —5
=h=15
A _
2

180° < A < 270° = 3" quadrant

= sinA=—L

/5

17. (i) sin420° =sin 60° = g

(ii) cos 495° = cos 135° = —

N

(i) tan(—120°) = tan 240° = {3

Exercise 3.4
c _ 8

1. sin42°  sin57°
_8sin42° _ 5353 _ _
= ¢Tgns57 osssey o8 Toe4Am
b _ 14
sin57°  sin 39°
_14sin57°:11.7414= _
= b= Sin 39° 0.62932 18.657 = 18.7m
a _ 7
sin 70°  sin 80°
_ 7sin70° _ 6.5778 _ —
= 9= ngoc  0os4g 0679 =67m
7 10

TSnx  Sin80° = 10sin x°* = 7 sin 80

(i)

. o _ 7sin80°
= SIN X = T
= sinx°=0.6894
= x° =sin"1(0.6894)
= X° = 43.58°
= X° = 44°

12 14

Sin X = Sin420:>145|nx =12sin42

(ii)

. o 12sin42°
= Sin X" = T
= sinx®=0.57354
= x° =sin"1(0.57354)
X° = 34.997

=
= x° = 35°



(iii)

8 9.5

—— = — s =9.5sinx° = 8sin51°
sin x sin 51

= sin x° = 85+551°
= sinx® = 0.65444
= x° = sin"1(0.6544)
- X° = 40.877
= X°=41°
3. () —9 _—_8 . g6 /BAC = 10sin 48°
sin ZBAC sin48°
—  sin /BAC = %”48(’
. = 0.92893
—  /BAC = sin~'(0.92893)
=  |/BAC| = 68.26879°
(ii) 39angle ZACB = 180° — (48° + 68.26879)
= 63.7312°
IABl 8
Hence, 4 e37312° ~ sin 48°
_ 8sin63.7312° _ 7.17382 _
= IAB| = =5 % 0743 0%
= |AB| =9.7
(i) Area AABC = %(1 0)(9.7) sin 48°
= 36.04
= 36 sq. units
4. (i) Area = %(8)(10) sin 45°
= 2828
= 28.3cm?
(i) Area = %(3.5)(5.5) sin 100°
= 9478
=9.5cm?
(i) Area = %(8)(7.5) sin 80°
= 29.544
= 29.5 cm?
5. Area = %(1 1)(8) sin A = 25
25
= sin A = aa
(25
= A = sin (44
= A=3462°
- A= 35°
Area = %(8)(6.5) sin B = 26
L p_[26
= sinB = (26)
= B=sin""1
= B =90°



Solution

1

Area = 2(18)(13) sinC=178
;3
= sinC = 117 .
— ¢in—1(£9_
= C =sin (117)
= C=1418°
= C=42°
6. (i) 39angle ZACB = 180° — (46° + 71°)
= 63°
B 2
Hence, sin71°  sin 63°
_22sin71°
= BCl = sin 63°
_ 20.8014
0.891
IBC| = 23.34
=23cm

(i) Area AABC = %(22)(23) sin 46°

= 181.99
= 182 cm?
sin 30°  sin 45°
_ 8s5sin30° _
= [RQl = sin45° 2
(ii) Third angle ZPRQ = 180° — (30° + 45°)
= 105°
Hence, area APQR = %(\@)(2) sin 105°
= 2732
=27m?
8. Area AABC = %(X)(x +2)sin150° = 6
N 02 + 2x)(%) 12
= X2+ 2x =24
= X2+2x—24=0
= x+6)x—4=0
= X=—6 or x=4

Answer:x = 4

o, 54 _ 3
" sin /ACB  sin32°
= (3)(sin ZACB) = (5.4)(sin 32°)
~  sin(ZACB) = (5'4)(53—'”32)
= sin(ZACB) = 0.953855
= 1*Quadrant = ZAC,B = 72.526°
= /AC,B =72.5°
= 2" Quadrant = Z/AC,B = 180° — 72.5°
=107.5°




10. (i) | /DAB| = 43°
= |/ADB| = 180° — (43° + 43°) = 94°

IABl 5

Hence, sin 94°  sin 43°
_5sin94° _ _
= |AB| = n 43° 731 =73cm
(ii) |/ADC| = 180° — 94° = 86°

= |ZCAD| = 180° — (86° + 72°) = 22°

IcDl s C D 5cm B
Hence, G55 = Sn72°
= cD| =251N22" _ 1 96 = 2.0cm

sin72

11. |ZABC| = 180° — 32° = 148°

= |/ACB| = 180° — (25° + 148°) = 7°
BC| 20
Hence, sin 25°  sin 7°
N IBC| = (20)(.sm o25 )
sin 7
=69.356 m
ABCD is right-angled A. Ae—20m-—B D
. |co|
= Sin32"=25356
= |CD| = (69.356)(sin 32°)
= 36.75
=36.8m
12. [ZHLP| = 180° — 75° = 105°
| /HPL| = 180° — (105° + 53°)
=22°
IPH 40

Hence, 9055 = Sin 22°

(40)(sin 105°)

= PH == 5%
= 103.14
= 103 km
13. |/BAC| = 180° — 30° — 50° = 100°
| Z/ABC| = 50° A
| /ACB| = 30° @
Then
(i) [AB| = 800 50° 30°
sin 30 2801 90 . 5 300 C
_ sin _
Bl = =G To0e 406 M
iy JACL _ 800
sin 50°  sin 100°
IAC| = 8005sin 50° _ 55 1y

sin 110°



Solution

14. |/ACB| = 180° — 50° — 20° = 110° A
Then
[AB| 5
sin 110°  sin 20°
5sin 110°
|AB| = sin 20°
|AB| = 13.7 km.

Exercise 3.5

1. () x? = (8)?+ (5)> — 2(8)(5) cos 62°
= x*=89 — 80(0.46947)

= x>=51.4423

= x=151.4423

= x=1717

= Xx=72cm

(ii) x2=(14)2+ (11)2— 2(14)(11) cos 38°
x? =317 — (308)(0.788)

x?=74.296

x =174.296

x = 8.61

X=86cwm

(iii) x? = (5)? + (6.8)> — 2(5)(6.8) cos 105°
x> =71.24 — 68(—0.2588)

x> = 88.8397

X =188.8397

X =942

X=94cm

2. (12)2= (7)>+ (8)>— 2(7)(8) cos A
144 =49 + 64 — 112 cos A
112cosA=113 — 144

- 31 _
COSA = 112 0.2768

A =106.07°
A =106°

R

R R

Ll b

(14)2 = (20)%2 + (16)2 — 2(20)(16) cos B
196 = 400 + 256 — 640 cos B
640 cos B = 656 —196 = 460

_ 460 _
cosB = 540 0.71875

B = cos '(0.71875)
B =44.05
B = 44°

N R R

(18)2= (9)2+ (13)2— 2(9)(13) cos C
324 =81+ 169 — (234) cos C
234 cos C = 250 — 324

4l

50°

209




6.

7.

- _74 _ _
cosC = 234 0.31624

C=cos '(—0.31624)
C=1084°
C=108°

(7)2= (3)2+ (5)2— 2(3)(5) cos A
49 =9+ 25—-30cosA
30cosA=34—-49=-15

__15_ _
COsA = 30 0.5

A = cos '(—0.5) = 120°

(10)2= (4)2+ (8)2— 2(4)(8) cos A
100 =16 + 64 — 64 cos A
64 cosA=80—100= —20

_ 20 _ _
COsA = oa 0.3125

A =cos '(—0.3125) = 108.21°

Area = %(4)(8) sin (108.21°)

= 16(0.9499) = 15.19 = 15.2 5q. units
(i) | ZQRS| = 180° — (30° + 52°) = 98°

Qs 2
Hence, sin98°  sin 30°

2(sin 98°)
sin 30°

(i) ZPQS = (6.5)*= (3.5)> + (4.0)> — 2(3.5)(4.0) cos ZPQS
= 42.25=12.25+ 16 — 28 cos ZPQS

$uul Liu

L R

= QS| = = 3.96 = 4.0 units

= 28cos /PQS =28.25 —42.25=—14
__14_ _

= cos ZPQS = 8 0.5

= |/PQS| = cos~'(—0.5) = 120°

|QR|? = (42)2 + (50)2 — 2(42)(50) cos 72°
= 1764 + 2500 — 4200(0.309)
= 4264 — 1297.87
= 2966.13
= |QR| =12966.13 = 54.46 = 54.5 m?
= Length of rope = 42 + 50 + 54.5

= 1465m
(i) Area AABC = %(12)(15) sin /A = 65
= 90 sin ZA = 65
65
= sin ZA = 50 =0.7222
= /A =sin"1(0.7222)
N /A = 46.2° = 46°

(ii) IBC|? = (12)2+ (15)2 — 2(12)(15) cos 46°
= 144 + 225 — 360(0.69466)
=369 — 250.08
=118.92
IBC| =118.92 = 10.905 = 10.9 cm



Solution

8. (i) (6)2=(4)2+ (5)2— 2(4)(5) cos 0
= 36=16+25—40cos 6
= 40cos0=41—36=5

= cos@—i—l

40 8
(i) x>+ (1)2=(8)°
= X=64—1=63

[o]

= x=163=19(7 =37 ).
Hence,sin@z% a=3,b=8. !

9. Area A —l( )NV2)sinA =1

= {2 sinA=1

N

= SinA = %
= A=sin"! (%) = 45°
Hence, a® = (2)2 + (¥2)* — 2(2)(2) cos 45°
1
—4+42-42-L
- P
=2
=a=12
Pythagoras'th. = 22=(V2)*+ (2)?
= 4=2+2

True; hence A is right-angled.
2 sides have length V2 each; hence A is isosceles.

10. Area AABC = l)(3.2)(8.4) sin /B =10

5

= 13.44sin ZB=10
10
=sin ZB = 1344—0744

= /B =sin"1(0.744) = 48.07°

|AC|? = (3.2)2+ (8.4)2— 2(3.2)(8.4) cos 48.07°
=10.24 + 70.56 — 53.76(0.668)
= 44.888
= |AC| = /44.888 = 6.69 = 6.7
Perimeter = 6.7 + 3.2 + 8.4 = 18.3 cm

11. () x—1)2=x—1)24+ (x+ 1)2—2(x — 1)(x + 1) cos 120°
1

x=0 or x=4
Answer: x=14

= 4x2—4x+1=x2—2x+1+x2+2x+1—2(x2—1)(—5)
= 4 —A4x+1=2*+2+x>—1

= —4x=0

= x(x—4)=0

=

=

(i) Area A = %(3)(5) sin 120°

(15)(F) 15F



12. (i) [FG|?> = (50)2+ (60)2 — 2(50)(60) cos 20°
= 2500 + 3600 — 6000(0.9397)
= 6100 — 5638.2
=461.8
= |FG| =461.8 = 21.4895 = 21.5cm
(i)  cos20° =120
|CB|
= 120
cos 20°
= |AC| =127.7 cm

. |CEl
tan 20° = m
= |CE| = 120(tan 20°) = 43.676 = 43.7
= Total length = 4(60) + 2(127.7) + 2(21.5) + 43.7

=582.1=582cm

13. IPR]2 = (8)2 + (6)2 = 64 + 36 = 100
= |PR| =100 =10
IPQJ? = (8)2 + (5)2= 64 + 25 = 89

= |CB =127.7cm

= |PQ| =189
IRQ? = (6)2+ (5)2= 36 + 25 = 61
= |RQ| =61

Hence, (10)2 = (V89)* + (V61)? — 2/89V61 cos £Q

= 100 = 89 + 61 — (147.36)(cos ZQ)
= (147.36)(cos ZQ) = 150 —100 = 50
50

= cos(£Q) = 147 36 =0.339
= Z/PQR = cos'(0.339)

=70.18°

=70°

14. 32=22+ 22— 2(2)(2) cos A

9=8—-8cosA 2
8cosA=—1
cosA = —0.125
A = cos '(—0.125) >
A=0972°

15. (i) Fortriangle ACD,
|AC|*> = 26.42 + 9.82 — 2(26.4)(9.8) cos 56°
|AC|> = 503.65
|AC| = 22.44 cm
For triangle ABC, let # = | ZABC|. Then
22442 = 8.4% +16.3% — 2(8.4)(16.3) cos 0
273.84 cos 6 = —167.3036
cos 8 = —0.61095
0 = cos™'(—0.61095)
0= 127.66°



Solution

(i) Area AADC = %(26.4)(9.8) sin 56°

— 107.24
Area AABC = %(8.4)(16.3) sin 127.66°

= 54.20
Area quadrilateral = 107.24 + 54.20
= 161.44 cm?

16. 62 =5.52 + 1.22 — 2(5.5)(1.2) cos 0
13.2 cos 0 = —4.31
cos 6 = —0.3265
0 = cos™'(—0.3265)
0 = 109.06°
Then
0=90°+ A 5.5
A = 109.06° — 90°
A = 19.06°

17. Let the two aircraft be A and B. B
Then
|AB|?> = 502 + 722 — 2(50)(72) cos 49°
|AB|? = 2960.37 A
|AB| = 54.4 km

18. (i) Letx km be the distance from the port at 4 pm.Then

x% = 602 + 302 — 2(60)(30) cos 160° 30
x2 =7882.89
x = 88.79 km 160°

60




(i) All three sides of the triangle must add up to 270. Let x be the distance
travelled between 3 pm and the time to turn back. Then the distance back
to the port must be 270 — 60 — x = 210 — x.

Then
(210 — x)2 = 602 + x? — 2(60)(x) cos 160° X
44100 — 420x + x> = 3600 + x* + 112.76x
40500 = 532.76x
x =176.02
The time after 3 pm 1609 210 - x
_ 7602
30
= 2.53 hours 60
= 2 hours 32 min
The latest time to return is then 2 hours and 32 min after 3 pm, i.e.
532pm or 17:32.

Exercise 3.6
1. () |HB|? = (5)2 + (10)2 = 25 + 100 = 125
=  |HB| =125 =5/5
Hence, |GH|? = (5V5)* + (4)2 = 125 + 16 = 141
= |GH| =V141 = 11.8749 = 11.87 cm
4

(ii) sin(ZGHB) = 1187 = 0.337
= | /GHB| = sin"1(0.337) = 19.69° = 19.7°
2. () tan25° =2
|AB|
— |ABl=—12 _=2573=257m
tan 25°
(i) tan(/TCB) = % ~08

= |/TCB| =tan~'(0.8) = 38.657° = 38.7°

(i)  |DB|? = (15)2 + (25.7)? = 225 + 660.49 = 885.79
= |DB| = {885.79 = 29.757 = 29.8 m

. _ 12 _
(iv) tan(£TDB) = 208 0.4027
= |/TDB| = tan~1(0.4027)
=21.93°=21.9°
. o _ 200 _ 200 _ _
3. (i) tan48 Y] = |PY]| oage — 180.08=180m
o _ 200 _ 200 _ _
tan 34 an = |QY] Tan 34° 296.5 =297 m

(ii) |PQ|*> = (180)2 + (297)2 — 2(180)(297) cos 84°
= 32400 + 88209 — 106 920(0.104528)
= 120608 — 11176.18

= 109431.82
= |PQ| =v109431.82 =330.8=331m
i -9 _1_
4. (i) tan(ZABF) = 27 3 0.3333

= |ZABF| =tan~"(0.3333) = 18.43 = 18.4°



Solution

iy |AC|2=(17)2 + (27)2

=289 + 729
=1018
= |AC| = V1018 =31.906 = 31.9cm
_ 9 _
(iii) tan(ZACF) ~319 0.2821

= |/ACF| = tan~'(0.2821) = 15.75° = 15.8°

5. () |PRI>=(3)? + (5)* — 2(3)(5) cos 120°
=9 + 25 — 30(—0.5)

=34+15
=49
= |PR| =V49 =7m
P
(i) tan 60°=—‘D |
= |IDP| = 7 tan 60° = 12.12
Hence, |DQ|? = (12.12)2 + 52
= 146.89 + 25
=171.89
= IDQ| = V171.89 =13.11 =13 m

6. (i) |AO| =|0OB|=x
= xX2+x2=32

= 2x2=9
9
2:_:
= X 5 4.5
= x =145

Hence, |AE|? = (V4.5 ) + (2.5)2
=45+ 6.25 = 10.75
= |AE| = V10.75 = 3.278 =33 m
(i)  (3)2=(3.3)2 + (3.3)2 — 2(3.3)(3.3)(cos ZAEB)
= 9=10.89 + 10.89 — 21.78(cos ZAEB)
= 21.78(cos ZAEB) = 21.78 — 9 = 12.78

cos Z/AEB = 1278 _ 58677

21.78
= Z/AEB = cos'(0.58677)
= 54.07°

Hence, area AAEB = %(3.3)(3.3) sin 54.07°

— (5.445)(0.8097)
= 4.4088
Total Area = 4(4.4088)
= 17.6352
=17.6 m?
7. tan60° = 36
|AD|
—~ AD=—30_—207846=2078m
tan 60°

ABCD is isosceles = |BD| = |CD| = 36 m
Hence, |AB|? + (20.78)2 = (36)2
= |AB|> = 1296 — 431.8 = 864.2
= |AB| =1864.2 =29.39 =29m



8. () IDB|? = (7)2 + (12)2 = 49 + 144 = 193
= IDB| =193
Hence, |DF|?> = (V193 + (5)2 = 193 + 25 = 218

= IDF| =218 = 14.76 = 14.8 cm
N 5
(i) sin Z/BDF = 148 = 0.3378
= |/BDF| = sin"1(0.3378)
= 19.745°
=19.7°

(iii) |MB|? = (6)> + (7)2 =36 + 49 = 85
= |MB| =85 =09.2195

5
Hence, tan ZFMB = 92195 = 0.5423
= |Z/FMB| = tan~"(0.5423)
= 28.47°
= 28.5°

9. |OA| =|0OB|=
Hence, y?+ y?= (2x)?

= 2y? = 4x?
= y? = 2x?
= y=12-x

AAOEisright-angled = y?+ x2=(8/3)
= 2%+ x*=192

= 3x2 =192
= x> =64
= xX=28

10. ABCD isright-angled.
IDB|? = (5)% + (10)?
=25+ 100
=125
= |DB| =125 =5{5
AADB is right- angled

= |AB?=(5V5)* +
—125+16
=141 ¢ D
= |AB|=4141=1187=119m
11. tan30°=i
SOl
- _ 4 _4_
= ISOI_tan30° 1 4l3
3
tan60°=i
oV
-_4 _4
= ’OV’_tan6O° 3
2 4
SV|2 = (4(3) (i)—24ﬁ-(—)cos60°
SV|? = (443) 5 ( )\E
— 16 _ AN 1
=48+ —2 (443) B) 5
_ ol
=533-16
— 271
=373



Solution

—Isv] = (371
3

=6.11
=6.1Tm

12. (i) ZBAC = (6)? = (10)2+ (10)? — 2(10)(10) cos ZBAC
= 36 =100+ 100 — 200 cos ZBAC
= 200 cos ZBAC = 200 — 36 = 164

_ 164 _
= cos Z/BAC 200 0.82

= |/BAC| = cos '(0.82) = 34.9152°
Hence, area ABC = %(10)(10) sin(34.9152°)

= 50(0.57236) = 28.618 = 28.6 m?
(ii) IRS|?> = (10)2 + (2)2 = 100 + 4 = 104
= IRS| = V104 = |RT| =104
Hence, (6)2 = (V104 )* + (V104 )* — 2(¥104)(V104) cos ZSRT
= 36 = 104 + 104 — 208 cos ZSRT
= 208 cos ZSRT =208 — 36 =172

_172 _
= cos Z/SRT = 208 0.8269

= | ZSRT| = cos™'(0.8269) = 34.2184°
Hence, area ARST = %(\/104)w 104 )(sin 34.2184°)

= (52)(0.5623) = 29.23 = 29.2 m?

13. (i) sin41°= —|1_|_(')AS‘
= |TAl =19 _ _ 160,04 = 160m
sin41

(i)  [BT|*>=(300)2 + (160)2 = 90000 + 25600 = 115600
= |BT| = V115600 = 340 m
(iii) Vertical = 105 m
Length of Road = 5 X 105
=525m
(iv) |AC|? = (525)2 — (160)2
= 275625 — 25600
= 250028
= |AC| = V250028
=500 m
Hence, |BC| = 500 — 300
=200m

14. (i) IDA|? = (120)2 + (120)2
= 14400 +14400
= 28800
= |DA| = 28800 = 169.7 cm




(i) |BEJ> = 11202 + 502 B 5 D
= {16900 E
IBE| = 130 cm
|AB|? = {1202 + 1302
=+31300 120
|AB| = 176.9
=177 cm

E B 130 cm
130

177
= 0.7344
0=427°
0= 43°
.. the wire makes an angle of 43° with the wall. 177

(iii) cos 0 =

Exercise 3.7
1. 4

120 cm

2.1 x 0 45 90 | 135 | 180 | 225 | 270 | 315 | 360 | 405 | 450 | 495

540

sinx| O 0.7 1 0.7 0 |—-07| =1 |—=07| O 0.7 1 0.7

w

(i) (540°0) (i) Period =

4. (i) Period = 27;Range = [—3, 3]
(ii) Period = r; Range = [—2, 2]

(i) Period = 2?77; Range = [—4, 4]

[

. Period = 7; Range = [—3, 3],y = 3 cos 2x

6. (i) Period = m; Range = [—1, 1],y = cos 2x
(ii) Period = m; Range = [—2,2];y = 2 sin 2x

L 1,1
(i) Period = > Range [ > 2],y 5 sin 4x
(iv) Period = 7; Range = [—4,4];y = 4 cos 2x

. LT 5
7. (|) 1 (!u) 1 (v) —1,ZandT
(i) O (iv) —1

Exercise 3.8
1. (i) y=3sinx
Amplitude = |3| = 3; period = 21—77 =27
(i) y=—2cosx
Amplitude = |—2| = 2; period = 2
(iii) y = 4sin 4x
Amplitude = |4| = 4; period =

=3
[
N



Solution

(iv) y= %cos 2x

Amplitude = ‘4‘ 7 period 5 =T
2. (i) y=3cos2x (i) y=5 cos%
. 2m
Period = =~ =
T T Period = 27 = g7
(i) y = —4sin 3x 7
Period = 2?77 (iv) y= %cos 6x
iod =27 _ T
Period = 6 "3
3. () y=2sin4x (i) y=8 sing
_ Range = [=2,2] Range = [—8, 8]
(i) y = —5cos 2x (iV) v = 6 cos x
Range =[5, 5] Y
! Range = [—6, 6]
4. (i) Rangeof[—3,3].Thusa = £3.
Period = 7. Thus 2777 = qandso b = 2.
(i) Amplitude = 4.Thusa = *=4.
Period = 47T.ThUSquT =4mandsob = %

5. From the graph the amplitude is 3. Hence a = 3.

Also the period is 7. Hence 2w _ mandso b = 2.

b
6. (i) The curveisa cosine curve, y = a cos bx.
As the period is T, 2777 = 7. Hence b = 2.

Astherangeis[—1,1],a = 1.
Thus the curve is y = cos 2x.
(ii) The curveisa sine curve,y = asin bx.

As the period is 4, 2777 = 47.Thus b = %
Astherangeis[—2,2],a = 2.

Thus the curveisy = 2 sin %x.

(iii) The curveis a sine curve, y = a sin bx.

As the period is Z. 27 _ g Thus b = 4.

2" b
As therangeis [—0.5,0.5],a = 0.5.
Thus the curve isy = 0.5 sin 4x.

(iv) The curve is a cosine curve, y = a cos bx.

As the period is T, 2777 = 7. Thusb = 2.

As therangeis [—4,4],a = 4.
Thus the curve is y = 4 cos 2x.

7. (i) Asf(x) has an amplitude of 3, f(x) = 3 cos 2x.
As g(x) has an amplitude of 2, g(x) = 2 cos 3x.
As h(x) has an amplitude of 1, h(x) = cos 3x.



(i) gand h both have a period of 23—7T Ais one quarter of this, i.e.

l><2—77=’—TThusA=(g,o).

4 3 6

B is three quarters of the period of g and h, i.e.% X 23—77 = g ThusB = (g 0).
Cis five quarters of the period of g and h, i.e.% X ZTW = 5?77 ThusC = (5?77, O).
fhas a period of22—7T = 1. D is seven quarters of this, i.e. % X 7= %T

(77
ThusD—(4,O).

8. () y=4+2sinx
(@) Mid-line equation:y = 4
(b) Range =[4 — 2,4 + 2] = [2, 6]

(c) Period = 21—77 =27

(i) y=—1+ 2cos 3x
(@) Mid-line equation:y = —1
(b) Range =[—1—-2,—1+2]=[-3,1]

(c) Period = ZTW
(iii) y = —2 — cos 4x

(@) Mid-line equation:y = —2

(b) Range =[-2—1,—-2+1]1=[-3, 1]
. 2T _

(c) Period = 7"

X

4

(@) Mid-line equation:y =2

(b) Range =[2 — 5,2 + 5] =[—3,7]

(c) Period = 21—77 = 8.
y

(iv) y=2+ 5cos

0+4

9. (i) (@ The middle of the graphis at >

(b) The period is .
The curve is a normal cosine curve, y = a + b cos cx, where b > 0.
As the mid-lineisy = 2,a = 2. As the amplitudeis4 —2=2,b = 2.

As the period is T, 2777 = q,and so ¢ = 2.

= 2.Thus the mid-lineisy = 2.

Thus the equation of the curveisy = 2 + 2 cos 2x.
—4+2 _
2

(ii) (@ The middle of the graph is
(b) The period is 4.
The curve is an inverted cosine curve, y = a + b cos cx, where b < 0.
As the mid-lineisy = —1,a = —1.
As the amplitudeis2 — (—=1)=3,b = —3.

—1.Thus the mid-lineisy = —1.

As the period is 4, 2777 =4mq,andsoc = %
Thus the equation of the curveisy = —1 — 3 cos %x.



12.

13.

14.

(iii)

(iv)

(ii)

Solution

3+1

(@) The middle of the graphiis >

(b) The period is 2.

The curve is a normal sine graph, y = a + b sin cx, with b > 0.
As the mid-lineisy = 2,a = 2.

As the amplitudeis3 —2=1,b=1.

= 2.Thus the mid-lineisy = 2.

As the period is 277,2777 =2mandsoc=1.

Thus the equation of the curveisy = 2 + sin x.

(a) The middle of the graphis _52+ 1 — _2 Thus the mid-line isy=—2.
(b) From the graph,% X period = 7. Thus period = ZTW

The curve is an inverted sine graph, y = a + b sin cx, with b < 0.
As the mid-lineisy = —2,a = —2.
As the amplitudeis 1 — (—=2) =3,b = —3.

2w 27w _ 2® _
3 ¢ 3andsoc 3.

Thus the equation of the curveisy = —2 — 3 sin 3x.

As the period is

Graph is a normal sine graph, y = a + b sin cx, with b > 0.
As the mid-lineisy = 0,a = 0.
As the amplitudeis 1,b = 1.

As the period is 4, ZTW =4mandsoc= %
1

The equation of the curve is y = sin >

Graph is a normal cosine graph, y = a + b cos cx, with b > 0.
As the mid-lineisy =0,a = 0.

As the amplitudeis 1, b = 1.

As the period is T, 2777 = q,and soc = 2.

The equation of the curve is y = cos 2x.

As the LCM of 47rand 7 is 47, and the graphs have coinciding maxima at
x = 1, the next coinciding maxima will occur at 7 + 47 = 5. The pointis (57, 0).

(i)

(ii)

(iii)

()

(i)

N = a + b cos ct, where b > 0 as the graph is a normal cosine graph.

40+ 10
2

The middle of the graph is = 25. As this is in thousands, a = 25000.

The amplitude is 40 — 25 = 15. As this is in thousands, b = 15 000.

The period is 12. Thus 2777 =12,andsoc = %

The equation of the graph is N = 25000 + 15000 cos %t.

In a one year period the population is exactly 25000 twice. Thus over a three year period the
population is exactly 25000 six times.

The horizontal line N = 17500 cuts the graph at t = 4 and at t = 8 in the first year. Thus the
population is below 17500 for 8 — 4 = 4 months each year.

d=4+25in%

Therangeofdis[4 — 2,4 + 2] = [2, 6]. Thus the low tide is at 2 m and the high tide is at 6 m.
The table is completed below.



t 0 2.5 5 7.5 10 | 125 | 15 | 175 | 20 | 225

25

d 4 6 4 2 4 6 4 2 4 6

The graph is shown below.

d
6“

N/ U

0 25 5 75 10 125 15 175 20 225 25

t

A\

(iii) At2p.m. t= 14as2 p.m.is 14 hours after midnight. Then

d=4+25in14T7T

d=518m

(iv) From the graph, the line d = 5 cuts the graph at approx t = 0.8 (time 00:50)
and at t = 4.2 (time 04:10). Between these times would suit.
Also this line cuts the graph at approx t = 10.8 (time 10:10) and at t = 14.2
(time 14:10). Between these times will also suit.
Finally, d = 5 cuts the graph at approx t = 20.8 (time 20:50) and at t = 24.2
(time 24:10). Between these times will also suit.

Exercise 3.9
1. x =30°and 150°

2. x = 30°and 330°

= T and 27
3. 0—4and 7

4. 20=2nm+T or 20=2nm+ 2T

6 6
- T = om
= 0—n7'r+12 = 0 n77+12

5. 30=30°+ n(360°) or 360=330°+ n(360°)
= 0=10°+n(120°) = 6=110°+ n(120°)

6. 39=43—7T+2mr or 39=53—7T+2mr

47 |, 2nr 57 |, 2nw
=10, £°0 =244, 7
= 0 9 3 = 0 ) 3
7. 40=T+2nm or 49=%+2nw
T , nT 57 , nm
- 0=t = 0=t
. _ 57 L
8. (I) 2X—?+2n'ﬂ or 2X—?+2n'ﬂ
S5 7
x—12+n7-r or x—12+n7-r
= _om 7w
(i) n=0 X 2 12
n=1:  x=1lm 197




Solution

297
127
T
2[

X

N

1
1

3x = 225° + n(360°)
= x=75°+n(120°
= x=75°195° 315°

n=3: X

9.

10. 260 = 150° + n(360°)
= 6=175°+ n(180°)

= 6=75°255°
(i) 2cos3x—V2 =0

P
2

11.

Ccos 3x =

12.

13. 360 = 120° + n(360°)
= 0=40°+ n(120°
= 60 =40°160° 280°
14.

=

=

36 =51° + n(360°)
0=17°+ n(120°)
0=17°137° 257°

31
12
4377
12
or 3x=315°+ n(360°)
= x=105°+ n(120°)
= x = 105° 225° 345°
or 260=210°+ n(360°)
= 6=105°+ n(180°
= 6 = 105°, 285°
3x=27 4 onx
_7m_ 2nw
X173
49="1+ 2nm
117 |, nm
0=%4 73
or 360 =240°+ n(360°)
= 0 =80°+ n(120°
= 0 =80°200°320°
or 360=129°+ n(360°
= 0 =43°+ n(120°
= 0 =43°163°283°

Revision Exercise 3 (Core)

1. Area = 1(8)(9) sin 40°

2
= 36(0.6428)
=23.14
= 23.1cm?
2. 6= 150°330°
3. () Area= %(20)2 0 = 240
= 2000 = 240
~240 _6 _
= 0= 200" 5 radians
(ii) Arclength = (20)(%) =24cm
4. tan 0 = 3

4




W =32+ &2
=9+16=25

= h=4V25=5 :>sin0=§3
Hence, area = %(8)(7) sin 0

_ g3

B (28)(5)

= 16% cm?

5. (i) Period = 180°% Range =[—2,2]

(i) a=2, Pamd=3%f=1mf
. 180b = 360
= b=2

6. Right-angled A = x? + x? = (2R)?

=  2x*=4R?
= x? = 2R?
Area Circle = 7R =7
= R?=1 R
= R=1
Area Square = x? = 2(1)? = 2 sq. units

7. sin<0andcos>0
= 4th Quadrant

__3
=tan 6= 7

8. Area APQR = =(10)(8) sin ZQPR = 20

1
2

= 40 sin ZQPR = 20
- _20_1
= sin ZQPR = 20 2
N | /QPR| = sin~" (%) = 30°or 150°
9, 4sin =3
=3 _

= sin 0 = 7 0.75
= 0 = sin"1(0.75)
= 6 =48.59°0r 131.41°
= 0=49°0or131°

%&0mme=1w§

=  28sin6=14/3
143 _ 43
2

= SInHZW:

10. Area A\ =



11.

= 0= sin‘1( ) = 60°
o_ 1
= cos 60 =5
NMEVA /\
|/ [\
I [\
1\ /—
ol \ / \
) \ / /
B 7/2 \ /n 3n/2\ 2.71/
1 N/ \ /
NS N/

2.5

35

4.5

Revision Exercise 3 (Advanced)

1.

(i) (72 =82+ (12)2 — 2(8)(12) cos A
= 289 =64 + 144 — 192 cos A
= 192cosA = —8I1

.81 __
= COsA = 100 0.421875

= A = cos '(—0.421875)
= 114.95° = 115°

(i) Area = %(8)(12) sin 115°

= 48(0.9063)
= 43.502 = 43.5 cm?

(i) 20=2n7r+5—7T or 2n77+7—77

6 6
. om /m
= 0—n7r+12 or n77+12
(ii) Area=%(4)20=12
= 80=12
_12 41 g
= 0= 8 12rad|ans

(i) (20)% = (18)% + (23)> — 2(18)(23) cos A

= 400 = 324 + 529 — (828) cos A
= 828 cosA =853 — 400 = 453
_ 453 _
= COsA = 328 0.5471
= A = cos 1(0.5471) = 56.83 = 57°
height
(i) sin57° =29

47



= height = 47(sin 57°)
= 47(0.83867)
= 39417 =39cm

4. |OBJ? = (1600)? + (1600)2
= 2560000 + 2560000

= 5120000
|OB| = V5120000 = 2262.74
|AB|  2262.74
Hence, Gn13° ~ sin 122° 35
(2262.74) sin 13°
= Bl = =
_ 509
0.848
= 600.236 m 1600 m
= Speed = 600.236 m per minute
= 600.236 m X 60
=36014.16 m
= 36.01416 km = 36 km .

= Speed = 36 km/h
5. (i) (5/13)° = (10)2 + (aV3)* — 2(10)(aV3) cos 150°

V3 B
= 325=100 + 3a®— 20@(——
2 10 3
—  225=3a + 30a o aso e
= 3ad2+30ad—225=0 A
= a2+ 10a—75=0 5413 cm
= (@a+15)(a—5) =0
= a=-—15 or a=5
Answer:a =5
(i) Area AABC = %(10)(5@) sin 150°
- 1
= 255(2)
_25/3
2
6. cos 33° =’A—9C‘ = =
= |AC| = 9 cos 33 =i = = -
= 7.548 - X Y -
Hence, |DB| = 7.548 =@ = =@ =
= |CD| = 18 — 2(7.548) = F o e 3 = T o
_ N = 33° D 33°__ =
=2904=29m ez p— 5
Hence, |XY| = 2.9 m = V0 7

7. (i) [—4, 4]
(ii) 7
(i) —4



Solution

5
V) P _( 4 '2)
8. sin63°= @ A
3 Q=
= |OP| = 35sin63° o>
= 3(0.891) = 2.673 P
QP u
cos63°=T 27° i h
= |QP| = 0.454
Hence, |OQ| = 2.673 + 0.454
=3.127=3.13m
X L 63°\\2 27°
Since |OQ| = |AB], 0 5
hence, |AB| = 3.13m
9. () (@ tan23°=—2_
|OA|
_ 4
= [OAl = tan 23°
=9423=94m
IDA| 7
b) cos ZOAD = — = L = 0.74468
(b) |OA|] 94
= |/OAD| = cos~'(0.74468)
= 41.86° = 42°

(ii) |ODJ? + (7)2 = (9.4)?
= |OD|?* + 49 = 88.36

= |OD|> = 88.36 — 49 = 39.36

= |OD| = 39.36 = 6.274 = 6.3

Hence, tan ZCOD = 6;43 = 0.6349

= |~COD| = tan~"(0.6349)
=3241°=324°

No; eye moves 32.4°,
10, () cos30=" = 36= cos—1(§)

= 30= %T (reference angle)
Cosine is positive in the 15t and 4" quadrants
Mo

- m Al
:>30—6 or 3

3

Solutions: 30 = 2nw + % or 30=2nm+ 11
_2nm , w _2nm
= 0= 3 + 18 or 6 3 + 7
(i) Yellow Shaded Area = %(6)26 - %(4)20

3

(oo}



=186 — 860 =100
Green Shaded Area = %(4)2(277 — 0

=82 — 0)
=167 — 86
Hence, 100 = 167 — 86
= 1860 =167
_ 16w _ 8w _ .
= 6= 18 ) radians
o_ 10 _ 10 _
11. tan 35 TS0l = |SO| h35s — 1428
o_ 10 _ 10 _
tan 50 Kol = |KO| Tan 50° 8.39

= |SK|? = (14.28)% + (8.39)2 — 2(14.28)(8.39) cos 60°
= 203.9184 + 70.3921 — (239.6184)(0.5)

= 154.5013
= |SK| =V154.5013 =124=12m
12. Area sector ABC 2(4) 3 3
Area AABC = %(4)(4) sin 120° = 43
= Area segment ADC = 16777 — 43
_ H[16m _ (327 )
= Total shaded area = 2 5 43| = =5 - 8/3|cm

13. (i) a=(0,4),b= (0, —4),c= (% o),d = (ﬂ o)
e~[5z0}-[59

PBl _ 20
sin 38° sin 37°
_ 205sin 38°
= |PB| = sin 37°
_ 12313
0.6018

= 20.46

(ii)

=205m

by

14. (i) cos 26
11

3

+ 2nm7T or 20= + 2nm

)
S
I
Y E RN
o)



Solution

=T _N=
6=-5+nm or 0=-"+nm
_ o 11
(i) n=0 0= T
- _ 137 237
n=1 0 SR
__h_ __h
15. tan 20 = SA = [SA| =
__h_ __h
tan0=1557 = 1501 =@ng
Hence, |SD| = 5|SA|
h _g._h S
= tan6 5 tan 20 20\ )
tan 260 = 5tan 0 ——Q\__-

=
=TT {t?:n‘j 5= 5tan? 5

= 2tanf=>5tan 6 — 5tan3 0

= 5tan’0 —3tan =0

= tanf(5tan’0—3)=0

=tan0=0 or tan?60=0.6

= 6 =tan '0=0(notvalid). Hence, tan 6 = 0.6 = 0.7746

= 0 =tan '0.7746
= 0= 37.76° = 38°

Revision Exercise 3 (Extended-Response Questions)

F
1. (i) tan18°=% = |CF| = 20tan 18°
=649=65m
(i) |DF|?> = (20)2 + (6.5)2
= 400 + 42.25 = 442.25
IDF| = V442.25 =21.02=21.0m

_ 20 _
(iii)  tan ZCAD 10

= |ZCAD| =tan"'(2) = 63.43 = 63.4°
(iv) |AF|? = (10)2 + (21.0)2
=100 + 441 = 541
= |AF| =541 =23.25=233m

\% sin /ZFAC = —— = ——=0.279
W |AF| 233
= |4FAC| =sin~'(0.279) = 16.2005 = 16.2°
; __4 __4
2. () tang= 5] = [BP| o d
_ 4
Hence, |QC| = e
.| 4 4 \_, 8
PQl =k tand  tano tan 6
. o 8
(i) |PQ| =12 oo 12 — 4/3
= 8 _a3

tan 0

h metres



3.

4.

= 4{3tan =8
8

= tan 6 = — = 1.1547
43
= 0 =tan"'(1.1547) = 49.1° = 49°
N r+ 2V2
45° = k
(i) sin a3 1
. 1 _r+ 2V2 A
2 42 ky > 2N
= r+ 2\/7 =4 2\/5 2\/5
= r=4-202 s AN
(i)  Areasectork, = %(2\/7)2(%) B NF C
B -
- 2(8)(4) 7
Area sector k; =
Area sector k, = Ya- 2\/7)2(71) =16 —1612 + 8)(3) =6m— 427
2 2 2 2
_1 inase = 1 S
Area AABC = 2(4)(4) sin 45 216\5 5 8
= Shadedarea=8 — (m+ 7+ 67 — 4/27)
=8—-87m+ 427

(iii)

ABC is an equilateral triangle with sides of length 4/2. Thus its area is
2(412)(472) sin 60°

= 16(?) =83
Area of one sector = %( m(2V2)) = 43_7T
Area of three sectors = 3(4?77) =4

Thus the shaded area is (8/3 — 47) cm?.

(i) Standard Proof
P+c—a*_@+1)+@+2°—a

(i) cos A== 2@+ @ +2




Solution

_a’+t2a+t1+ad*+4a+4—-a
2(a+ 1)(a + 2)

_ a*+6a+5 _ (a@+MN)a+5 _ a+5

" 2a@+Na+2 2a+Na+2) 2a+4

. o_ h __h
5. (i) tan25 O] = |AO| an 357
) o _h __ h
(i) tan 33 80| = |BO| =n33°
I
(i) (60) (tan 25° + tan 33°
_ h? h?
= 3600 =65172 " 04217
= 3600(0.2174)(0.4217) = h%(0.4217) + h%(0.2174)
= h?2(0.6391) = 330.04
,_ 33004 _
= h 0.639] 516.41
= h=1516.31 =22.72=227m

6. (i) Asthe periodis9 X 2 = 18 hours,
360

== =18
360
r= ST 20
Also, range:
lp—aqp+ql=1[238]
p—q=2
pt+tqg=28
2p =10
p=5 and g =3.
(iii) From the graph, the first time after low tide that the depth is 3.5 misatt = 12. As low tide is
att =9, thefirsttimeis 12 — 9 = 3 hours after low tide.

7. (i) s=6+ 3sin(3t)
(@) Greatest distanceis6 + 3 = 9 m from O.
(b) Least distanceis6 — 3 = 3 m from O.
(i) @ s=9
6 + 3sin(3t) =9
3sin(3t) =3
sin(3t) = 1
a
3t = 5
t= g = 0.524 seconds
(b) s=3
6 + 3sin(3t) =3

3sin(3t) = —3
sin(3t) = —1

E

3t=

N~

t= %T 1.571 seconds.

(iii) (a) Amplitude = 3| =3
(b) Range =[6 — 3,6 + 3] = [3,9]

(iv) Period = 2?77 =21



(vi) s=9
6 + 3sin(3t) =9

3sin(3t) = 3

sin(3t) = 1

3t:g+2nw

_m 2nm

t_6Jr 3

n=0: t=2=052s
6

_ 4. _ 57 _

n=1 t=22=2618s
6

-

n=2: t—7—47125

n=3: t=12—7T=6.807s

n=4 t=11T_g901s.

6
(vii) The motion of the particle is sinusoidal, with a period of 23—77 and a range of [3, 9].

(i) At10a.m., t = 2 (assumed).

At this time,
T1=22+3sin(2—77)=23.5°
12
_ (2] _ ae
T2—19+85|n(12) 23

(i) The temperature inside is at its highest when sin (%) = 1. At this time, the temperature
outsideis T, = 19 + 8 = 27°.
(iv) The temperatures are the same when

T, =T,
22+ 3sin(%) — 19+ 8sin(%)

3 = 5sin (%)

sin (%) = 0.6

% = 0.6435 + 2n7 or % = 2498 + 2nm

mt=7.722+ 24n7m or wt = 29.976 + 24nw
t= 2478 + 24n or t=9.542 + 24n
n=0: t=2478 or t=9.542
t = 2.478 = 2 hours and 29 minutes after 8 a.m., i.e. 10:29 a.m.
t = 9.542 = 9 hours and 33 minutes after 8 a.m. i.e. 17:33 or 5:33 p.m.
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Chapter 4

Exercise 4.1

1.

2.

3.

4.

5.

6.

9.

= {3+ 12+ (-2—-32 =116+ 25 =41
(i) IBCl=1(5—-32+2+22=14+16 =120 = 2/5

_2-3_ 1
(iii) Slope AC = T 3
(iv) Midpoint = |3 -5 2 —2+ 2) = (
. ~3 —6+4|_, 5
Midpoint M = ( 7> )—( 1,-1)

IAM| ={(1 +1)2+ (=6 + 1)2 =4 + 25 =429
IMB| =(=1 + 32+ @4+ 1)2=14+25=429

_13-1_ 12 _2
Slope = 5T = =7 7 7
—2P+2=12

~2P =10

= P=-5

(i) Product of slopes = (E)(—Z) = —1= /ABC=90°

(i) Positive slopes = aand ¢
(i) Negative slopes = band d




Solution

10. Slopea = %
_3
Slope b = >
= i =
Slope c = > 2
11. Decreasing slope; Slope = —=-_1
' 10 2
12. [PQ={2—a?+(3—42=1{5—-4a+a’

IRS|

={(=2—=3)2+ (4 + 1)2 =25 + 25 = {50

hence, 5 — 4a + a? = 50
=a’—4a—-45=0
=(@+5@—9 =0
=a=-5 a=9

2—6_ —4
13. SIopePQ—ﬁ——k_5
-1-2_ —3
Slope QR = 5k —9-«k
-4 . -3 _ -1
Perpendlcularllnes:>k T 9=k 7
12 _—1

14.

15.

(ii)

(iii)

(iv)

=

— K+ 14k—45 1
= k2 — 14k + 45 =12
= k?—14k+33=0
=k-=3)k—-11)=0
=k=3, k=11

2+2_4_1

SIopeAB——7 183
C= —-2__2 _ =2 =
Slope B _k T 1:> —2k+14=2

—2k=—12
k=6
IAB|={(7+1)2+2+2)2=1/64+ 16 =80 = 4/5

BC|={(6—-7)%+(@4—-22=y1+4=15
Area AABC = %(4@)(@) =25=10

IPQl={(@+2?+(0—22={g>+4qg+38

IQR| = {(5 — @2+ 3 — 0)2 = {q? — 10q + 34
IPQ| = 2|QR|

=g +4q + 8 = 2(q?> — 10q + 34

= q*+4q+8=4(q*>—10q + 34)
= 42 — 40g + 136

= 3g2—44g+128=0

= (3g—32)(q—4)=0

=

2
a=32 q=4
P(=2,2) Q(4,0) R(5, 3)
2—_2_
SIopePQ—4+2— =
Product of slopes = ]



Exercise 4.2

1. (i) Area= —| 3)- M= %sq units
(i) Area = %\(5) 6 — @) M) = 277sq.units
(iii) Area = l|(—2) (—4)— (1)- (3)] = %sq.units
(iv) Area = | — (—2) - (4)] = 5 sq.units
2. (2,3) = (0,0); (=5, 1) — (=7, —2): 3, 1) — (1, —2); Area =%\(—7)(—2) — (1)(~2)| = 8 sq.units
3. () (2,3)—=1(0,0);(5 1) —(3,—2);(2,0) — (0, —3); Area = l\(3)(—3) —(0)(—2)| = %sq.units
(i) (—2,3)— (0,0);(4,0)— (6, —3); (1, —4) — (3, —7); Area ——| — (3)(—3)| = % sqg.units
4. AABC; (0,0)(4, —1)(2, 3); Area = %\(4)(3) — 2)(=1)| = 7 sq.units
AACD; (0, 0)(2, 3)(—2, 4); Area = | —2)(3)| = 7 sq.units
Area quadrilateral = 7 + 7 = 14 sq. units
5. Area = —| k+1)—(=1)6)=7
= k+7| =
= k+7=14 OR k+7=-14
= k=7 OR k= —-21
Area = %I(—S)(k -1 = (=1)(—-4)| =12
= |-5k+5—4| =24
= |-5k+ 1| =24
= —5k+1=124 OR —5k+1=-24
=  —5k=23 OR —5k = —25
N k= % OR k=5
7. Area = %I(4)(k) —©)3) =7
= |4k — 18| =
— 4k—18=14  OR 4k — 18 = —14
= 4k = 32 OR 4k = 4
= k=28 OR k=1
8. Area = %I(1)(6) — (2)(3)| = 0 = Points are collinear
9. (=2, —1)—(0,0); (1,2) — (3,3); (k, 13) — (k + 2, 14)
Area = %|(3)(14) —k+23) =6
=142 — 3k — 6| =
= |-3k+36/=12
=  —3k+36=12 OR —3k+36=—12
= —3k=— OR —3k=—
= k=8 k=16



_3-1__2 . _5-3__2
10.SIopeAB—b_2 b_z,SIopeBC =~ 5-%
— on° 2 2 _ _
\4ABC\—9O:>—b_2 5= !
4 -1
T+ 76-10 1

=b2-7b+10=4

=>b2-7b+6=0

=0b-10b-6)=0

=b=1b=6

b=6=A(2,1)—(0,0);B(6,3) — (4, 2); C(5,5) — (3,4)

Area = %|(4)(4) — B = %I16 — 6| = 5 sq. units

11. 2, —1)— (0,0): (8, k) — (6,k + 1): (11, 2) — (9, 3)
Area = %](6)(3) —(k+ 19| =0

=118—-9k—9/=0
= |[-9%+9[=0
k=1

12. () Area AABC = %bh = 1(5)(6) = 15 sq. units

N|—

(i) IBC|={(1 —=3)2+ (7 —1)2=14+36 =140 = 2/10
(iii) Area AABC = % IBC| - |AL]|

- (2/10) - |AL| = 15

15 _ 1510 _ 3/10
{10 J10Y10 2

N|—=

|AL| =

Exercise 4.3
1. () y+1=3x—4)
=3x—y—13=0
(i) y+2=—-2(x+5)
=2x+ty+12=0

2.y—1=%(x+3)

=3y—3=2x+6

=2x—3y+9=0

i ——a___1
3. (i) Slopel= b —3

(i) y+4=1(—3)

=3y+12=x—3
=x—3y—-15=0

w|—=

. _5+1 _
4. (i) Slope AB = 13 6
(ii) Perpendicular slope = —%;C(—Z, 1)
Equation:y — 1 = —%(x + 2)
=6y—6=—x—2

=x+6y—4=0



—_2 _2. - _3
5. m, = >33 m, X
. . 2. 3_-1
Perpendlcularllnes:>3 PR
= —3k=-6
= k=2
—__3- = —__tzi
6. m, = 7 m, > >
-3 t_ —1

Perpendicular lines 7> 7

=
= —3t=-8
=

-8
=3
7. 2(3) + k(1) —8=0
6+k—8=0
k=2
8. x-axis=>y=0=x—6=0 y-axis=x=0= —-3y—6=0
x = 6;(6,0) y=-2;(0,-2)
_10+2 _ 12 _ =6, _—a
9. Slopeh—_4_6 0 5 ; Slope k 3
. . —6_ —a
Perpendicular lines = = 6 —1
6a _ —1
- 30 1
= 6a = —30
= a=-—5

10. (i) xaxis=y=0=2x+6=0
=x=-3 =(-3,00 =x=-3

= Perpendicular slope = -3

i -2 _
(ii) Slope = =3 >

WIN

= Equation:y — 0 :_TS(X+ 3)
=2y=-3x—9

=3x+2y+9=0
11. Slope = _Tz Point = (—2,3)

Equation:y — 3 = _TZ x + 2)

=5y—15=—-2x—4
=2X+5—11=0

12. (i) m=3,m,= l; Neither

3
(i) m=-2,m,= %; Perpendicular
_ =2 _ 3. .
(iii) m, = =M= Perpendicular
. 1 1
(iv) m, = o m, = —5; Parallel

(v) m; =2, m, = 2;Parallel

(vi) m, = —%, m, = 3; Perpendicular



Solution

13. X+2y=1
2x+3y=4
2x+4y =2
2x+3y =4
Subtract: y=—2=x=5;(5, —2)
14. xX+y=5
2x—y=1

Add= 3x=6
x=2=y=3 (2,3)

20—
3 =2

=3y—9=2x—4
=2x—3y+5=0

Equation: y—3 =

15. 2x+ 3y =12
3x—4y =1
8x + 12y =48
9% —12y=3
Add = 17x = 51
X=3 = y=2 (3,2

Slope = -3 -

Equation:y — 2 =3(x — 3)
= y—2=3x—9
= 3x—y—7=0

16. (i) 2 —2(6) + 10 = 0..True
(i) 23) + k(2 —12=0

= 2k=6

= k=3
17. 3x—2y=—7
5 +y=-3
X—2y=—7
10x + 2y = —6

Add = 13x=—-13
x=-1=y=2(-1,2)

Slope I, = _TS = Perpendicular slope =

1
5
Equation: y—2= %(x +1)

= 5y—10=x+1
= x—5+11=0

18. x-axis=y=0=3x=k

_k [k
~ XT3 (3’0)
y-axis=x=0=4y =k
_k ok
A (0’4

Area = %Hg)(%) - (0)(0)‘ =24
k2
- K

12=48



= k?*=576
= k==*24 =k=24
19. Parallel line : 2x—3y+c=0
Point (4,2) = 2(4) —3(2) +c=0
= c=—2 = 2x—3y—2=0
20. Parallelline: 4x +y=k
x-axis=y=0=4x=k

_k (K )
= X Z 4,0
y—axis:>x—0:>y—k (0, k)
Area——‘( ) ‘—18
k2
= 7T =36
= k=144
= k==*12 = k=12
= 4x+y—12=0
21. (a) Theline AB: A4, —75) B(36, —4)
_—4+75_71
36 -4 32
Equation of AB:
71,
(y+75)—3—2( 4)

32y + 2400 = 71x — 284
2684 = 71x — 32y
or 71x — 32y = 2684
School: C(20, —36):
71(20) — 32(—36) = 2684
2572 = 2684
As this is false, the flight path does not pass over the school.
(b) Atthe school, y = —36.Then, along the flight path:
71x — 32(—36) = 2684
71x + 1152 = 2684

71x = 1532
1532
X = T = 21.58

As the x co-ordinate of the school is 20, the path of the aircraft is
21.58 — 20 =1.58
east of C, the school.

Exercise 4.4

1, [H0103) 408 @) 17 —12
4+1 ' 411 575
2. [3 3+5_5)’3(_38):11(8)]:(1'_4)

3. (X, ¥4) =2, —3), (x5, ¥,) = (4,6)and a: b = 5:2.The point is

(2 3)+5(6)): 24 g)
2+5 " 245 77




Solution

4. (x;,¥,) = A(5,0), (x5, y,) = B(1, —2)and a: b = 3:2.The point is
(2(5)+3(1) 2(0)+3(—2)): 13 —_6)

2+3 ' 2+3
5. (xy,¥7) = A2, 3), (xz,yz) =B(5,7)anda:b=3:1.
(1 (3) + 3(7 ) 17)
1+3 " 1+3
_[43) = 1(=2) 44) —1(—N)] _ (14 17
&C_[ 4—1 ' 4-1 ]_( )

33
7. (xy, Y1) =A(2, —3), (XZIyZ) B(x, y) anda:b =
(1(2) +2(x) 1(=3) + 2(y)

)=(6,1)

1+2 ' 1+2
2+2x—3+2w_
( 3 /] 3 _(611)
Thus
24+ 2x _ —3+2
3 =6 and 3 =1
2+2x=18 and —3+2y=3
2x =16 and 2y=6
x=38 and y=3

Also, the translation A_I§ is % A_)P.Thus translation A(2, —3) 44, P(6, 1) and so the translation A_I)B

34,4 =606).

has components >

Hence B(x, y) is
A2, —3) —22—(8,3) = B(x,y)
Againx =8andy = 3.

100 + 3(=10) 1(=5) + 3(7)
8. P [ 1T+3 ' 1+3 lzvﬁd)
—x—30=—-24, —5+21=4y
X=06 y=4
4(0) + 3(x) 4(y) + 3(0)
9_c=l 4+3 ' 4+3 Fﬂg_&
=0+3x=63, 4y+0=—56
x =21 y=—14
h(=2) + k(4) h(0) + k(—3)
10. P [ h+tk ' h+k ]z@_”
—2h + 4k = 2h + 2k
4h = 2k
2h = 1k
h 1

=3 = Ratioh:k=1:2

Exercise 4.5

1. (i) Centroid =

(1,2)

4

(2+4—3—3+o+ﬂ=

(ii) Centroid = 3 , 3



3

. Midpoint = (2, 0); Slope x-axis = 0 =- Perpendicular slope is undefined

= Equation: x = 2
Midpoint = (1,11); Slope = 3-0_ 3 = Perpendicular slope = =1
22 1—0 3
= Equation: y —1l = —l(x — l)
2 3 2
1 1

:>3y_4§:—X+E

= 3y=3
= y =1 = Circumcentre = (2, 1)

o (346 =742\ _(,1 51
. Midpoint = RS ) (42, 22)
_2+7_9_ - __1
Slope = 6-3 3 3 = Perpendicular slope 3
ion: 1 _1(_4l
Equatlon.y+22 3(x 42)
1__ 1
= 3y+72— x+42
= Xx+3y=-3
. (618 2— 2)
Midpoint T (7,0)
Slope = 6-8 3 2 = Perpendicular slope >
Equation:y — 0 = %( -7
= 2y=x—7
= x—2y=7
and x+3y=-3
Subtract = —5y =10
y=—2 =x=3
Circumcentre = (3, —2)
. Slope =2-2 _3 _—1 = Perpendicular slope = 2, Point = (—1, —3)
-2-4 -6 2 ' '
Equation:y + 3 =2(x + 1)
y+3=2x+2
= 2x—y=1
Slope = % = % = 1 = Perpendicular slope = —1, Point = (—2, 5)

Equation:y — 5= —1(x + 2)
=y—5=—x—2
=x+y=3

and2x —y =1
Add= 3x=4
4

X=§ =y =

!

wlur wlwn

Orthocentre = (

wlh



5. Slope = 20 2 1 = Perpendicular slope = —1, Point = (4, —2)
Equation:y + 2= —-1(x — 4)
y+t2=—x+4
x+ty=2
Slope = —2-0_-2_-1_ Perpendicular slope = 2, Point = (4, 4)

4-0 4 2
Equation:y — 4 = 2(x — 4)
= y—4=2x—-38
= 2xX—y=4
and x+ty=2
Add =3x =6
=x =2 =y=0
Orthocentre = (2, 0)

o [=2+52—5|_ (.1
6.M|dp0|nt—( 5 2) (2 >

1—,—11)

H . l: —l

Equation:y + 12 1(x 12)
1,11

:>y+12—x 12

= x—y=3
o [—4+5 —2-5|_(1 .1
M'dpo'nt_( 7 ' 2 ) (2’ 32)

Slope = 45" "9 3 = Perpendicular slope = 3
H . l = —_ l
Equation:y + 32 3(x 2)

= oy+3l=3—11

2 2
= 3x—y=5
and x—y=3

Subtract= 2x =2
= x=1 =y=-2
Circumcentre = (1, —2)

7. Centroid = (—1, 3)

4—-2+k_
3=
= 2+k=-3
= k= -5

Exercise 4.6

32) —4(—4) — 17| [22—-17| |5
1. |PD| = = ===
| (3)2 + (—4)2 V25 5
13(1) +4(1) — 12| [7—12] |-5]
2. |PD| = = = =1
IPD) (3)2 + (4)2 25 5
|PD|:\5(1)—12(1)+20|_ 113 _|13|:1

(G2 + (=122 169 13



3.

4.

5.

6.

7.

|5(6) —3(2) + 10| _[40—6] [34]

PD| = = = =34
IPDI (5) + (—3)? 34 34
|PD|:\1(5)—2(—5)+10!:!25!:5B
(1) + (—2)? /5
PD| = 2(5) + 1(=5) — 30| _ |=25] _ 5(5
22+ (1?2 /5
PD’=|4(3)+3(1)+C|:|15+c|:|15+c|
(4)2 + (3)? V25 5
15+c_ 15+c_ _
= 5 =+5 OR 5 5
= 15+c=25 OR 154+ c¢c=—-25
= c=10 OR c=—40

3(2) — (2) — 4 = 6 — 6 = 0.True Statement.

Perpendicular distance from (2, 2) to line6x — 2y + 7 = 0:

6) —2)+7] _ 15/ _ 15 _ 1510 _ 3{70

PDI= [6)?+(—27 40 2(10 20 4
pp| = 1O+ 7 =3[ _ 5| _ sl _ il _ 42
(1) + (72 {50 52 2 2
_hm-1m+1 1 2
IPD| = TR = YES
PD,:Ia(—2)+1(3)—7\=|—2a—4|:dﬁ

(@)? + (1)2 Ja? + 1 1

=2a+4=410{a®+1

=4a’>+ 16a + 16 = 10(a®> + 1)
=10a%?+ 10

=6a’—16a—6=0

=3a°—8a—3=0

= Ba+1)a—3)=0

1

Negative side

:a=—§,a=3
|4(=2) +3(a) — 3| _[3a—11] _3aq— 11
PD| = = =
(47 + (3)2 25 5
pp| = N2 +5() — 13| _ |5a 37| _ 5a—37
(12)2 + (5) 1169 13
3a— 11 _ 5a — 37
~ T 5 13
= 39a — 143 = 25a — 185
= 14a = —42
= a=—3
PD’:|3(—2)+2(6)—7|Z\—13+12|=\—1|
{32 + (2)2 V13 V13
+20) -7 |-7
\PD!=|3(O) -7 _ -7 Negative side

B32+@? 13



Solution

+ J— —_ —
11. |PD| = 33) + 4(4) — 36 = 25 — 36| = -] Negative side
(3)% + (4)2 25 5
+ — —_
|PD| = 30) +43) — 36| _ 39 36/ _J3] Positive side
(3)2 + (4)2 V25 5
2(=3)—=3M+7 |-9+7 [-2] L
12. |PD| = = = N t d
|PD| RAESE s T egative side
IPD| = 263)-3(=4+7] _l6+12+7 |25 Positive side

(22 + (=3)° 13 {13

No; Points are not on the same side of the line.

13. Parallellineis4x + 3y + c=0.
A pointontheline4x + 3y +1=0is(—1,1).

[4(=1D) +3(1) + ¢ _ 5

IPD| =
(4)? + (3)?
=1+ _
T_z
=—-14+c¢c=10 OR —1+c=-10
=c=11 OR c=-9

=4x+3y+11=0 OR 4x+3y—9=0

14. Perpendicular lineis4x + 3y + k= 0.
_ |4(1) + 3(1) + K| 4

PD|
(4)2 + (3)?
7 + k|
5 4
=7+k=20 OR 74+ k=-20
=k=13 OR k= —27

=4x+3y+13=0 OR 4x+3y—27=0

15. Point (—4,2),Slope =m
Equation:y — 2 = m(x + 4)
=y—2=mx+4m
==mx—y+4m+2=0

Im(0) — 1(0) + 4m + 2|
(m)? + (—1)?

= |am + 2| =2im? + 1

= 16m? + 16m + 4 = 4m? + 1)

=16m?+16m+4=4m?>+ 4

=12m?*+16m =20

=3m*+4m=0

=mBm+4)=0

PD| =

4
;‘X(O)—y+4(0)+2=30 OR X(_T4)—y+4(

=m=0 OR m=—
—4

_+ =
3) 2=0
=y—2=0 OR 4x+3y+10=0

16. Point (3, 5), slope = m
Equation:y — 5 = m(x — 3)
= y—5=mx—3m
= mx—y—3m+5=0



IPD| = m©) —1(0) —3m + 5] _,
(m)? + (—1)?
=|-3m+5/=5/m+1
=9m?—30m +25=25(m*+ 1)
=9m? — 30m + 25 =25m? + 25
= 16m?*+30m =0
=8m?+15m=0
=m@Bm+15)=0

—~m=0 OR m=—1
_ —15 —15 _
= X0 -~y =30 +5=0 OR x—=3>| -~y 33> +5=0
=y—5=0 OR 15x+8 —85=0
- _1+2_3
17. (i) SIopeBC——3+1 2
EquationBC:y+2=%(x+1)

=4y +8=3x+3
=3x—4—-5=0
3() —4@ —5| _|-10] _|-10] _

IAN| = G4 5 5
(ii) IBC| =B+ 1)2+ (1 + 2)2
=1(4)*+ (30
=25
=5

Area AABC = ;ych - |AN|
1

= 5(5)(2)
= 55Q. units
18. (a) Redflight path: (0, 1), (=2, 4)
m=—5= 5
Equation: (y — 1) = _73( —0)
2y —2=—3x
3x+2y—2=0
Blue flight path: m = _73and point (0, —1)
Equation: (y + 1) = _73( —0)
2y +2=—3x

3x+2y+2=0
(b) One point on the blue flight path is (0, —1). The perpendicular distance from this point to the
red flight path is

BO+2-D -2 _|-4_ 4
(32 + (2)? 13 13
19. River: 4x—5y+6=0
(=5, —3): 4(=5—-5(-3)+6=1>0
(4, 4): 4(4) — 54 +6=2>0

As both are positive, the friends live on the same side of the river.



Solution

20. (a) Pipes:4x —5y+2=0and4x—5y+1=0
Let (x, y) be a point on the third pipe. Then
lax — 5y +2|  |4x — 5y + 1|
4+ (—5)? 42 + (—5)
|4x — 5y + 2| = |4x — 5y + 1|
4x — 5y + 2= —(4x—5y+ 1) ..as+isnotpossible
4 — 5y +2=—4x+ 5y — 1
8 —10y+3=0
(b) One point on the pipe 4x — 5y + 1 = 0is (0, 0.2). Then the shortest distance between the
original pipes is
|4(0) — 5(0.2) + 2| 1

@+ (57 (a1

Exercise 4.7

1. (i) Slopeofx+2y+4=0:>m1=—%
Slopeofx—3y+2=0:>m2=—_L3:%
_1_1 _5 _5
=tan 6= * 2 3 _+ 6 4+ S_ 44
1\(1 1 5
1+(=33) 1% 5
(i) Slope of 2x + 3y —1 =O:>m1=_T2
Slopeofx—2y+3=0:>m2=—_L2:%
—2_1 7 _7 7
~tanfh=+—>3 2 —+_ 6 — 4+ 6_,47/
—2\([1 1 2
1+ 13 3 4
(iii) Slopeof2x+y—6=O:>m1=_T2=_2
_ — _—2_2
Slope of 2x 3y+5—0:>m2—_—3_§
-2 =8 _8
=tan == S —x 32— 343
1+(_2)(§) 1—3 )
2. Slopeofy=2x+5=m,; =2
Slopeof3x+y=7:>m2=_T3:_3
tanp=+-2-3) 2435 _ 4y

T1+@(-3 “1-6 ~ -5
= 0 =tan"'(1) = 45°
3. Slopeofx =2y —1=0=m, = —

Slopeof3x—y+2=0:>m2=:_::’=3

1 1
53 -25
1+33) 23

=tan 0= £

=60=tan '(—1)=135°



5

6.

7.

. Slopeofx—3y+4=0 = m,——%:%
Slopeof2x+y—-5=0 = mzz—%:_z
1 7 7
LR z z
=tan 0= * 31 =+ 32=i%=+7
1+ (3)(=2) 1-2 1
= 9=tan"'(7) = 81.87° = 82°
.Slopeofx—2y+7=0:>m1=—_L2:%
SIopeof3x—y+2=O:>m2=—_i1:3
1_3 2!
=tan f =+ —— =x—2=x1=—1
R %
= f=tan""(—1) = 135°
1 1
Slopeofx — 13y +4=0=>m = —— =—
p 3y : 55
Slopeof\/§x—y—7=0:>m2=—_£31:\/§
1 _ 1-3
=tan 6= =* IE) i :i@:t—zzilz+l
1+(l)(\§) 2 23 T3 3
3
(1
= 0= tan 1(_):300
3
_ _ _—2_2
Slope of 2x 3y+1—0:>m1—_—3_§
2_m 2—3m, 5 3
o +3 2 _ 43 _ 4 LT Sm
fan4s C1+2m, —_3+3sz ~3+2m,
2—-3m, 1 —2+3m,
= 3T om, 1 OR Z3am, ~7
= 5m, = —1 OR m,=15
=1
= m, z
Slopeof2x+3y—4=0:>m1=—§
—_z_m —2—3m, 5 3
= tan45°= +—23 2 —+ == m;
1+ (F)m) L 3—2m,
—2-3m, 1 2+3m, 1
3—2m, 1 OR 3—2m, 1
_1
m, =z
Equation:y — 0 = —5(x — 0) OR y— =%(x—0)
= y=-5 =5y =x

= 5x+y=0 =x—5y=0



9.

10.

11.

Solution

SIopeof2x+y—2=O:m1=—%=—2
Ctandse— 2 M2 _ 27 M
an ST+ (=2m, T 1-2m,
—2-m, 1 2+m; 1
1 =2m, 1 OR T=am, =1
= m, =3 OR  3m,=—1
-1
my=—3
Equation:y —1 =3(x+ 1) OR y—1=_T1(x+1)
=y—-1=3x+3 =3y—3=-x-1
=3x—y+4=0 =x+3y—2=0

Slopeofx+y—2=0=m; = —%2—1

tanfe M 17 M 2
-1-m, 2 T+m, 2
=2—-2m,=—3 —3m, OR 3+3m,=2-2m,
= m, = —5 =5m, = —1
-1
m, 5
Equation:y—2=—-5(x—4) OR y—2= —%(x—4)

y—2=-5x+20 =5y—10=—-—x+4
= 5+y—22=0 =Xx+5y—-14=0

Line 2x — 3y — 6 = 0 meets the axes at (0, —2) and (3, 0).
= Axial symmetry in the x-axis has points (0, 2) and (3, 0).

_0-2_—2
Slope—3_0 3
Equation:y — 2 = —% (x—0)

=3y—6=—2x
=2x+3y—6=0

12. (i) Slopeoftx+y—7=0:>m1=—1£=—t

(i) Slopeofy=2x+5=0=m, =2

Stan4se =+ =2 _ 4 0= 2

1+ (-HQ2) T 1-2t
—t-2_1 +t+2_1
T2t 1 OR =277
S —t—2=1-2t St+2=1-2t
N t=3 = 3t=—

1
-1
=t=—3



Exercise 4.8
1. (i) (@) 95°F (b) 58°F (c) 10°C
(ii) (50, 10) (95, 35)

35-10 _25_5
95—-50 45 9

Equation: y—10= % (x — 50)

=9y — 90 = 5x — 250
=5x—9—160=0
(iii) y=95=5x—9(95) —160 =0
= 5x—855—-160=0
= 5x=1015
= x=203°F

2. C=20+4M
M=0=C=20+0=20 (0,20)
M=80= C= 20+ 4(80) = 340 (80, 340)
(i) M=75= C=€320
(i) C=200= M = 45m?

(iii) M=105= C=20 + 4(105) = €440

oo

3. () T=1 ;»/=sooo(1

|OOO
o

T=2 ¢/=sooo(1

|OOO
o

T=3 :,/=5ooo(1

o
o

| = 400T
3500 = 4007 = T = 8% years
A = 400T + 5000

(ii)
(iii)
(iv)

4. (i) (60, 100), (100, 50)
50 —100 _ —50 _ —5

(i) Slope =T56—60 ~ 30 ~ 4

Equation: N —100 = _TS (P — 60)

= 4N — 400 = —5P + 300
= 5P+ 4N =700
(iii) N =88 =-5P + 4(88) = 700
= 5P + 352 = 700
= 5P =348
= P =€69.60
(iv) P=72=5(72) + 4N =700
= 360 + 4N = 700
= 4N = 340
= N =85

300 A

200 -

CHARGE (€)

)(1) — 400(1) = €400
)(2) — 400(2) = €800

)(3) — 400(3) = €1200

100

JACKETS

N

(d) 38°C

100

SQ. METRES (m?)

80

60

40

20

0 20 40 60 80 100
P = PRICE (€)



Solution

5. (i) A:P=5+2D (0,5)(10,25) 60 T
B:P=22D (0,0)(10,22)
50 +
10—-0 10 201
Equation: P — 5 =2(D — 0)
=P—-5=2D
= P=5+2D
. . _22—-0
Line B: Slope T0-0

Equation: P — 0 = 2.2(D — 0)

30 +

PRICE (€)

20 +

P

=22
10 +

= P=22D
(iii) D= 25km
(iv) Firm B

6. () D=20+0.2p (0,20)(10,22)
S=-12+p (12,0)(20,8)
(i) p = €40 and 28 articles

NUMBER

5 10 15 20
D = DISTANCE (km)

Revision Exercise 4 (Core)

1. Slope /= :—3 = = Perpendicular slope = —%

3
2
= 2+ 1)
=3y—12=—-2x—-2
= 2x+3y—-10=0

Equation:y — 4

10 20 30 40
P = PRICE (€)

25



5. (i) Slope=%

(i) x-axis = y=0:>%x—2=0
=3x—4=0
=3x=4

_4 4
:>x—3 P(3,0)
y-axis = x=0=y=-2  Q(0,—2)

(ii)) Area — %\(%)(—z) - (0)(0)\
.

~1]/=8/_4
213 3
6. (1,1)(6,3)
_3-1_2
Slopel—6 17 %

Equation:y — 1 =%(x— 1)
=5y—5=2x—2

=2x—5y+3=0
7. (i) Slope =k =m,

(i) I1:y=%x+12

I2:2(—%)y=4x+5:>—y=4x+5
= y=—4x-5

/1m12:%x+12= —4x—5
— X+ 48=—16x— 20

= 17x = —68

= x=—4
:>y=%(—4)+12=11 (—4,11)
8. (a) Slopem, ==2-
Slope m =—1 -1 =m;-m =(—2)(l)=—1'YES
2 =2 2 T 2 '
(b) Slopem, =3
Slope m, = —% =m;-m,= (3)(—1) = —1:YES
_ =2 _
(c) Slope m, === -2
Slope m, =% =m;-m,= (—2)(%) = —1:YES
(d) Slopem, = —%
Slope m, = —%= -3 =m;-m,= (——)(—3) =1 (i.e. # —1):NO



Solution

9. Slope = —% = Perpendicular slope = 2
Equation:y — 2 =2(x — 5)
=y—2=2x—10
=2x—y—8=0

1+52+4

10. Midpoint = ( 53 ) =(3,3)
Slope = =1 43 = Perpendicular slope 2

Equation:y — 3 = —2(x — 3)
=y—3=—-2x+6
=2x+ty=9

Point (0, k) = 2(0) + k=9

0+k=9
k=9

Revision Exercise 4 (Advanced)
3(-1)—-4(-5-2_[-3+20-2 _15

1. (i) [PD| = =—==3
e (3)2 + (—4)? 25 5
(i) IPD| = B(=1D)—4(=5+k _[-3+20+k 17 +K
((3)% + (—4) 125 5
17+k_3 17+k_ _
== 7 OR z 3
= 17 +k=15 =17 + k= —15
= k= —2 (notvalid) = k= —-32
. .. [2(8) +3(=7) 2(—2) + 3(3)
2. (i) Pomt—[ 553 : 513
_2 3}
(i) @) xaxis=y=0=2x=6
= x=3 (3,0
y-axis= x=0=ky =26
_6 6
= y=¢ o]
(b) Area = l‘ 62 - (0)(0)’ — k
2 k
18 _ 2k
k7
=2k*=18
= k*=9
= k=3
3. () Slopez_Tzz—Z Point (2, 5)
Equation:y — 5= —2(x — 2)
= y—5=-2x+4
=2X+y—9=0
(i) (@) Slopez_Tzz—Z :Perpendicularslopez%

Equation:y — k = %(x -1)

=2y—2k=x—1
=x—2y+2k—1=0

Point (1, k)



(b) Origin (0,0)=0—2(0)+2k—1=0

=2k=1

=1

= k—2
4, Centroid=4_;+h=2,2+§+k=4
= 3+h=6 =9+ k=12
= h=3 = k=13

5‘ A(1l 8)! B(1l _2)l C(7I 1)
Altitude 1:  As ABis vertical, the altitude through Cis horizontal. Thus its equationisy = 1.

i N = —1 + 2 = l
Altitude 2: Slope of BC ——1 "7

Thus the slope of altitude 2, through A(1, 8),is —2.
The equation of altitude 2 is
y—8=—-2x—1)
y—8=—-2x+2
2x+y=10
Solving:  y=1
2x+1=10
2x=9
9

X:E

Thus the orthocentre is (% 1 )
6. () y—6=mx+4)

(i) x-axis=y=0= —6=m(x+ 4)
—6=mx+4m

:>X:—6—4m (—6—4m,0)
m m
y-axis=x=0=y — 6 = m(4)
= y=4m+6 (0,4m + 6)
(iii) Area = %‘(%)(% +6)— (0)(0)‘ — 54
= |—24m — 36 —16m? — 24m| = 108m
= 16m? + 48m + 36 = 108m
=4m? —-15m+9=0
— 4m —3)(m—3) =0 :>m=% OR m=3

33) 4k + 7l _
(3)> + (—4)?
|16 — 4k|

5

= |16 — 4k| = 30

= 16—4k=30 OR 16— 4k= —30
= —4k=14 = —4k = —46

1

. =111
= k= 32 = k 112

7. () |[PD| =

=6

k=—31
ANS:k = =35



Solution

Point = (3, —31)

2
Equation: 1T_3,_
quation: y + 35—2( 3)
=4y +14=3x—9
=3x—4y—23=0

i - _3 _
(ii) Slope = )

Nlw

8. Line4x—3y+8=0 = Equation of parallel lines:4x — 3y + k=0
40 —30) + 4 _,

Perpendicular Distance:

(4)? + (—3)?
Kl _
:>?— 4
= |k| = 20

k=20 OR k=-20
ANS:4x —3y+20=0 OR 4x—3y—20=0

= — :l:
9. Slope = 5=y =m
1
—m
= tan 45° = + 2 1 2 =%
1+ (2)(my)
:>+l—m)=1+lm
—12 2 272
= 1 om=1+1m, or L im,=1+1m
2 2 2 2 2 2 2
= 1-2m,=2+m, =—1+2m,=2+m,
= _3m2—1 = m2—3
-1
= m, = —3
Equation:y—4=—%( —2) OR y—4=3Kx—2)
=3y—12=—x+2 =y—4=3x—6
=x+3y—14=0 =3x—y—2=0
10. (i) 42)+3(—-1)—5=0
=8—-3-5=0
=8 —8=0..True
(i) 4x+3y+c=0
+3(-1)+
iy poj = 423CD el
(42 + (3)
I5+c
5 =2
= |54+ =10
= 5+c¢c=10 OR 5+c=-10
= c=5 OR c=-15

= 4x+3y+5=0 OR 4x+3y—15=0

Revision Exercise 4 (Extended-Response Questions)
1. (i) Points on ladder are: (2.5, 0) and (1.5, 2)

Equation of line of ladder: point = (2.5, 0); Slope = —2
y—0=—-2(x—2.5)
y=-—-2x+5
= 2x + y — 5 = 0is the equation



(ii) To find the point A, let x = 0in the equation2x + y —5=0
x=0 = y=5
(iii) .-.the height of point A = 5 metres
Length = {(2.5 — 0)2+ (5 — 0)?
=16.25 + 25
=131.25
=5.59017 m
=559cm

(i) Equation:y —5=m(x — 2)
=y—5=mx—2m
=>mx—y+5—2m=0

(i) x-axis=y=0=mx=—-5+2m

—5+2m(—5+2m

m m
y-axis=x=0=—-y+5—-2m=0
=y=5-2m (0,5—2m)

=X = ,0)

mDAmaz%‘ )G—Zm%%mww=36

=|—25+ 10m + 10m — 4m?| = 72m
= —4m?+ 20m — 25 =72m
=4m?*+52m+25=0
=02m+ 1)2m + 25)=0
1 —25
TmE=Ty ME
k—4_k—4_4—k
1—3 -2 2
—3—k_—-3—k
4 —1 3
k—4).(—3—k):_1
-2 3
= —3k+12-K+4k=6
=-k+k+6=0
=kK—-k—6=0
=(k+2)k—-3)=0
=k=-2 OR k=3

(—5+2m
m

(i) Slope AB =

(ii) SlopeBC =

Perpendicular lines = (

(iii) AG3,4)— (0,0) B(1,3)—(—=2,—1) C4, —-3)—(1,-7)
Area A = 1|(=2)(=7) = ()(=1)|
_1
=514 +1]
_15
Area rectangle = 2( E) = 15 sq.units

2

(i) x-axis = Q(x,,0); y-axis = R(0, y,)
(3)(0) + (1)(x,)

=x,=8 =0Q(8,0)

B)y) +10)
and —555— =9

=3y, = —36

=y,=—12 =R(0, —12)



5.

6.

Solution

(i) x-axis=y=0=3x=¢

(ii)
(iii)
(i)

=C <
=>X= P(3,0)
y-axis=x=0=2y=c

=y=

= 2 =288

=c=*+12/2
. S 0—3 —9+6 _ —_3—_3)
Midpoint (—2 Ty ) (2,2
6+9

Slope = 30 —5 = Perpendicular slope =

1
0 5

oniy +3=1[x+ 3|
:>Equat|on.y+2 5x+2

idpoint = (=3.+8 ﬂ) - (é 2)

Midpoint ( > >
_3-6_-3 . _n
Slope 873 11 Perpendicular slope 3

o9 11 ( B g)

= Equation: y 373 X >
_ 27 _ 55
=3y 5 11x >

=1lx—3y=14

and x—5y=6

= 55x — 15y =70

= 3x — 15y =18

Subtract: 52x =52
= x=1

= 11 -3y=14

= —3y=3

= y=-—1

Circumcentre = (1, —1)
Radius = {(1 — 02+ (—1+ 92 =41 + 64 =65
Area circle = 7 (V65 )* = 657 sq.units

Slope OA = %:> Slope BC = ]

2 y
. 1 13
EquationBC:y —3 = —(x — 2)
. Y 4 C(-2,2)
=4y —12=x—2 12

=x—4y+10=0

B(2, 3)

2



(ii) SlopeOC = —1, origin (0, 0)
EquationOC:y — 0= —1(x — 0)
= y=—x
= x+y=0
and x—4y=-10
Subtract: 5y = +10
= y=+2
= x=-2 C(—2,2)

Midpoint OB = (1, 1%)
Central symmetry of C(—2, 2) through (1, 1%) is(4,1)
=A=(41)
(i) R(=1,-5)—1(0,0; Q@3,—1)— (4,4); U(—2k 3k)— (—2k+ 1,3k +5)
Area = Z|(4)3k + 5) — (4)(~2k + 1) = 28

= |12k + 20 + 8k — 4| = 56
= [20k + 16| = 56
=20k+16 =56 OR 20k+ 16 = —56

= 20k =40 = 20k = —72
= k =2 = k=-36
ANS: k=2
(i) SlopeTs = ;—13 5(13,9)
= EquationTS:y — 9 = Bx-13

11
=11y —99 = —3x + 39
=3x+ 11y =138
Slope SR = By 12 1 = SlopeTU = 1and U(—4, 6)
= EquationTU:y — 6 = 1(x + 4)
= y—6=x+4
= x—y=-10
and 3x+ 11y =138
= 3x—3y=-30

3x+ 11y =138
Subtract: —14y = —168
= y=12
= x—12=-10
= x=2 =T(212)
(i) Graph 50 7
e _37 35 ] i — i a 40 -:_______________________I_
(i) Slope =45=7 =75~ 3 8 o
| [
Equation: S — 35 = 2(1 — 7) = N
3 w D
— 35— 105 = 41 — 28 g 207 |
= 41—35+77=0 S 10} N
(iii) €41 million % !
(iv) 10%% 5 7 9 1112

INTEREST RATES %



Solution

9. Equation:y + 4 =m(x — 2)
=y+4=mx—2m
=mx—y—2m—4=0

x-axis=y=0 mx=2m+ 4
2m + 4 (2m+4
m m

=>X= ,O)

y-axis=x=0 —y=2m+4
=y=-2m—4 (0, —2m — 4)
2m+4)+(
m

Hence,( —2m—4) = —4

=2m+4—2m?—4m= —4m
=2m*—-2m—4=0
=m-m-2=0
=m+1)m-—-2)=0
=m=-1 OR m=2
—1—-2 3

=4+ 1" <£ _ 4+ _ +
o=t TS

Acute=tan 6 =3

. _ —t
10. (i) Slope =172

(ii) Slopem, = —

N|—

1
-2
i v
1+ (35
t+2+t(2
N

T 2tt+4-—t
2(t + 2)

3t+2
t+4

=3t+2==x(t+4)
=3t+2=—-t—4 OR 3t+2=t+4

tan45° = +

=1

==*1

=  4t=—6 = 2t=2
__3 —
= t= > = t=1
L :7+22+5):(gz)
11. () Midpoint of [AB] ( r2245-(22)
_>5—-2_=3
Slope of AB =5 T

wln

Slope of perpendicular bisector =

Equation of perpendicular bisector:

b-2)-5-3

21 45
3y_7: 5X_7
—5x+3y=-12
(ii) Disthe point of intersection of —5x + 3y = —12and4x —y = 26
1: —5x+3y=—-12
2x3: 12x—3y =178
7x = 66
66



1 —5(7)+3y=—12
_ 246
3y = 7
y:
_ (66 82
ThusD—(7,7).

(iii) As|£ABC| = 90°, BCis parallel to the perpendicular bisector of [AB.
Thus the slope of BCis %

(iv) The equation of BCis
5y =2y —
y—75) 3( 2).
If (8, c) belongs to this line, then
_c_3@g_
c 3(8 2)
c=5+10=15

(v) Triangle ABC.
A(7,2—2=2-(0,0)

B(2, 5—2—2—(-5,3) = (x;, y,)

C(8,15)—"L=25(1,13) = (x, ¥5)

Area AABC = %\(—5)(13) - (MB)| = %l 68| =34
Triangle ADC.

A7, 2—2=2-(0,0)

66 82| -7,-2 (17 68| _

D(? 7 —’( 7" 7) O )

C(8,15)—"L=25(1,13) = (x5, ¥5)

AreaAADC——H”) (68)‘——E - 122
Thus the area of the quadrilateral is

34 + 133 _ 629
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Exercise 5.1

1. 4 5 | = 60 ways

2. = 42 ways
3. = 1872 codes
% 110] 6] a]=240ways

5.| 6| 5| 4| 3| 2| 1|=6!=720ways

817 6] 5] a]3]2]1]=7=s5040ways
6! X 2! = 1440 ways

7-| 5| 4| 3] 2] 1]=51=120ways

0 [T 2[1]-2

® [T 2] 1=

8.| 7| 6| 5| 4| 3| 2| 1|=5040arrangements

W1 2l6|s5]al3]2]1]=1440
(i) 6! % 21 = 1440

9. (i) | 4| 5| 4| 3| 2| 1 |=480arrangements

(i) | 5| 4| 3| 2| 1 | 2 |=240arrangements

(iii) 5! X 2! = 240 arrangements

10 0] 1]6][5]4]3]2]1]=720
(i) 6! X 2! = 1440

Ml 7]6]s]al3]2]1|=7n=500
51 % 31 = 720

12. (i) 5! X 3!'= 720 arrangements

@14l 3]3]2]2]1]1]=144armangements

13.| 7| 6| 5| 4|or(7P4)=840

14- 16| 5] 4| 3] orep) =360

15. nﬂ or (8P;) = 336 ways




Text & Tests 4 Solution

16- 5] 4] 9] 8|=1440codes

17. 7 | = 504 three-digit numbers
(i = 648 three-digit numbers

—_
= =

18. | 4 | 3 | 2 | 1 |: 24 four-digit numbers

O3] 2]1]-s

W1 3]2]1]1]=6

i) T o] 3] 2] 1]=12

19. | 9 | 9 | 8 | 7 |= 4536 four-digit numbers

127 9] 8] 7]|=1008

@ (5 s 71]-s0

20. | 3| 4] 3| 2|=72fourdigit numbers

Startwith5| 1| 3] 2] 1|=6

Startwith8| 1] 3| 2] 2|=12

Startwitho| 1] 3] 2] 1|=6
24 four-digit numbers

21. = 100 three-digit numbers
0 [T 4]-0
0 [Tl 4]-x

22, (i)| 5| 5| 4| 3|=300codes

(“)| 1| 5| 4| 3|=60codes

23- 137 2] 1] 3] 2] 1] or31x 31 =36 codes

24.| 9| 8] 7] 1] 6] 5| 4|=60480arrangements

25.| 7| 6| 5| 4| 3| 2| 1|:7!=5040arrangements

(i) 6! 2! = 1440
(i) 5040 — 1440 = 3600

26. () [ 10] 9| 8|=720ways
@ 18] 7] 6|=336ways
(iii) nn = 8 X 3! = 48 ways

©




Exercise 5.2

1. @) 15 (iii) 45 (v) 153
(i) 35 (iv) 66
2. (i) (192) =220,(182) =495,(193) =715

Hence, 220 + 495 = 715

(ii) (120)—45 - 8(10)=360

[P=120 = 3[19]=360
Hence, 8(120) (1 )
(g) = 56 different selections
4, (ﬁ) = 364 teams; ( (3)) = 286 teams
(g) 126 selections
0 (5]
(ii) (Z) =35
(g) = 126 ways; (2) = 70 ways
7. (532) = 22100 hands; 3| = 286 hands

| =56
| =126
|=35

10. (i) (10)><(12)=120><220=264oo
(ii) (1°)><(12)=45><495=22275

11. (6) = 20 subsets

f.)( 2)x(5)=2x6=12

(ii) No vowels = (g) = 4 = at least one vowel =20 — 4 =16

12. (g) = 28 ways
() >(3)=1x6=6

13. (i) (2)><(§)=5><3=15ways

(ii) 4menand2women=(2)X(§)=5><3:15
3
1

or5menand1woman=(g)><( )=1 X3=_3
Total = 18 ways



Solution
14. (?) X (6) X (‘2‘) =3 X 20 X 6 = 360 teams

15. = 70 subcommittees
(

(i)
(i) |
i) |

16. (5) = 10 triangles

AOYNOY MO

)
) = 15 subcommittees
)

= 15 subcommittees

3
[XY] as one side = (?) =3

17. (i) (2) = 15 quadrilaterals

(ii) [AB] as one side = (‘2‘) =6

18. (i) (§)=35ways

(i) Annincluded, Barry excluded =

t
(iii) No restrictions: 9 people, select 5 = (
Ann, Barry and Claire excluded = (g) =6

Hence, at least one of Ann, Barry and Claire must be included = 126 — 6 = 120 ways

19. 3sectionAand25ectionB:(g)X(Z)z10><21 =210

or 2 section A and 3 sectionB = (g) X (g) =10 X 35 =350
Total = 560 ways

20. | 4 | 3 | 4 | 3 | 2 | = 288 registrations

=S =7 = n>—n=20
= n—-n—-20=0
= (h—5n+4=0
= n=5o0orn=—4

sinceneN,=n=25
(ii) ('27)245

:>n(n2;1)=41—5 = n-n=90
= n—-n—-90=0
= (h—100(n+9 =0
= n=10orn= -9

sinceneN,=n=10



(i) (131 ) — 28
(n+ 1)(n) _ 28 _
:T_T = n+n=56
= n*+n—-56=0
= (h+8((n—-7)=0
= n=—-8orn=7
sinceneN, = n=7
Exercise 5.3
1. (i) Impossible (v) Even chance
(i) Very likely (vi) Certain
(iii) Very unlikely (vii) Unlikely
(iv) Very unlikely
2. (i) 6 (i) 0
(i) 4 (iv) 2
3. ()6 (i) 8 (i) 2
o 31
4. (i) 3 (iv) )
4 2 1 2 _ 1
We=3s  We73
31 31
(iii) ) (vi) 6= 2
5 (i)54—2=11—3 (iv)52—2=21—6
131 20 _ 5
W 55=3 M 5=73
(i) 32 =2
6. () % (i) %
(i) ) %
7. ) % (i) %
w21 41
i 3=3 V) =3
15 _1 20 2
8. (i) 30 2 (iii) 303
o5 1 151
i 35=% i) 35 =3
9 () =15 (i) = =1
w9 1 121
W 36=2 V) 36 =3
10. (i) (3,3)givesascore=9 = P(9) = 31_6
. . _ -3 _1
(i) (1,4),(4,1),(2,2) givesascore =4 = P(4) = 36 12
(iii) (3,4) (4,3)(2,6) (6,2) givesascore =12 = P(12) = % —

o=

11. Box has 6 counters; 3 of these are green.
One green counter removed; hence, box has 2 green counters left.

=2
P(green) = 5



Solution

12. (i) P(purple) =1 —
(i) 3
(i) 3

vi|No
vl|lw

13. Sample space S

1 3
#5=12
5 6 7 8
(i) -~
12 7 8 9 10
w2 1 8 9 10 11
W 35=3
L6 1
(i) 75 =3
_3_1
9 occurs most often = P(9) = 172

14. #5 =36
(i) Total = 7 occurs from (3, 4), (4, 3), (2, 5), (5, 2), (6, 1), (1, 6)
Total = 11 occurs from (5, 6) (6, 5)
ing) = 8 — 2
= P(wins) = 369
(ii) Total = 2 occurs from (1, 1); Total = 3 occurs from (1, 2) (2, 1)

Total = 12 occurs from (6, 6)

-4 _1
= P(loses) = 369
15. Sample space (S) HHH HTT
s=8 HHT THT
HTH TTH
THH TTT
- 1
(i) P(HHH) = 3
(i) P(HTH) = &
(ii) PHand IT) =2
L0251
16. (i) 50 2
o 16 _ 8
) 35= 25
16 _ 8
i) 55= 25
25males = P(He wears glasses) = %
i = 600 = l
17. (i) P(Bus) = 360° 6
(i) Walk = 360° — (90° + 60°) = 210°
_210° _ 7.
= P(Walk) = 360° 12
18. (i) No.ofways = 3] = 286
(i) No. of ways = (°2 | = 22100
286 11

(iii) P(3 clubs) = 35100 = 350"



19. (i) Orders Coffee: M 10, W 20, Total 30

No Coffee: M 15, W 5, Total 20
Total: M 25, W 25, Total 50
(ii) Orders Coffee: M 0.2, W 0.4, Total 0.6
No Coffee: M 0.3, W 0.1, Total 0.4
Total: M 0.5, W 0.5, Total 1

(iii) (@) P(Man and no coffee) = 0.3
(b) P(Customer and no coffee) = 0.4

20. Choose 4 out of 15 trucks: No of ways = (15 ) = 1365

4

Choose 4 from the 10 good trucks: No of ways = (L?) =210
_ 210 _ 2

P(all 4 trucks are good) = 1365 — 13"

21. (i) No.of outcomes = 36.
Totalof 7:  (1,6),(2,5),(3,4),(4,3),(5,2),(6,1)

No. of ways = 6

_6_1
P(total of 7) = 366

(ii) Atleasttwo7s: (27s) or (37s) or (47s) (success)
Failure: (07s) or (17)
Let W be getting a total of 7 and N be not getting a total of 7.

Then P(W) = %and P(N) = 1 —% - %

4
P(0 7s) = P(NNNN) = (g) = %
17 can be obtained in 4 ways: NNNW, NNWN, NWNN, WNNN, each of which has the same
probability.
_(5P(1)_ 125
PINNNW) = (6) (6) 1296
Thus
_ .. 125 _ 500
P(17) =4 X736 = 1296
Hence
. _ 625 500 _ 1125 _ 125
P(failure) = 1552 + 1306 =~ 1206 ~ 144
and

125 _ 19 _ 171

P(success) = 1 — 144 ~ 144~ 1296°

22. (i) (a) Choose 4 from 11.No. of ways = (141 ) =330
(b) More boys than girls: (3 boys and 1 girl) or (4 boys)

Noofways =[S ()] + (5]
= (20 X 5) + (15) = 115
(ii) One boy = 1 boy and 3 girls

No. of ways = (?) X (g) =60

P(one boy) = % = %



Solution

Exercise 5.4

1. () P2) = % = Expected frequency = % X 900 = 150
(i) P(6) = % = Expected frequency = % X 900 = 150
(iii) P2 or6) = % = % —  Expected frequency = % X 900 = 300
- _4_1
2. (i) P(red) = 33

(ii) (@) Expected frequency = % X 400 = 200 times

(b) P(white) =%

= Expected frequency = % X 400 = 150 times

: _34 _17
3. (i) Relative frequency (Heads) = 100~ 50
(i) No, probably not; as 34 is well below the expected value of 50.
_60 _1
4. (i) (a) Exp.P(6) = 300 -5
_ 40 _ 2
(b) Exp. P(?) =300 15
(ii) (@) P6) = 5
(b) PR) =2
(iii) No; as 60 is well above the expected value of 50, and 40 is well below the expected
value of 50.
) Estimate = relati _154_ 77
5. (i) Estimate = relative frequency 300 150

(ii) No; as red is far higher than one would expect (54% higher).

6. P(red) = % - %

Expected frequency = % X 300 = 150
Spinner is almost definitely not fair as red (120 times) should be much closer to 150 times.

7. (i) x+02+01+03+0.1+02=1
=x+09=1
=x=1-09=0.1
(ii) P(number>3)=0.3+ 0.1 +0.2=0.6
(iii) P(6) = 0.2
Expected frequency of 6 = 0.2 X 1000 = 200 times

i =21 _ 7
8. P(Gemma wins) = 3010
_ 165 _ 33
9 P6) = 7000 ~ 200
Use the largest number of trials
10. (i) Bill's
(if) Results
Number of spins 0 1 2
Total = 580 187 267 126

Hence, spinner is biased.



(i) P(2) =126 = 63

580 290
(iv) P(O) = % =0.322 = Expected frequency = 0.322 X 1000
=322
Ny —2_1
11. (i) P(1) = 6= 3
(ii) 1,2,2,3,3,4

12. (i) Expected number of home wins = 10X 0.9 =9
Expected number of away wins = 10 X 0.85 = 8.5
The expected number of winsis 9 + 85 = 17.5 = 17.
(ii) Expected number of home wins = 10 X 0.7 = 7
Expected number of away wins = 10 X 0.7 =7
The expected number of winsis 7 + 7 = 14.

13. (i) LetRbe thatitrains on a day and N be that it doesn't rain on a day.
P(RRR) = (0.4)(0.7)(0.7) = 0.196
(i) P(NRR) = (0.6)(0.2)(0.7) = 0.084
(iii) P(RRNR) = (0.4)(0.7)(0.3)(0.2) = 0.0168

Exercise 5.5

)8 1 041 i B+4_12_3
1.0 55=3 W) 36=3 U T T
131 6 _ 3 L1346 _19
2. h55=7 i) 55 =7 (i) =53 2
L1011
3. ) 3573
6 1
W 35=3

Not mutually exclusive as 15 and 30 are multiples of both 3 and 5

. ~10,6 2 _14_7
= P(multiple of 3or5) =25+ 55— 35 =37 =735

5. () 5= (v 22=1
(i) o5 == V) o5 =%
(i) 35+ o~ = 20 =% v) ot -2 =8
6. (i)%=%
(i) Totalof8 = (2,6)(6,2)(3,5)(5,3)(4,4)
= P(total of 8)=3:5—6
6 .5 1_10_5

(iii) 0=



Solution

7. 4S5=3+4+6+8+5+2=28

—

=
_
N

|0 B &)

NN DWW N =

—
=

(iii)

N
(o]

8. #5=68+62+26+32+6+6=200

100 6 _ 106 _ 53

(i) 550 T 200 ~ 200 ~ 200 _ 100

O
.
—
=
=: =

Bl= B

(iii)

Sal~asals
—
o
—
o
—
o
—
o
0

5
—
()}
Nlw

10. n = number of green beads
= #5=8+12+n=20+n

n
20+n

= 5n=20+n
= 4n =20
= n=>5

P(green) =

wi|—

11. 40red, all even
30 blue, all odd

20 even
309reen<100dd
i _40 _2
(i) P(red) = 100 " 5
70 _ 7

(ii) P(notblue)=w=10
)=3o+60_20_70_

7
100 100 100 100 10

o

(iii) P(green or even

12. 4 play tennis
40male — ,
100 people < 36 do not play tennis

9 play tennis
60 female< 51 do not play tennis

60 _ _ 16
100 100 100 100 25

13 _ 9 _ 64 _16

(iii)




13. A=
B=
C=
D=

(i)
(ii)
(iii)

{20, 21, 22, 23}
{20, 25}

{23, 29}

{21, 24, 27}

(@) No (b) No (c) No
2 3 _5_1

10 10 10 2
No, as these 2 events are not mutually exclusive.

14. #5=6+2+9+3 =20

15. i

16. (i)

17. (i)

(iii)
(iv)

18. (i)
(ii)
(iii)

_8 _2
PR =573
_n
PB) = 12
_6+2+9_17
PAUB) =12 3
P(A) + P(B) — PANB) = > + 11 _ 2 _ 1/

20 20 2
Hence, P(AUB) = P(A) + P(B) — P(AN

P(C) =04 +02=06
P(D) =0.2 + 0.3 =0.5
(
(

0 2
B)

PCUD)=04+02+03=0.9
P(CND)=0.2

P(C) + P(D) — PCND)=06 +05—-02=09
Hence, P(CU D) = P(C) + P(D) — P(CN D)

25+5+x+8=50
= x+ 38 =50

= x=50—-38=12

P(French) = 255—_55 = % = %

P(French and Spanish) = 55—0 = 11—0

P(French or Spanish) = w = % = g_;
P(one language only) = 255+O12 = %

#S=5+3+11+1+2+8+7+3=40

1+2_ 3
40 40
1+2 3
5+3+2+1 11
342 5

3+11+8+2 24
2

1+2

+
wlN

Venn Diagram U = 100%

(d) Yes

52% A = 36%
26%

B =22%

52%

(e) Yes



= 2ipp-2=3

= PEB) +3=3

- i
20.  PXUY)=P(X) + P(Y) — PX(Y)

= %=%+%—P(XHY)

= =1l -PXNY)

= pxny) =1 _-2-2_1

21. P(C) + P(D) — P(CN D) =P(CUD)

= 0.7+ P(D) — 03 =0.9
= P(D) + 04 =09
= P(D) =09 —04=0.5

22. (i) P(AUB) = P(A) + P(B) — P(ANB)
= P(AUB)=08+05—-0.3
=1
(i) P(AUB) =1
P(A) + P(B) — P(ANB)=08+05—-03=1
Hence, P(A U B) = P(A) + P(B) — P(AN B)

23. (i) P(AUB) = P(A) + P(B) — P(ANB)

(i) No, because ANB # ¢.
24. P(AUB) = P(A) + P(B)

25. (a) TheVenn diagram is completed in the answers at the back of the book.
(b) AN Bis the set of students who went to the cinema and watched movies at home.
(c) The second Venn diagram is completed at the back of the book.
(d) Student who went to the cinema but did not watch movies at home = A\B.
From the Venn diagram,
P(A\B) = 0.2.

(e) (i) P(A)=0.2+0.5=0.7

(ii) PB)=0.5+0.1=0.6

Exercise 5.6

_2.2_4

1. (i) P(R,R)—g 5~ 55
_1.1_1

(ii) P(G,G)—5 5~ 35
_2.2_4

(iii) P(Y,Y)—5 z =55
iv) PRG=2-1=2



6 6 36

(ii) P(6, Even) = % . % = 11_2

(i) P(Odd, multiple of 3) = % : % =1
3. (i) P(Heads, 6) = % : % - 11_2

(i) P(Heads, Even) = % : % =1
4. (i) P(Black, Black) = 1.1_1

2 2 4

(i) P(King, King) = 11_3 : 11_3 - 11@

(iii) P(Black Ace, Diamond) = % . % = 11ﬁ
5. (i) P(Red, Red) = % - % - %

(ii) P(Blue, Red) = % : % - %

(i) P(Red, Blue) = % . % - %

(iv) P(Blue, Blue) = % . % - %

(v) P(same colour) = % + % — %
6. P(rain tomorrow, forget umbrella) = % . % = % — %
7. 03 2=%

0ii-g

(iii) 11—3 : % _ %

W 51_2 ' 51_2 B 27104

8. P(rasp berry, rasp berry, rasp berry) = 313 13179873

9. P(hitgold area) = 0.2 = P(miss gold area) = 0.8
(i) P(hit, hit) = (0.2)(0.2) = 0.04
(ii) P(hit, miss) + P(miss, hit) = (0.2)(0.8) + (0.8)(0.2) = 0.32

10. P(Chris passes) = 0.8 = P(Chris fails) = 0.2
P(Georgie passes) = 0.9 = P(Georgie fails) = 0.1
P(Phil passes) = 0.7 = P(Phil fails) = 0.3
(i) P(all 3 pass) = (0.8)(0.9)(0.7) = 0.504
(i) P(all 3 fail) = (0.2)(0.1)(0.3) = 0.006
(iii) P(at least one passes)
=1 — P(all 3 fail) = 1 — 0.006 = 0.994



11.

12.

13.

P(Alan hits target) = % = P(Alan misses target) = %
P(Shane hits target) = % = P(Shane misses target) = %
H i = l . ; = z = l
(i) P(both men hit) = 2’3763

P(stops at first) = 0.6 = P(doesn't stop at first) = 0.4
P(stops at second) = 0.7 = P(doesn't stop at second) = 0.3
P(stops at third) = 0.8 = P(doesn’t stop at third) = 0.2
(i) P(stops at all three) = (0.6)(0.7)(0.8) = 0.336
(ii) P(he s late) = P(stop, stop, doesn’t stop) + P(stop, doesn’t stop, stop)
+ P(doesn't stop, stop, stop) + P(stop, stop, stop)
= (0.6)(0.7)(0.2) + (0.6)(0.3)(0.8) + (0.4)(0.7)(0.8) + (0.6)(0.7)(0.8)
= 0.084 + 0.144 + 0.224 + 0.336

=0.788
o)~ 5.5.5_125
(i) P(no sixes) = 6 66 21
(ii) P(at least one six)
=1 — P(no sixes) = 1 125 _ 91
216 216
(iii) P(exactly one six) = P(6, other, other) + P(other, 6, other) + P(other, other, 6)
155,515,551
“5 66 666 666
- 25
72
P(same number) = (l 1. l) X 6 L
6 6 6 36
(i) P(both on Monday) = 1.1_1
7 7 49

1.6,6.1_13

_1.1 6.1_
77777777 a0
(i) P(noneonaSunday)—7 Z'7 7 343

(ii) P(one on a Sunday)
= P(Sunday, other, other

—
)
@)
o))
o))
o =

(iii) P(atleast one on a Sunday) = 1 — P(none on a Sunday)
216 _ 127

=140 _12/

343 343



Exercise 5.7

1. ()
(ii)
(iii)

(iii)

(ii)
(iii)

_ _13_1
#5=126 = P(Spade) 2%~ 2

- -2 _1
#5=26 = P(Queen) %613

= i = i = l
#5=12 = P(King) 573

- ive) =70 _7
#5=90 = P(Person can drive) 9 9
#5S=40 = P(Man candrive) = 32_4

40 5
#5=50 = P(Female can drive) = 38_19
50 5

2 _1
12 6
8 _2
12 3
#5=120 = P(Ordinary) 950" 8

= i i = ﬁ = l
#S=55 = P(Girl, Higher) SRR

= i = 2—5 = é
#S=45 = P(Boy, Ordinary) 2579

_5
P(Red) = 3
_32.4_5
P(Red, Red) = 37" 1a
_3.2_3

P(Blue, Blue) = 3 77 78

_5.4_2
P(Red,Red)—11 011
_5.6 _3
P(Red,BIack)—11 10 1
_6.5_3
P(BIack,BIack)—11 0" 11
-2 .3 _5
P(Samecolour)—11+11 17
P(Second is Red) = P(Red, Red) + P(Black, Red)
5.4 ,6 5_2 , 30
11 10 11 10 110 11
_1.1_1
P(T’N)_s 4 20
_2.1_2_1
P(E’V)_s 4 20 10
P(Secondis E) = P(E,E) + P(V,E) + P(N, E) + P(T, E)
22.1,12,1.2,1.2_38
=5 37525475270
8. P(Same letters) = P(I,1) + P(M, M)
21,2 1_2 2 _4_1
“8' 7787 5% "% 356 14



9. (i)
(i)
(iii)

Solution

20
#5=33 = P(qgirl) = 33
#5=13 = P(boy, left-handed) = i3
#5=13boys = Mﬁhm®m=%

_ - -2 _1
#S=20qirls = P(left-handed) 20 "2

4 . 1_4_1
= P(both left- handed)—ﬁ 4 52 13

_ iaht- -9 .3
#S=24 = P(boy, right-handed) 24" 8

) (0.8)(0.6) = 0.48

P(fails in at least one task) = 1 — P(succeeds in both tasks)

=1-—0.48 =0.52
2 _3 3.2,23_6_,6_3
ﬂxz— kmmaa+Pw0):>5 2:2.3-5,06.3
P(A) = 0.4 + 0.2 =06
P(ANB) = 0.2
PAUB) =04+ 02+ 03 =09
_P(ANB) _0.2 _
P(A|B)—-—T)®—--o.5 0.4
PBNA) _02_1
P(BIA) = P(A) 06 3
8+4_12_2
PIA) = 30 30 5
_4 _2
mAmm—30 =
8+4+12 24 4
P(AUB)—T—%—g
_PAANB) _ 4 _1
P(AIB) = PB) 16 4
_PBNA) _ 4 _1_1
PIBIA) = PA) 12 37 4
Hence, P(A|B) # P(B|A)
P(XUY)=0.1+0.1 +0.15 P(X) = 0.2 P(Y) = 0.25
=0.35
P(XNY) 0.1
PXIV) = =5y~ =035 — 04
PYNX) 0.1
PIYIX) P(X) =02 0°
P(A) =02 +0.1=0.3
PAUB)=02+0.14+04=0.7
PAA)=1—PA) =1—-03=0.7
PAUB) =1—PAUB) =1-07=0.3
P(A'NB) = 0.4
P(BIA PBNA) _01_1



(iii)
(iv)

19. (i)

U=100

Complete the Venn diagram.
0.2
P(ANB) _ 0.15
PIAB) = PB) 075 0.2
_PBNA) _0.15
PBIA) = —5a = 55 = 075 # 02
Hence, P(A|B) # P(B|A)
25+15+10 _ 50 _
100 “700 %
25+ 10 _ 35
100 100 0%
_PDNQ) _ 15 _

P(D|C) = PO 40 0.375
ey - PCND) 10 _
P(C'|D) = D) 25~ %4
P(AUB)=0.2+04+0.1=0.7

PBNA) _04_2
PBIA="5m 06 3
_P(ANB) _ 04 _
P(A|B) = PB 05 0.8
PBNA') =
_ P(ANB)
P(A|B) = ~FE
= P(ANB) = P(A|B) - P(B)
111
5 4 20
1
PBNA) _20_ 3
PBIA) = PA 1 20
3
P(B) = 0.18 + 0.17 + 0.02 + 0.05 = 0.42
P(ANC) =0.08 + 0.02 = 0.1
PANB) _ 02 _ 10
PIAIB) = P(B) 042 21
Py = PCOBI 007 _ 1

P(B) 042 6
P(ANC')=0.3+0.18 =048

PBNANC) 0.02
PBIANO]=—3a"e ~ 0.

=0.2

#C =40

#D =25




Solution

Revision Exercise 5 (Core)

—_
—_
N

1Y )=3
(ii) (g)x(g)z(w)(w):wo
3. (i) 31—6

) 36736 3636 &

4. () 1—1(035+0.1+0.25+0.15)=0.15
(i) 1
(iii) 0.25 X 200 = 50 times

5. (i)|6|5|4|3|2|1|=6!=720arrangements
(ii) 5!X 2! = 240
6. (i) (a

ii = = 10 _ 12 _22 _
(i) PHorT)=PHUT) = P(H) + P(T) 1 i 12_22
i _2_1
7. (i) P(2)—6 3 - |
(i) P(2 on first two throws) = 3379
i ~2.2.1_4
(i) P(first 2 on third throw) = 2 >

8. P(blue, red, red or green) = 6.4 .6_144 _ 12

9. EventA=1{3,6,9,12,15, 18}
EventB = {4, 8, 12, 16, 20}

20 720 20 20 2
(iii) P(ANB)’ =;—9
) as o _6.,5_11
10. () #5=25 = PO=—+=11
7

(i) #S=13 = P(E) =

(iii) P( -2 .4 _20 _ 1

[Note: Here E = Event]

15



Revision Exercise 5 (Advanced)

1. ()
(i)
(iii)

P(6 on first throw) = 1

6
_2.1_5
P(ﬁrst6onsecondthrow)—6 6~ 36

P(first 6 on either first or second throw) = % + 11

2
36 36

(8) = 70 choices

4

§]=3s

A and 6 others, select 3 = (g) =20

B and 6 others, select 3 = (g) =20
Total = 40

3. (i)| 7| 6| 5| 4| 3| 2| 1|=7!=5040arrangements

W1l 1]s]a]l3]2]1]=120

W) 14l 5] al3]2]1]3]=1440

(i)
(iii)

(iv)

Events L and M cannot happen at the same time.

(@) (22) = 7315 possible selections

4
(b) 22 students = select Janelle and 3 others = (21 ) = 1330
. _1330 _ 2
(c) P(Janelle included) 2315 11
_4.2_8 _4
P(first 10¢, second 5¢) = 6 5730 15
P(sum = 15¢) = P(first 10c, second 5¢) + P(first 5¢, second 10c)
_4.2,24_328 ,8_16_38
6 5 6 5 30 30 30 15
P(sum = 20c) = P(first 10c, second 10c) = 4.3_12_2
’ 6 5 30 5

02+03+x+01=1
=x=1-06=04
P(A)=0.2+03=0.5
P(AUB)=0.2+03+04=09

3 P(ANB) _ 03 _3
PAB =7 and —pE==0777
P(ANB)




35
(i) P(B) =22
_P(ANB) 16 _ 8
(III) P(A‘B) = W = 2_6 = ﬁ
: _16
(iv) P(ANB) = 35

- _ -4,26,.16_30_6
(v) P(AUB) = P(A) + P(B) — P(ANB) 7+35+35 =7
35 13 35
Events are not mutually exclusive, hence we cannot apply P(A U B) = P(A) + P(B).
X x—1

9. (i) Plgreen, green) = ——‘——

x+6 x+5 13

= 4x2 + 44x + 120 = 13x%> — 13x
=9x2—57x—120=0

= 3x*—19%x—40=0

= (B3x+5x—8=0

(ii) X xX—1_ 4

:>x=—g or x=28

= valid answer: x = 8
= numberofdiscs=4+2+8 =14

6 5 _15
(iii) P(not green, not green) = 124 73 91
5,13
10. P(correct answer) 3 + 53
_28
40
=7
10

Revision Exercise 5 (Extended-Response Questions)

1. (i) P(red,red, red) + P(green, green, green)
_543+432_5+1 7 _ 1

9 87 987 42 21 4 6
(ii) P(atleast oneisred) =1 — P(none red)

9 8 7 21 21
(iii) P(at most one is green) = P(G, R, R) + P(R, G, R) + P(R,R, G) + P(R, R, R)
~4.54,544,544,543
9877987 9877987
_25
2
n 8 .1 _osgo
2. (i) 100" 10 0.8%
8 .9 _ 799
(ii) 700 10 7.2%
in 2.1 _ g9
(iii) 10070 9.2%

3. (i) Equally likely outcomes.
(i) Probability of second event is dependent on the outcome of first.
_ P(ANB)
P(A|B) = @)




(iii)

_2.1_2
P(blue eyes and left-handed) = 55 o5

2 people chosen at random = (%) =

P(blue eyes and not left-handed) = = - = = —

.2 .8 _32
Hence, P(E) = 2 25 95~ 625
Venn diagram #No Insurance = 14%  # No Licence = 8%
P(drive illegally)
— 129 + 2% + 6% = 20% =%
300 X 12% = Roughly 36

5.5 .35 .3 _ 625 _ 443014 =0.030

12 12 12 12 20736

7V, (2
(ﬁ) n (E) = 0.11578 + 0.03014 = 0.14592 = 0.146

0

P(shaded square first throw) = = =

2_1

6 3

(@) {3,4,5} or {5,4,3} or {2,6,4}etc (i.e. see below)

(b) {3,5,4} or {1,6,5} or {2,5,5} or {3,6,3} or {5,2,5} or {5,3,4} or {5,6,1}
= Total = 10 ways

(@) 3throws

® (5135 = 518

aIN

1
3

P(B) = 0.4 = 0.1 05+0.05+x=04
= 02+x=04
= x=0.2
P(C) = 0.35=-0.05 + 0.05 + 0.05 + y = 0.35
= 0.15+y=0.35
= y=20.2
0.3+ 0.1 +0.2+0.05+0.05+005+02+z=1
= 095+z=1
= z=10.05
P(AIB) = P(ANB) _015_3

PI[(AUB)'1=0.2 + 0.05 = 0.25
P(AUBUC) = 0.95
3

P(AIB) =35 and —pg, 04 8

P(ANB) _0.15_3




Solution

(i) P(atleastone6) =1 — P(on 6)
_q1_2.2_1_2_1 _
=1 867173 " 36 [= PA)]
(i) P(sumis 8) = possibilities = {(2, 6)(6, 2)(3, 5)(5, 3)(4,4)} [= P(E)]
_5
P(E) = 36 , 1
(iii) P(ANE) = 36 = 18
i 11,5 _1_14_7
(V) PAUR) =38+ 35" 7836 18
1
PANE) 18 2
(v) P(A|E) —W —z—g
36

(i) P(E) = 0.6 + (0.4)(0.6) + (0.4)(0.4)(0.6) = 0.936
(i) P(not successful at 1.70 m) = 1 — P(successful at 1.70 m)
=1 —1[(0.2) + (0.8)(0.2) + (0.8)(0.8)(0.2)]
=1-—0.488 =0.512
(iii) 1 —0.936 = 0.064
(iv) (0.936) - (0.512) = 0.479232 = 0.479

(iii) Success: at least one win
Failure: no win (two losses)

1 _ 11
12
111

(Fallure) = ﬁ ﬁ = ﬁ
1-

121 _ 23
144~ 144

(iv) (a) Expected number of wins = 36 x
(b) Winnings = 3 X €20 = €60
(c) Costtoplay =36 X €2 =€72
Loss = €72 — €60 = €12

P(loss) =1 —

P(Success) =
1

123

(d) Fraction of money kept by charity = 7% = %
(e) Let€x be the charge for each play. Then
(i) if the player wins, the charity loses 20 — x, or wins x — 20, with a probability of 11—2,

(i) if the player loses, the charity wins x, with a probability of%
Thus the expected win for the charity is

=20) 53] + [ 33

I
w|u
+

The charity should charge €3 per play.



Exercise 6.1

1.

2.

3.

4.

5.

a = 46°, b =180° — 46° = 134°
c = 80°, d=180° — 80° = 100°
e=180°—115° = 65°

a=71°+40° = 111°, b=32°+42° = 74°
18002_44°=1326°=68°:>c=68°+44°=112°

180° = 30° - 30 _ 650~ g, &= 180° — (70° + 70°) = 40°
f+f=105°;»2f=105°;»f=527°
g+g=180°—60°= 2g = 120°= g = 60°

h+ h=60° = 2h=60° = h = 30°

a+a=124°=2a=124°=a=62°
b+ 35°+ 35°=180°= b =180°— 70°= 110°
¢+ 55°=110°=c= 110° — 55° = 55°

Exterior angle of A = sum of 2 interior opposite angles = 30° + 43°

Hence, d + 73° + 73° = 180° = d = 180° —146° = 34°

(i) x=55°y=180°— (55° + 80°) = 45°
(i) x+32°+32°=180°=x = 180° — 64° = 116°
180° —116° = 64° =y + 64° + 64° = 180°
= y=180° —128° = 52°
(i) x + 50° + 50° = 180° = x = 180° —100° = 80°
y + 50° = 80° = y = 80° — 50° = 30°

(i) Horizontalline=y = y2+ (3)2=(7)?
= y? +9=49

= ¥ =49 — 9 =140
=y =40
Hence, x2 = (6)2 + (V40)’
=36+40=176

= x=176 =2(19
(ii) Vertical line =y = y? + (3)> = (5)?
= y?+9=25
= y =25-9-16
= y=\16=4
Hence, X2 = (4) + (4)?
= x2=16+ 16 =32
= x=132=402
(iii) Verticalline=y = y?+ (6)2 = (8)2
— )2 + 36 = 64
=y =64 —36=28
=y=128




Solution

Hence, x2 = (V28 ) + (4)?
=28+ 16
=44

=x=1144 =211

6. x* + (V44)* = (12)2
= x>+ 44 = 144
=x2= 144 — 44 =100
=x=1100 =10
Hence, y? + (6)?> = (10)?
— 2+ 36 = 100
= y2 =100 — 36 = 64
=y=164=8

7. |AC| = |AD| = | ZACD| = | ZADC|
= 180° — |ZACD| = 180° — |ZADC|
= |/ACB| = | ZADE|
|BD| = |CE| = |BC| + |CD| = |CD| + |DE|
= |BC| = |DE|
In As ABC, ADE
|AC| = |AD|
|Z/ACB| = | ZADE|
|BC| = |DE]|
= As are congruent by S.A.S.

8. (i) Alternate angles
(i) In As AMD, MBP
|/DAM| = [ /MBP|
|AM| = [MB]
|Z/AMD| = | /BMP|
=- As are congruent by AS.A.
(iii) As AMD, MBP are congruent = |AD| = |PB|
ABCD is a parallelogram = |AD| = |BC|
= |PB| = [BC|
= B is the midpoint of [CP]

9. (i) Lengths of sides may be different
(i) In AsPTQ, STR

|/TPQ| = |/TSR|
PQ| = RS
|~PQT| = | ZTRS|

= A\s are congruent by A.S.A.

10. (i) 90° + |ZCBG| = 90° + |ZCBG]
= |ZABG| = | ZCBE|
(i) In As ABG, CBE
|AB| = [BE|
|/ ABG| = | ZCBE|
IBG| = |BC|
= As are congruent by S.A.S. D
= |AG| = |CE|



11. |EDJ? = (4)? + (8)2
=16 + 64
=80
= |ED| = V80
[HDJ? = |HE[? + [EDJ? = (5)2 + (/80 )2
=25 + 80
=105
= |HD| = V105
12. |ZADE| = | ZEDC|
|/DEA| = |ZEDC|
= | Z/ADE| = | ZDEA|
= |AD| = |AE|
ABCD is a parallelogram = |AD| = |BC|
= |AE| = |BC|

13. As|CX| = |DX|, triangle XCD is isosceles.
Hence  |/BCF| = |ZADE|.

Also
|CE| = |FD| .. given
|CE| + |EF| = |EF| + |FD|
|CF| = [ED|
Also
| /XAB| = | ZEDA| .. alternate angles
= | /FCB| ... from above
= |/XBA| .. alternate angles
Thus AXAB is isosceles.
IXB| = [XA|
|CX| + |XB| = |DX| + |XA| ...given
|CB| = |DA|

Hence ABCF and AADE are congruent, by S.A.S.

Exercise 6.2

1. (i) Area AABC =

1
2

(i) Area AABC = %(12)(h) =36
6

2. (i) Area

> D

Area

(i) Area A = %(12)(14) — 84

Area A % = (16)(h) = 84

= 8h =284

:>h=88—4=1o.5cm




Solution

(iii) Area /A == (24)(18) =216

1o
2
Area A= f (20)(h) = 216

= 10h =216
216
=h= 10 =21.6cm

3. (i) Area parallelogram = (12)(8) = 96 cm?
(i) Area parallelogram = (14)(9) = 126 cm?
(iii) Area parallelogram = (13)(11) = 143 cm?

4. Area ABCD = (22)(14) = 308 cm?
Area ABCD = |BC|-(18) = 308
— |BC| = @ 1

= 179 cm
5. (i) Largestls /BAC; Smallest is ZACB
(i) |AC|>5cmand <15cm

6. (i) Area ABCD =80
= Area triangle ADC = 40

= 2IAC| - |DE| =

= %(16)\DE\ — 40
= 8|DE| =
= |DE| = —5cm
(ii) Area AADC = Area AABC
Liacy. —Yiacl.
= 2\AC\ |DE| 2\AC\ |BF|

= |DE| = |BF|
(iii) Area ABCD = |AB|-h =80
=(10)-h =80
80
= h= 0 =8cm

) Area ABCD = 2 Area ADCB = 2(15) = 30 cm?
ii) Area ADBE = 2(15) = 30 cm?

) Area ADCE = 3(15) = 45 cm?

)

(iv) Area ABCD = |DC|-h =30
= (7.5)h =30
_ 30

= =25 =4cm

8. (i) [AF] bisects area ABFE.
Since area AAFE = 30 sq.units = Area AAFB = 30 sq.units
(i) Area ABCDE = 30 + 30 + 30 + 60 = 150 sq.units

9. (i) Area APXY = %\PX| h= %(3)(4) =6

Area Rectangle BPXC = (3)(a) = 3a
= Totalarea =3a+ 6 =3(a + 2)
Shaded area = Area ADEG — Area AEFG

= 22)8a) - 2(2)(0)

2
=8a—a=7a

B«—3——>C



(ii) Hence,7a=3a+ 6
=4a=6
6

:>GZZ:1.5

=)@ +5

=10+ 10x — 5
=10x+5=52x+1)
Area EFGH + Area HGQP
= (3)x) + (3)(3x)

= 3x + 9x

=12x

10. (i) Area ABCD + Area AADE E' —
15)ax - 2)
]
]

(ii) Hence, 12x = 10x + 5 E X< I >
=2x=05
i
S x=2=25 I !
2 i
3 |
i P
]
i
'G
F «<—x—
Q
11. Shaded area = Area ABCD — Area AEFG 12cm

= (12)(8) ~ 3(5)(8)
=96 — 20 om
=76 cm?

F«<—5cm —G C

12. (i) AFED s a parallelogram
and diagonals [AE] and [DF] bisect each other.

In As AXD, FXE; A F B
|AX| = |XE|
| /AXD| = | ZFXE| X v
|AX| = |XF|

= /\s are congruent by S.A.S.

=- As AXD, FXE are equal in area.

Similarly, As FYE, BYC are equal in area.

Hence, Area AAXD + Area ABYC = Area AFXE + Area AFYE
ie, Blue shaded Area = Yellow shaded Area




Solution

(ii) ABIIDC = Area AADE = Area AFDE A
Hence, AreaTriangles ® + ® = Area As @ + ®
o = Area A ® = Area A\ @ @ @ @
Similarly, Area AFEC = Area ABEC ®
Hence, Area As® + ® = Area As @ + ® @
= Area A® = Area A® D E C
Hence, Area As O + @ = Area As @ + ®
ie, Blue shaded Area = Yellow shaded Area
13. (i) Area AAFD = %Area ABCD
Area ADEC = %Area ABCD
—  Area AAFD = %Area ADEC
ie.,, Area As @ + @ + shaded green = Area As ® + @ + shaded green
=AreaAs® + @ =Area As® + ®
A E
" _1 56
(ii) Area AAFD = 5 Area ABCD ®
H inder = - Area ABCD ©
ence, remainder = 5 rea Q
. 1 @
ie, Area /As ABF + FCD = 5 Area ABCD @
D

Hence, Area AAFD = Area AABF + Area AFCD

= Area As © + @ + shadedgreen = Area As® + @ + ® + @ + @
= shaded green = Area As ® + ® + @

ie, Region shaded in green = Region shaded in blue

Exercise 6.3
N 6_5 _
1. () 3= X = 6Xx 1?
= XZFZZ.S
6_x _
(ii) 276 = 4x _;Z
= X:TZQ
o 1214 _
(iii) s T =12x=70
—70 _:5
- X=137%
5_6 _ 2_7
2.7—X:>5X 42 27y
:x:%zsA — 5y =14
= y=28
a_=6 —
4—4:>4a 24
_2_4:
= a—4 6
7 —2 =
0" 12 = 10b = 84
b=8%_3g4




|RS| |RT|

IRV

RT|

6

= 5|RT| = 72
IRT|

12
5

—E:
=5 =144

A3
~JAC 8

= 5|AY| = 24
= |AY|

AX] _

———48

BC| JAC| [BC| 7

“1AQ T3 5
= 5|BC| = 21
= (8| =2l =42

BP| _|CQl _ [BP| _2
PA| JQA| 4 5

= 5/BP| =8
_8_
IBP| = =16

AY] _

_AX|JAY] o
YC|

XB[ ~ 10 1
= |AY| =20 cm

|AX| N XY| 2
|AB| " |BC| 3

= |XY|:|BC| =2:3
i) XY| _ |AX] N XYl _ 2

IBC| |AB| " 30 3

= 3|XY| = 60

(i)

XY _
B

= |[XY|==-=20cm

[DE[ _
[EF[

|GH| 1_
[HI| 71

- 8

[HI|
= [HI| =8cm

DE _|GJ 1 _GJ

(i)

4 _ |AB]

8, —=— =x
X

3

9.

|EF|

K]

=

(i) As ABC, DEF are equiangular

because

7
=|GJ)|=7cm

-|AB| = 12

|AB| =

-|/BAC| = | ZEDF|
= | /DEF|
-|Z/ACB| = | ZDFE|.

Hence, AAs ABC, DEF are similar.

(i) [DF]



Solution

[XY] corresponds to [AB] because | £YZX| = |£BCA|.
(i) £ =2 10x=90

10 90
= X—ﬁ—g

= 10y = 135

= y—%—w.s

=-—=9x=150

x _15 Y
10 9 X

= x=10_162

150 y
9 3 8

— 8|cD| = 72
:>\CD\=%2=9
— 8|AD| = 144
. AD| = 144 _

[AD| _ 12
1 8

=18

14. (i) AsDAB,DBCare eqwangular because
= |£/DB(C|

= |ZCDB|

Hence, As DAB, DBC are similar.

DB
() -2 = M: IDB2 = 36

DB
D8] . DB =136 = 6

15. As ABD, ACD are equiangular
because (i) |£ADB| = |£ADC|
(i) |ZABD| = |ZCAD|
Hence, | ZBAD| = | ZACD|
= As ABD, ACD are similar.
|BD| _ |AD| N |BD| _75
|AD| |CD| ~ 7.5 5

= 5|BD| = 56.25 B

= [BD| =202 =1125



AB| _ |AD| _ |AB| _ 75
AC] " [CD] ~ 6 5
— 5|AB| = 45

16. (i) AABCand ADBC
. |AB| |BC| m a4
[BD] [DC[ T3 "2
=2m =12

= m=6
ACl_[BCl  n+2_4

BC| D]~ 4 2
=2n+4=16

=2n=12
= n=26
3_ 4
17 =37«
=9+3x=24
= 3x=15
= x=5
18. (i) AWXZ

o D2 _IW_yas s

WX~ XY] 5 3

—3v+9=25
=3v=16
_16_ 1
= v—3 53
w2 = (5%) 2 4 (42
256 _ 400
=55+ 16="5
_ [400 _20 _ 2
—W=\Tg =3 =63
x _ 1
19'1_x+1

= x+x=1
=x+x—1=0

—1 +=/(1)2=4(M)(-1)
2

= x=

_-1x/5
2
_—1+2236
2
=0.618

1 1
0618+1 1.618

Hence, ratio =

or1:1.618



Solution

20. X
2_Y
y X
2 X
VT A4 A4
= x* =2y y
X X
= x= 2y2=ﬁy:>5=Q 2 2
y 1 < X
15 _ x_
- 95778 15m
= 2.5x = 27 1.2m 15m

N
«— YV —
3

Exercise 6.4

1. () ZA=2048) = 96°
/B = 2(44°) = 88° and /c = 180° — 44° = 136°
/D = 2(42°) = 84° and /E = 1(180° — 84°) = 48°
2. /A=52°/B=A44° /c =45 /D = 20°
3. /A=47° /B=2(47°) = 94°, /c = %(180" — 94°) = 43°
4. /f=40° /g = 180° — (85° + 40°) = 55°, /h = /g = 55°
5. /A=42° /B =90°— 42° = 48°
50° + 50° = 100° = 180° — 100° = 80°
= /c= %(80°) = 40°

N

/D= %(180" — 70°) = 55°

ZE=90°— 4D = 90° — 55° = 35°

6. LA =180° — 85° = 95°
/B = 180° — 105° = 75°
180° — 86° = 94° = 2./ = 180° — 94° = 86°
= /c=(867) = 43°
/D = 180° — (32° + 32°) = 116°
ZE=180° — 116° = 64°

7. 360° — (108° + 120°) = 132°
180° — 132° = 48°
= 48° +2=24°
= /A =24°+36° = 60°
/B =36°+ 30° = 66°
ZC=24°+30°=54°

C B
Z0ST| = 90°
ZOSP| = 90° — 40° = 50°

|

|

| ZOPS| = | ZOSP| = 50°

| ZSOP| = 180° — (50° + 50°) = 80°

9. Za =55°
Zb=90° Zc=180° — (90° + 41°) = 49°
Zd =90° — 41° = 49°
Ze =90°—23°=67°

8. (i

(i
(iii
(iv

—_



10. () |/BAC| = 62°
(i) |ZABD| = 44°

11. (i) In As AOP, BOP

|OA| = |OB|
| ZOAP| = | ZOBP|
|OP| = |OP|

= As are congruent by R.H.S.
(i) Since As AOP, BOP are congruent
= |PA| = |PB|
(iii) |ZAPB| + |ZAOB| = 360° — (90° + 90°)
= 180°

12. [ZAOT| = 180° — 40° = 140°
= |/ATO| + |ZOAT| = 2|/ATO| = 40°

— |£ATO| = 4

2
13. () |ZABC| = 180° — 34° = 146°
(i) |/BAC| + |/BCA| = 180° — 146°

=20°

= 2|Z/BAC| = 34° ....|£ZBAC| = | ZBCA| as AABC is isosceles

= |sBac| =2 =17

14. /x+ Zx+ Ly + Ly =180°
= 2(4x + Zy) = 180°

180°
2

15. (i) |PX| = |PY|= APXYisisosceles
|QY| = |QZ| = AQYZis isosceles
|IRX| = |RZ| = ARXZ is isosceles

(i) ZXPY + 64° + 58° = 180°
s ZXPY = 180° — 64° — 58° = 58°
APXY is isosceles = ZPXY = ZPYX
s ZXPY + /PXY + ZPYX = 180°
58° + /ZPXY + /ZPXY = 180°

)
180238 — 610 = /xzR

/YZQ = M — 58° = /ZYQ

ZYXZ =180°— 61° — 61° = 58°
ZXZY = 180°— 58° — 61° = 61°
ZXYZ =180°— 61° — 58°=61°

16. (i) |ZAOB| = 2(53°) = 106°
(i) |ZBTA| = 180° — 106° = 74°
(i) |ZABT| + |/BAT| = 180° — 74°
= 2|/ABT| = 106°

= |zABT| =108 260 =53°

= Ix+ Ly = =90°

61°

(iii) £ZZXR =

L\,

58°

539

3

74°




17.

Solution

(i) |/DBA| + |/BDA| = 180° — 84°
= 2|/DBA| = 96°

= /DA =22 s
(ii) |/BCA| = |/BDA| = 48°

Revision Exercise 6 (Core)

1.

5.

. X=45°

Let x m be the width. Then the length is
(x+3)m.
The perimeter is
2(x) + 2(x + 3)
=4x+ 6
The areais
() x + 3)
= x%+ 3x
Given: x2+3x=4x+6
X¥—=x—6=0
x—3)x+2)=0
x=3 or x=—2 (notpossible)
Thus the width is 3 m and the length is 6 m.

... alternate angles
Y = 55° ... alternate angles
Thus

a® = 45° + 55°

a® = 100°

. IfIBM| = x cm, then

IMC| = x cm.
By Pythagoras,
x? + 62 =102
x> =64
x=28
Thus
|IBC| = 2(8) = 16 cm.

|ZX| = 180° — 162°
=18°,
by a straight angle.
Then
b°=X+11°
by exterior angle theorem.
Then
b°=18°+11°
b° = 29°

| /BFE| = | ZDFC]|

| ZEBF| = | ZCDF| ... angles standing
on the same arc

Hence ABEF and ADCF are similar, and

| /BEF| = | ZDCF]|.

... vertically opposite angles

18. In As ABE, ECD;

| /BAE| = | ZEDC|
| /ABE| = | ZECD)|
| /AEB| = | ZCED)|

= As are equiangular
= As are similar

x+3

X+3




Then
|BE|  [EF| |BF|

IDC| |FC| |FD|

6. (i) Asthetriangleisisosceles,
3x—8=2x—2
X=6
(ii) The area of the triangle is

1
5(3x —2)(x)

|—

(16)(6)
8.

Il
BN

7. r=90°—x°

_180°—=Xx° _ g0 _ X°
P=77 0" =3

g=180°—p
—_ o __ 0_&
g =180 (90 2)

—one o X°
q—90+2

Then

y=180°—q—r

— o __ o Xo _ o __ 0
y =180 (90 +3) (90° — x°)
X

y=3

8. AADE and AACB are similar.

Then

24 + 4x = 30
4x =6
xX=1.5

9. By Pythagoras,
|AC|2 =82+ 62 =100
|AC| = 10
(i) AABCand ABCD are similar.

Thus

BDI_ 6
8 10
|IBD| = 4.8cm




Solution

(i) AABCand AABD are similar.

Thus
AD] _ 8
8 10
|AD| = 6.4 cm

(iii) [DC| =10 — 6.4 = 3.6 cm.
1°.

AC| = r + 2, where
r = |AB|, the radius.
By Pythagoras,
(r+22=r+42
rr+4r+4=r+16
4r =12
r=3=|AB|.

Revision Exercise 6 (Advanced)
1. AABC and AAED are similar.

™ |BC|  |AB|
" DE[ " |Ag]
IBCl _5
1 2
5
BC| =3
— g2 5)2 _5/5
and |AC| = 5% + (2 5 cm.
2. (i) |AF| = [FE| ... given
IDF| = |FC| ... given
|ZAFD| = | ZCFE| ... vertically opposite angles

Thus AADF and AECF are congruent.
Hence |ZADF| = | ZFCE|.

(i) As|DF| = |FC|, ADFCis isosceles.

Hence
|ZFDC| = |ZFCD].

Thus
| Z/ADF| + |ZFDC| = | ZECF| + |£FCD
|ZADC| = |ZECD

Hence
180° — |ZADC| = 180° — |ZECD|
|/BDC| = | £DCB]|

As ABCD is isosceles, |BD| = |BC|.

(@)

O

vos]




3. (i) Allthe anglesin aregular hexagon are the
angles in 4 triangles, i.e. a total of
4 X 180° = 720°.
As there are 6 equal angles in a regular hexagon,
each is of size
720°
6
(ii) Allthe angles in a regular pentagon are
the angles in 3 triangles, i.e. a total of
3 X 180° = 540°.
As there are 5 equal angles in a regular pentagon,
each is of size
540° 0
= = 108°.
(iii) For an nsided regular polygon, all the angles are
the anglesin (n — 2) triangles, i.e.

= 120°

(n — 2)180°.
As there are n equal angles, each is
(n—2)180°
n ’ 3
When n = 10, each angle is % = 144,
4. |/QAR| = 180° — (70° + 70°) = 40°
|ZCQS| = 180° — (70° + 54°) = 56°
| ZACB| = 180° — (56° + 56°) = 68°
5. |ZABC| = |ZACB| ... isosceles triangle

| /BDE| = | ZCFE| = 90°
Thus ABDE and ACFE are similar.
Let |[EC| = x.Then

|BE| = 48 — x.
Hence
x _7
48—-x 5
5x =366 — 7x
12x = 336
x =28 = |[EC|.




Solution

6. X2+(7)2=(41)?
= x2+49 = 1681
= x> =1681 — 49
= = 1632
= x=11632 = 4/102 (= 40.4 cm)

7. Background: >
(@) Inthe diagram, if Ois the centre of the circle,
then b
|ZA| + |£B| = 90° o0
|£B| + |£C| = 90°
Thus
|ZA| = |£C|. B
A
(b) By angles standing &
on the same arc,
|£D| = [£C] D
Thus
|ZA| = |4D|.
A

(c) Hence the angle between
a tangent and a chord is
equal to the angle in the

opposite segment. A

Solutions

(i) a=78°
b =39°

(i) x=50°
y = 180° — 62° — 50°
y = 68° W



(iii) 2c + 54° =180°

2c = 126°
c=63°
Then
xX=c=63°
As A isisosceles,
y =63°
Thus
d=180°— 63° — 63°
d = 54°,

8. Radius of each circle is 3 cm.
Area of circle
= m(3)? = 9mcm?
Area of shaded segment
= 2(977) - 5(3)(3) 90°
_97m 9
4 2 3
Area of 4 segments
97 9
4573
=97 — 18
Area of blue shaded region
=97 — (97— 18)
= 18 cm?

9. (i) 1. ... the sum of the opposite interior angles
2. ... the two base angles are equal.

| /DAE| = | Z/DEB]| ... isosceles triangle
|ZCDA| = | ZACD| ... isosceles triangle
|ZCAM| = | ZCDA| + |ZACD| ... exterior angle

= 2|ZCDA|
But
| /CDA| = |ZDEB| + | ZDAE| ... exterior angle

= 2|/DEB|
Thus

| ZCAM| = 2(2|ZDEB|) = 4| ZDEB|



Solution

But

|ZNAM| = | ZDAE| ... vertically opposite angles
= |/DEB]|

Hence

| ZCAN| + | ZDEB| = 4| /DEB|
| /CAN| = 3|/DEB|

| /DEB| =%|4CAN\.

Revision Exercise 6 (Extended-Response Questions)
1. In the given circle with centre O, [PA] is a tangent and [PR] is a diameter of the circle.

|ZAPQ| = a°.
| ZPQR| = 90°,
because the angle at the circle standing on
a diameter is a right-angle
|ZPRQ| + |ZRPQ| = 90°,
because the sum of all angles in 0
a triangle is 180°
|ZQPA| + |ZRPQ| = 90°
because the angle between to the point

R

of contact with a tangent is 90° 3
|ZPRQ| + |£ZRPQ| = |ZQPA| + | ZRPQ]
|ZPRQ| = | ZQPA|

But | ZPRQ| = |£PTQ|, because angles at the circle standing on the same arc are equal.
Thus | ZQPA| = | ZPTQ|.

2. (i) |XQ2+(30)2 = (110)2
= |XQJ2 +900 = 12100
= |XQJ2 = 12100 — 900

= = 11200
= |XQ| =/11200

=407 (= 105.8 cm)
= |AB| =(40/7)cm

(i) Triangles XYQ and YZT are similar

110 _70+P
30 P-70

= 110P — 7700 = 2100 + 30P
= 110P — 30P = 2100 + 7700
= 80P = 9800
9800
80

= P==—""-=1225cm

= |ZC| = 52.5cm

3. (i) |£BAE| = |ZECD|
| Z/ABE| = | ZECD]
= | /BAE| = | ZABE|
= AAEB is isosceles
(i) (b)is not always true.



5.

_115
4

x =15.36

Then

h=x+7 7

h=124cm

NN

NI

NIN

NI

(i) Divide the quadrilateral into two triangles.
The sum of the angles in the quadrilateral is then
the sum of the angles in two triangles, i.e.
2(180°) = 360°.
(i) (@) v°+ 65°+ 109° + 55° = 360°

ve=131°
(b) x°=360°—21°—42°—15°
Xx° = 282°
and
y° = 360° — 282°
Yo =78°

(iii) |/BED| = %(140") = 70°
| /BCD| = 180° — 70° = 110°



(iv)

(iii)

Solution

By symmetry,
|ZADC| = 87°.
As |ZABC| + |ZADC| = 2(87°)
= 184°
# 180°,
ABCD is not a cyclic quadrilateral.
|ZABC| = |ZADC|  ...rightangles
|AB| = |AD| ... radius

[AC] is common
Thus AABC and AADC are congruent (RHS).
Let x and y be the lengths shown.
We are given that
x+y=12
From the diagram, the perimeter is
2(3.7) + 2(9.6) + 2x + 2y
=2(3.7) + 2(9.6) + 2(x + y)
= 2(3.7) + 2(9.6) + 2(12)
=50.6 cm
Let the length of a side of the smaller square
be 2x and r be the radius of the circle.
Then the length of a side of the
larger square is 2r.
By Pythagoras,
X+ x2=r
2x% = r2,
Area of small square
= (2¢)?
= 4x?
Area of large square
= (r)p?
=4r?
= 4(2x?)
= 8x°
Thus
Area of large square  gx2

Area of small square  4x% 2=2:1

Let r be the radius of the smaller circle and r,
be the radius of the larger circle.
By Pythagoras,
=r+r
’,12 — 2I’2
Area of smaller circle
= 7’
Area of larger circle
= 12
= m(2r?)
= 2712
Thus
Area of large circle 22
Areaof smallcircle a2 2




7. (i) Circumference of rim

(ii)

(iii)

— 27(24) X %
=16m
Let r be the radius of the base of the cylindrical
funnel. Then
27r = 167
r=28
Then by Pythagoras,
h? + 82 = 242
h? =512
h =162
(a) By similar triangles,

[EN

N|—= oo

hy
h
h,=1h

h1=%(16\/7)

h, =82
(b) Volume of funnel
_1_»
3 r°h

Volume of liquid
-3i371)
312/ 12

_ 1 _»
247Trh

1
imrh 24 8

Fraction =

In 10 minutes the volume that flows is
10 X 20 = 200 cm?3,

Let r, and h, be the radius and the

height, respectively, of the liquid

at this time.
Then
rn_ h
8 1612
_h
rz—ﬁ
Then

volume = 200

%ﬂ-r%hz =200

&)Zh _ 600
202 " 0w
h; _ 600
8 T

4800
h3 =21

w

1632

3

3



Solution

1
h, = (4800)§
a
h, = 11.51 cm

Then the distance of the sensor from the top is
16V2 — h, = 16V2 — 11.51
=11.11cm.

8. (i) Letaand b be the lengths shown.
From the diagram
atb+x=y
atb=y—x
Area trapezium = Area BEFC — Area ABEA — Area ACDF

2 2
= hy—%h(a + b)
= hy—%h(y— )
Ay
Ay
zl(x+y)h

2
(ii) Let h be the perpendicular distance between [AB] and [DC]. Then

Area AEDF = %(x +3)h

| —_

Area CBEF = =[(30 — x) + 17]h

2
1
= 2147 = 0h
Given:
%(x +3)h= %(47 — x)h
X+3=47 —x
2x = 44

X =22.



Exercise 7.1

1. (i) A(2,4) B(1,0) = average rate of change = % =—=4

2. Average rate of change =

3. (i) Averagerate of change = >—— = —2

_ _ —300 _ _
4. t=0=d(0) = 5§ +50= =50 +50=0= (0,0

_ _ —300
t=10= d(10) = 75 ¢

+ 50 = —18.75 + 50 = 31.25 = (10, 31.25)

_3125-0_31.25 _25
= average rate of change = 0 =0 10 3

5. (i) 8years
(i) (5,80), (10, 140)

6. (i) SK)=6x
(i) x=2 =SQ2) =6Q22=24 = (2,24)
x=5 = 5(5)=6(52= 150 = (5,150)
150 — 24 _ 126

= average rate of change = 5> 3 42 cm?/sec
7. () P4,8),Q03,3) = slopePQ=3—5==2=5
, _3-525_ —225 _
(i) P(3.5,5.25),Q(3, 3) = slope PQ = 3 35 ~05 4.5
_3—-341_ —041 _
(iii) P(3.1,3.41),Q(3, 3) = slope PQ = 337 o 4.1
(iv) Slope =4
Exercise 7.2
1. () x=0 (iii) x= —2 (v) x= -3
(i) x=13 (iv) x=2 W) x=—" and x=2
2 2
2. () x=0 (ii) %is not defined
3. Tan g = % which is not defined




Solution

4, (i) x=4
(i) x=—=5 or x=5
(i) *—3x—4=0 = (Kx+1)x—4)=0

x—2x+2 2+2 4
(i) lim O +3x —4) = (0)2 +3(0) — 4 = —4
X —

5. () Iimx—l—3_2+3_5

o o x2—x—3_(32?-0B)-3_9-3-3_3
@) m— =337 ~~ 4 4
6. () imXx+2_90+2_ 4

xox—2 0-2
5 6X—3_6(0)_3_—_3
@ lm = 2+0 2

. h?2+2h—6_(2?+22) -6 _ 4+4—6
(i) fim e — =y T3

2
3

C e xX—1 L xFDxe—T _ _
7.0 fim S = fim S i ek =141 =2
x2—4=“m(X+2)M

(ii) "mzx—2 X o7 =Iim2(x+2)=2+2=4
(i) fim 2725 — i X EED) s S5 45210

x—5 X—5 x—5 M x—5
XX —3x+2_ lim x — 2)x—T)

(iv) Xll_r)n1 x—1 x—1  (x=T) =x||—>m1( —2=1-2=-1
2 _
(v) lim X tx—2_ lim w: lim (x+2)=1+2=3
X—1 x—1 x—1 M x—1
N Xx+3 _ xA+73) 0 T -1 __1
M m 1 = M A k=4 3-4 7
x> —9
8. flx) = 3
X 25 | 29 2.999 | 2.9999 3.0000 3.0001 3.001 3.1 3.5
f(x) | 55 | 59 5.999 | 5.9999 | Undefined | 6.0001 6.001 6.1 6.5

Hence, limit = 6

9. (i) lim +=0 (i) i —0 (iii) lim =0
X— 0 X X — o 3x X —
_ 3 -2 _
10. () lim X=2—|jm >—x-3-0_3

XSE2XH3 xomy 3 240 2

U, 4x —3 . _ _4
W, =6 M. e~ 7-0 7
X
1
v o 1—=3x _ .. x—3 _0-3 3
(i) lim = lim === —=
x—wdx+2 x— 4+% 440 4
1. () lim 24— im w140 1
’ n—e3n?—4n n-w3_4 3-0 3
n2
502 — 3 5- 3 5-0 5
.. . n< — T n? _ — _ 2
(i) r!'inoozn2—6n+5_r!'inw2_%+i 2-0+0 2
nZ
2342
n==6n’+51—6 n-=gi5_6 6+0-0 6 3

() Jim % =0



12. (i) flx) =2x—3
fx+h =2x+h)—3=2x+2h—3
= fx+h) —fx)=2x+2h—3—(2x—3)
=2x+2h—3—-2x+3=2h
N fix+h)—fx) _2h

h =2
—~  lim fix +h) — fx) _ lim 2 =2
h—0 h h—0
(i) f(x) = x2

= f(x+ h) = (x + h)? = x? + 2xh + h?
= f(x+ h) — f(x) =x* + 2xh + h? — x2

= 2xh + h?
o fu+h =) _2xh+h?_5
h h
— fim PR T h ok ) = 2x 4 0 = 2x
h—0 h h—0

(iii) fx) =x*+5
= fx+h =Kx+h?*+5=x>+2xh+h*+5
= fix+h —fx)=x*+2xh+h?+5—(x2+5)
=x2+2xh+h*+5—x*—5

= 2xh + h?
_ fut =) _2xh+h?_5
h h
= |im w: lim (2x + h) = 2x
h—0 h h—0
13. lim X=3_ = |im (x—3]

x—3x3 =27 x—-3(x=3)x*+3x+9)
1 1 1

L e v Rl £ PR ey Rl

14. f(n) = (1 + %)"

n 1 2 5 10 100 1000

10000

f(n) 2 225 | 2488 | 2.594 | 2.705 | 2.717

2.718

Hence, approximate value fore = 2.718

Exercise 7.3
1. (i) f(x) =5x
= f(x+ h) =5(x+ h) = 5x + 5h
= f(x + h) — f(x) = 5x + 5h — 5x

= 5h
fx +h) —flx) _5h _
=T ~h°
= lim foet b =0 _ iy 5=5
h—0 h h—0

S fx)=5




Solution

(i) fix) =3x—4
= fix+h =3x+h —4=3x+3h—4
= fix+h —flx) =3x+3h—4—(3x—4)
=3x+3h—4—-3x+4

=3h
fx +h) —fx) _3h _
> p 3
= lim foet b =0 _ iy 3=3
h—0 h h—0
S fx)=3

(iii) fix) =6 —4x
= fix+h)=6—4(x+h)=6—4x — 4h
= fix+h) —flx) =6 —4x —4h — (6 — 4x)
=6—4x—4h — 6 + 4x

= —4h
fx+h) —flx) _ —4h _
= 5 == =4
= lim fxt h) — 00 _ lim —4=—4
h—0 h h—0
S f'x) =—4
(i) fx) = x2

= f(x+h =Kx+h?2=x2+2xh+ h?
= fix+ h) — f(x) = x2 + 2xh + h? — x?

= 2xh + h?
o fxth=f0 _2xh+h_, )
h h
— i TP T i ax 4+ by = 2x
h—0 h h—0
s () = 2x

(i) flx) = 2x% + 9%
= fix+ h)=2(x+ h)2+ 9K + h) = 2x> + 4xh + h* + 9x + 9h
= fix + h) — f(x) = 2x*> + 4xh + 2h?> + 9x + 9h — (2x*> + 9x)
= 2x*> + 4xh + 2h?> + 9x + 9h — 2x*> — 9x
= 4xh + 2h? + 9h

fix + h) — f(x) _ 4xh + 2h* 4+ 9h

= p ’ =4x+2h+9

= lim fxt h) — flx) _ lim (4x +2h +9) =4x+ 9
h—0 h h—0

SFX)=4x+9

(iii) fx)=3x2—4x—6
= fx+h =3x+h?—4x+h —6=3x>+6xh+3h>*—4x—4h—6
= fix+ h) —f(x) =3x>+6xh+3h>—4x—4h—6 — (3x* —4x — 6)
=3x>+6xh+3h*—4x—4h—6—-3x>+4x+ 6

— 6xh + 30 — 4h
SCEIET IR LR NP,
o lim XD 2RO iy (6 + 3h — 4) = 6x— 4

h—0 h h—o0



3. () fx)=x>—2x+5
= fx+h =Kx+h?—2x+h) +5=x2+2xh+h>?—2x—2h+5
= fix+h) —fX)=x>+2xh+h>—2x—2h+5—(x>—2x+5)
=x2+2xh+h*—2x—2h+5—x>+2x—5

=2xh + h? — 2h
N f(erhrz—f(X):2xh+if:2—2h:2)(+,,,_2
— fim R Z Y ok 2h— 2 = 2x— 2
h—0 h h—0
) =2x—2

(ii) Point(2,5)=slope=2(2)—2=4—-2=2

(iii) Equation of Tangent:y — 5 = 2(x — 2)
=y—-5=2x—4
=2X—y+1=0

4. f(x) = kx?
= f(x + h) = k(x + h)?> = kx*> + 2kxh + kh?
= f(x + h) — f(x) = kx? + 2kxh + kh? — kx?
= 2kxh + kh?

N fix + h) — f(x) _ 2kxh + kh?
h N h

= 2kx + kh

~ im R Z AN L ke + kh) = 2kx
h—0 h h—0

S (x) = 2kx

-

5. (i) fix) = —x?
= fix+h =—-Kx+h?=—(x*+2xh+h?) = —x>—2xh — h?
= fix+ h) — fix) = —x*> — 2xh — h* — (—x?)
= —x>—2xh — h> + x> = —2xh — h?
o fxth) = fo _ —2xh—h? _

h = > —2X—h
~ gim TR TR0 o = —ax
h—0 h h—0
S0 = —2x

(i) fx) =4x — x?
= fix+h) =4(x+ h) — (x + h)? =4x + 4h — x* — 2xh — h?
= fix+ h) — f(x) = 4x + 4h — x2 — 2xh — h? — (4x — x?)
=4x + 4h — x> — 2xh — h? — 4x + x?

= 4h — 2xh — h?
L fu+h =) _sh—2xh—h>_, , |
h h
= gim TR T 4oy =4 — 2
h—0 h h—0
S f(x)=4—2x
(iii) fx) =2 —x— 3x2
= fx+h=2—Kx+h —3x+h?2=2—x—h—3x2—6xh — 3h?

= fix+h —fx)=2—x—h—3x*—6xh—3h*— (2 —x—3x%)
=2—x—h-3x2—6xh—3h?— 2+ x+ 3x?

— —h—6xh— 3
N fix + h) — fq) _ —h—6xh=3h>_ _, . 3
h h
o gim TR TR0 1 e — 3 = —1 — 6x
h—o0 h h—0

S f'x)=—1—6x



Solution

6. f(x) =2x* —3x— 2
=fx+h =2x+h?—3x+h —2=2x2+4xh +2h?—3x—3h—2

=fx+h) —fx) =2x2+4xh +2h> —3x —3h—2 — (2x* —3x — 2)
=2x2+4xh+2h?—3x—3h—2—2x2+3x+ 2

= 4xh + 2h? — 3h
. f(x+hf3—f(x):4xh+2hhz—3h=4x+2h—3
o gim TR 7 i ax 4 2k — 3) = ax— 3
S fx) =4x—3

(i) Point(3,7) = slope =4(3) —3=12—-3=9
(ii) Equation of Tangent:y — 7 = 9(x — 3)
=y—7=9x—27
=9%—y—20=0
7. A=f(r) = mr?
=f(r+ h) = 7(r + h)?> = @(r* + 2rh + h?) = @r’ + 2zwrh + @wh?
=f(r+ h) — f(r) = 7r* + 27rh + wh? — 72

= 27rh + mh?
N flr + hfz — f(r) _ 27Trh;‘ mh? _ mr + h
= lim w: lim 2z + wh) = 2ar
h—0 h h—0
. ! :d_A:
S (N ar 27r

8. fx) =x>—3x+1
=fx+h=Kx+h?2-3x+h+1=x2+2xh+h?*—3x—3h+1
=fix+h) —fx)=x>+2xh+h>—3x—3h+1—-(*—3x+1)

=x2+2xh+h>—3x—3h+1—-x>+3x—1

=2xh + h? — 3h
fxth) = f) _2xh+h>=3h _, ) 5
h h
o i TP T o h—3) =2 — 3
h—0 h h—0
Sfx)=2x—3

Slope of tangentis zero = 2x — 3 =0

= _3_41
=2X=3 =X ) 12
3} _ (3P _5[3
;‘f(i)_(z) 3(2)+1
-9_9 __1 O |
=2-2+1=-15 = Point (1, 12
Exercise 7.4
dy
N e A
1. (i) y=5x :>dx 25x%
(ii) =5x2—4x:>ﬂ=10x—4
y dx
dy
pn o B ay _
(iii) y = 6x* + 5x 4:>dx 12x + 5
dy
H — 3 I 2 __
(iv) y=x 8x+2:>dx 3x°— 8



(V) y=x*+2x+

dy _
a—ZX"'z

(i) y=23+ x>+

d
—y=6x2+2x—2x’3=6x2+2x——3
dx X

X

1

IX?2=2x+2—-=
X

1

X2

=x2+2x+ x!

1

23+ x2 4+ x2

(i) fix)=7x%— % =7x*—3x""

2

:>f’(x)=14x+3x’2=14x+%
1
(i) f(x) = 3vx = 3x2
1
) =34y 2=_3_
=f(x)=3 > X 3%
1
(i) f(x)=2\/7+%=2x2+2x*2
) =2 .y 2 _gy3=_1 _4
=f'(x)=2 2x 4x A
1
(iv) f(x) = x? — 5yX = x?> — 5x2
1
1) — 9y Dy 2 9y D
= f'(x) = 2x 2x 2x 3%
_3 302
(v) f(x) = 3x
3 3_-3_ -3
=f(x)=—2x 2=—=
2 3 3
2 203
Ny — 24 1 a2 173
(vi) f(x) =3x +2\/7 3x +2x
-3
) = —6y—3 — 12 — —6 _ 1
= f'(x) 6x 4x = e
1 10
y=3X +2x 6x
d
—iz%-3x2+%~2x—6=x2+x—6
1
(i) fx)=¥x=x3
2
1. -3 1 1
=fx)=5x 3=—=
3 2 3,2
33 3Vx?
1
(i) f(x)=3ﬁ—%=3x2—x*2
=3y 7433 42
= f'(x) X + 2x %
_1
(iii) o) =2+ 3 =451+ 3x 2
X X
! — —2_27%:_i_ 3
= f'(x) 4x 2x 2 o



Solution

1 1
(v) f(x) = 2Vx + Ix = 2x2 + x3

-1 g 2
=f'(x) = 1x 2+§x 3=

1,0
X 3
(vi) f(x):x2+3—%=x2-|-3—4x2:3—3x2
=f'(x) =0— 6x=—6x

1
5. y=vx(1+vx)=Vx +x=x2+x

dy 1. 3. ._ 1
&—EX +1_ﬁ+1
dy _ 1
Whenx=4 = —-=—+1=

dx 2/4

1

6. f(X) =x3+2yx = x>+ 2x2

1

SF=32+1.x 2=32 + L

1 1
— =48+ =
% 2

>

— F/(4) = 347 + 483

9. fX)=x2+kx=f(x)=2x+k
=f(—1)=2(—1)+k=3
=—-2+k=3 = k=5

1
‘I —_ —_——
10. y=VX + —=x2+x 2
0. y=1x x xX*+x
dy 15 1,51 1
x 2 2 2/x 3
2x?
-1 __1
20X 2xIx
_x—1
2xVx
M. y=x>—2x—-3
d
:>—y=2x—2

dx q
Point (2, 3) = slope = d_i =212)—2=2



12. y=2x* —3x + 4

d
:>—y=4x—3

dx
: _dy_ _
PmntU,3):>ﬂope——a;—— (Mm-3=1
Equation of tangent:y — 3 =1(x — 1)
=y—3=x—1
=x—y+2=0

1. y=6+x—x°

dy
:>a =1 2x
: dy
Point (2,4) = slope=—=1-2(2) = -3

dx
Equation of tangent:y — 4 = —3(x — 2)
=y—4=-3x+6
=3x+y—10=0

14. y = 8 + 2x — x?
dy
:>a—2—2x
Slope =6 =2—-2x=6
=—-2X=6—-2=4
=2X=—4 = x=—2

dy
=x2 — = 9y —
15. y=x X:>dx 2x — 1

Slope=1=2x—1=1
=>2=2 =2x=1
=y=(1)2—1=0= Point (1,0)
d
16. y=2x2—x—4:>d—§=4x—1
Slope=3 =4x—-1=3
=4x=4 =>x=1
=y=2(12?-1-4=2-1-4=-3=Point (1, —3)

dy
17. y=x*+ax =-—-=2x+a

dx
dy
Whenx=—1:slope=a=2(—1)+a=3
=—-2+a=3 =a=5
18 =x2—3x+4z>g=2x—3
i dx
T I 2 1 |
Whenx =11 =2 =2(13]-3=3-3=0
Hence, tangent is parallel to the x-axis.
dy
19. y =2x* — 8x + 3 :&=4x—8

= — :4

Line:4x —y +2=0 = slope = — _i1

a
b
Hence,4x —8 =4

=4x =12 =x=3
=y=23)?—-83)+3=18—-24 +3 = —3 = Point (3, —3)



Solution

dy
20.y=2x2+3x:>a=4x+3
Tangent is parallel to the x-axis = slope = 0
=4x+3=0
_ - _3
=4x=-3=x Z
— o[ =3\ (—_3):2_2:—_9 :(—_3—_9)
=y=42[+3F|-5-3-% =P- T

1
2l. y=alx +b=ax>+ b

dy_ 1 *%_ a
“ax 92X Tax
_ Yy__a _a_ -
x—4:>dX 2 4 3 =a=12
Point (4,6) =6 =aV4 + b
=6=122+b

= —b=-6+24 =>b=-18

d —
22, y:%:?)X71 :>d—§:_3X72:7

: 3 _-3_-3
P0|nt(2,2):> =

Equation of Tangent: y —% = - %( -2)

=4y —-6=—-3x+6

=3x+4—12=0

PointAonx-axis ==y=0 =3x=12
=x=4=A(4,0)

PointBony-axis =x=0 =4y =12
=y=3=B(0,3)

Area Triangle AOB = %|x1y2 — X1

|(4)(3) — 0.0]

[12] = 6 sq.units

N[—= N—=

Exercise 7.5
1. () y=0Bx+4)x—2)
ProductRule=u=3x+4 and v=x-—2

du :>_CV =
= dx =3 dx !
dy dv du 4 (x=2
- ™ + V— =0Bx+4).(1) (x )(3)

=3x+4+3x—6=6x—2
(i) y=0Bx—4)4x+5)
ProductRule=u=3x—4 and v=4x+5

du dv
xS x4
dy dv du _
T = UGt g = Bx—4).(4) + @x +5).0)

=12x—16+12x+ 15=24x — 1



(i) y=02+2)x — 1)

(iv)

ProductRule=u=x*+2 and v=x—1

du _ dv _
:>a—2x :>dX 1

dy  dv du _ ., _

a—uaJrva—(x +2).(M+x—1).(2x)

=x2+2+22—2x=3x2—2x+ 2

y=2x—1x*—2)

ProductRule=u=2x—1 and v=x2-—2
du _ dv_

:>dx—2 :>dx 2x

dy dv, du_ . 2 _

a—ua+v3—(2x 1).2x) + x*—2).(2)
=4x* — 22X+ 2x° — 4
=6x2—2x—4

y=(1-x02—-x%

ProductRule=u=1—-—x and v=2-—x?

du dv
:a_ ! :>dx 2
9y _  dv du _ 1 _ oy (— 2 (—
ax udx+vdx MT=xC2x)+2—x9).(—1)

=-2X+t2X*—2+x°

=3x>2—2x—2
y=03—=12x+1)
ProductRule=u=x>—1 and v=2x+1

du _ 5 dv _
:>dx 3x :>dx 2
dy dv du _ .3 2
a—ua+v3—(x 1.2+ 2x+1).(3x%)
=2x* — 2 + 6x3 + 3x?
=8x3+3x2—2
_ 3x
f(X)_2x+6
QuotientRule=u=3x and v=2x+6
du dv
?a—3 :>d——2
du _ , dv
f,(x):"& “&:(2X+6)(3)—(3X)-(2)
V2 (2x + 6)?
_6x+18—6x_ _ 18
(2x + 6)2 (2x + 6)2
_2x+3
fo) =5
QuotientRule=u=2x+3 and v=x—1
du _ dv _
ja_ :>dx
du dv
f,(X)_VE “&_(X—1)(2)—(2X+3)-(1)
V2 (x —1)?




Solution

(i) ) = 55—

QuotientRule=u=x*> and v=2x+3

du _ dv _
:>a—2X :>dX 2
du

d
pog— Vo~ Ys_ 2x+3).20 —00).)
v (2x + 3)2
_ AP+ 6x — 2% _ 2x2 + 6x

(2x + 3)2 (2x + 3)?

. _2x2—1
(iv) fix) = X3

QuotientRule=u=2x*—1 and v=2x—3

o VT UG (2x—3).(4x) — (2x2—1).(2)
Fl = 2 o 2
v (2x — 3)
8 —12x—4x* +2 _ 4x* —12x + 2
(2x — 3)? (2x — 3)?

) flo =25

QuotientRule=u=2x¥ and v=1-2

du _ . dv _ _
:>dx 6x :>dx 2

pog = VB s (1-20.60) ~ (2).(-2)
v? (1 —2x)°
_ 62— 12x3 + 4x3
(1 — 2x)?
_ —8x + 6x?
(1 — 2x)?

. 3x+ 2
(vi) flx) = X —3
QuotientRule=u=3x+2 and v=x2—-3
du _ dv _
= dx 3 = dx 2x
Ve Tl (2 —3).3)—(Bx+2).(2x)
V2 (x? —3)?
_3x*—9 —6x° — 4x
(x*—3)?
_ —3x*—4x—9
(x? — 3)?

_ X +1
3x—1
QuotientRule=u=x+1 and v=3x-—1

:>a—2x :>dX

dy Ve TUR Bx—1).20-+1)-0)
dx v (Bx — 1)
_6x*—2x—3x*—3
(3x — 1)?
_3x*—-2x—3
(3x — 1)2

dy 3(0°—-20-3_ -3 -3
1

3.y

Atx=0=—= = = =—2=-3

dx [3(0) — 112 (—=1)?




4. y=Vx.(2x— 1)

ProductRule=u=vx=x2 and v=2x—1

dx 2 2VX dx
%zu%+v%=(&).2+(2x—1).21—ﬁ
V%) . (V%) + 2x — 1
B 2VX
_Ax+2x—1 _ 6x—1
B 2VX 20X

5. y=Wx+4)(x —4)

1 1
ProductRule=u=Vx+4=x2+4 and v=Vx—4=x2—4

du_13__1 dv_1.-1_ 1
a2 T “ax 2T x
d)’_ dv du _ 1 1
UG Ve A )+ x4 5]
1.4 _1_ 4 _
_2+2J7+2 2VX !
X
R =
QuotientRule=u=x and v=1—x?
du _ dv_ _
?a— :>dX 2X
dy _VEUS (1-).() — 0(=2%)
dx V2 (1_X2)2
— 2 2 2
_1—x+2x_ 1+x >0

(1—x? (1 —x?
7. () y=(x+4)?
ChainRule = letu=x+4 and y=u?
du _ dy _
éa— :>du 2u
dy _dy du_ 5y =
a—m-a—Zu.1—2u—2(x+4)
(i) y=2x—1)3
ChainRule=letu=2x—1 and y=u?
du _ dy

— — 2
:>dx :>du 3u

X au_ 4,0 — A2 — _1\2
I du dx 3u?.2=6uU 6(2x — 1)

(iii) y=(3x+5)3
ChainRule = letu=3x+5 and y=u3

du _ Y3
= dx 3 ~ du 3u
dy dy du_ 5 5 5 e 2

dY_dy du _ _ 2 _ 2 _
a_m.a—Zu.ZX—Z(X 1N.2x=4x.(x*—1)



Solution

(v) y=(2x*> + 3)*
ChainRule = letu=2x*+3 and y=u*

(vi) y=(01—3x)p°

du Y _ .
:>dx— 3 :>du S5u
dy _dy du_ o4 0 aca_ V!
E—E‘E—SU .—3= 15u" = 15(1 3X)
1 1
. 1 1 -1 2
. =Vax+1=@x+1)2=f)==@x+1) 2.4=
8. (i) fix) 4Ax + 1 = (4x 13:>f(x) 2(4x 1)1 4 I T
(ii) f(x)=\/x2—4:(x2—4)7:>f’(x)=%(x2—4)_5.2x= X -
7
1 _1
(i) 0 =10 = 2x = (¢ = 207 = FX) = 206 = 20 2.(3% ~2)
_3¢-2
20x3 — 2x

9. (i) y=2x.(2x+ 5)3
Product Rule = letu=2x and v=(2x+5)3
du dv 2 5

:522 :>523(2X+5)

= 6(2x + 5)2

dy dv du _ 2 3
a—ua+va—2x.6(2x+5) + (2x+5)3.2

= 2(2x + 5)3 + 12x(2x + 5)2

(ii) y= 02— 1)(3x + 2)?
ProductRule = letu=x2—1 and v=(3x+ 2)?2

du _ dv _ 12—
:>dX 2Xx :>dX 2Bx+2)'.3=6(03x+ 2)
dy _ dv du _ .o 2
a—Ua‘FV&—(X 1)6(3X+2)+(3X+2) . 2x

=6(3x+ 2)(x* — 1)+ 2x(3x + 2)2

(iii) y = (x +4)*.(x — 2)
ProductRule = letu=(x+4)2 and v=x-—2
du dv

— 1 —_—
= A 2+ 4)".1 = I 1
=2(x + 4)
dy dv. du_ 2 _
a—ua+va—(x+4).1+( 2).2(x + 4)

=(x+4)2+2x—2)(x+4)

d
10. y = (x> — 3)3:—)/ = 3(x* — 3)%. 2x = 6x(x* — 3)?

X
dﬁ = 6(1)[(1)2 = 3P = 6(~2) = 24

When x =1 :>d—



11.

13.

(2x — 1)?

Y= 3x+4
QuotientRule=u=2x—1)?? and v=3x+4
du _ 1y dv _
dx 22x—1)'.2 :>dx 3
= 4(2x — 1)
QZV$—U%:(3x+4).4(2x—1)—(2x—1)2.3
dx V2 (3x + 4)2
B dy (3(0) +4).4(2(0) — 1) — (2(0) — 1)2.3
AtX—0:>a— (3(0)+4)2
_@E@E=1-MmB) _ -16—-3 _ —19
(4)2 16 16
12, y = (2x2—3)7:>%=7(2x2—3)6.4x
_ d)/_ 12 _ 26 Al
Atx = 1:>a— (2( 1) 3) L4(—=1)
=7(2—3)°.(—4)
=7(—1)°.(—4)=7.(01).(—4) = —28
) = xix + 1 B
ProductRule=u=x and v=Vx+1=(x+1) 2
du _ dv_1 7__ 1
“ax ! “ax 2% T e

:x+2\/x+1 x4+ 1
2ix + 1
X+ 2x+ 1)
20x + 1
_Xx+2x+2_ 3x+2
2x + 1 2Ux + 1

14. 42+ 2xy =5
= 2xy =5 — 4x?
5 — 4x2
=y= 2x
QuotientRule=u=5—-4x> and v=2x
:>dx— 8x :>dx 2
d d
dy _ Ve~ Ug _ (2x(=8x) — (5 — 4)(2)
dx v2 (2x)2
_ —16x> — 10 + 8x?
4x2
_—8*—10_ —4x*—5
4x? 2x?
X
15y =% )
QuotientRule=u=x and v=Vx+1=x2+1
du _ dv_15_ 1
Tax ! & 2 Tk
1
d d VN

dx V2 (Vx + 1)?



Solution

2Vx(vx + 1) — x
2Vx

(VX +1)?
_ 22X+ 2x —x
2VX(VX + 1)
__x+2ix _ IxlUx +2)
20X(VX + 172 2VX(VX+ 1)?

__Ix+2
2(vx + 1)?
dy  y1+2 1+2_3
Atx=1=-—"-= = =2
dx 2(yT+1)2 22?2 8
_3x+1
16.y—1_2X
QuotientRule=u=3x+1 and v=1-—2x
T ax = dx 2
dy vl (1-20.3-Bx+1).(-2)
dx v (1 — 2x)?
_3—-6x+6x+2_ 5
(1 — 2x)2 (1 —2x)?
1
17. f(x) =V3x2 — 2 = (3x%2 — 2)2
_1
S P =132 -2 2 ex=—X
2 3x2—2
3(1) 3
Whenx=1=f(1)=———m==>===>=3
W Mmz2—2 1 1
3 1
18. y=(x — 1)? — 3(x — 1)?
dy _3 3 1 -3
_3x—=1_ 3 _3lx—1)Wx—1)-3
2 2x — 1 2x — 1
=3(x—1)—3
2ix — 1
_3—-3-3
2x — 1
_3x—-6
29x — 1
_3x—-2)
29x — 1
19. y = ax® + 2bx* + 3cx
d
d—§=3ax2+4bx+3c=6x2+6x—6
=3ad=6 and 4b=6 and 3c=—6
- _6_,1 _
= a=2 =b 7 12 = 2
_ 4x
20'y_x+3
QuotientRule=u=4x and v=x+3
:>d_u:4 :ﬂ:

dx dx



dy Vo T Ug (x+3).(4) — (4x).1
V2 (x + 3)?
_Axt12—-4x_ 12
(x + 3)? (x + 3)?

1
_ | 4x _ | 4x \2
f(x)_Vx+3_(x+3

= f(x) =

(b)

_ 1 _4x )—%, 12
2\x + 3 (x + 3)?

=3x2—2)+1
=3x2—6+1 =3x2—5
(i) gbx) = g(ftx))
=g(3x+1)
=0Bx+1)2-2
=0’ +6x+1—-2=9x>+6x—1
p(x) =3x> — 5=p'(x) = 6x
gx)=9x*+6x—1=qg'(x) =18x+ 6
Solve p’(x) = q'(x)
=6x=18x+6
= —12x=6
= —2x=1

__1
=x=—3

Exercise 7.6
1. y=x+ 2x?
dy

= —==3x*+ 4x
dx

= dy =6xt+4
dx?

2. y=x*—-3x+6
y

d
= = =4x* — 6x

X

d?y
i@: 122 — 6



Solution

= =y
3.y XX
dy 72
éa— 1x
d’y 2
=>—==2x3==
dx? X3
_ 1 o
4.y—;+3x2—x2+3x2
d
Y x4 6x
dx
d’y 6
=——=6x*+6==+6
X2 x4
5.y=3x+ - +4=3x+x"+4
dy 72
ia—
d’y 2
= —==2x3
dx? x3
1
6. y = Vx = x?
dy 1 —%
ax 2°
d? -3
dx? 4 43

1
7. y=12x+3 = (2x + 3)?
1

1

d_1 29— 2
:>dx 2(2x-|-3) 2=2x+3)
dy 1 - —1
=—2(2x+3) 2.2=
dx? 2( ) (2x + 3)3
8. y=03x—2)3
:>ﬂ=3(3x—2)2 3=9(3x — 2)?
dx )
d2
=&Y 18(3x — 2)1.3 = 54(3x — 2)
dx?
= 1 = =1
9.y P (x + 4)
dy .
?a— 1(x + 4)
d’y 2
—Z=2x+4) 3=
e bt 4) (x + 4)°

10. y=x*—x>+4x—1
dy

=—=43-3x+4
dx
d?y
=—==12x2 — 6x
dx?
d?y

Solve =—2=0 =12x—6x=0
dx?
=6x2x—1)=0

_ol
:X—QZ



11. y=3x—|—%=3x+4x‘1

12.

14.

dy _ o 4

1
fix) = % +4Vx = 2x 1 + 4x2

_1

=fKx)=—2x"2+2x 2
_3

=f'X)=43—-x 2==——

Hence, f"(4) = 4 _
4

d?y

dx?

4
- 4%(12)(2) — (4x3)?
= 43—8x6 — 16x°

= 16x° — 16x5=0

Hence, %




Solution

Exercise 7.7

d
1. (i) y=sin2x :>d—i=c052x.2=2c052x
(i) y = cos 6x :>d_§: —sin6x.6 = —65sin 6x
dy
(i) y = tan4x e sec?4x .4 = 4 sec® 4x
d
(iv) y =sin(2x + 3) = d_i = cos(2x + 3) .2 = 2 cos(2x + 3)
dy . ,
(v) y=cos(3x — 1) :&=—5|n(3x—1).3=—35|n(3x—1)
(vi) y = tan(x?) = d_i = sec?(x?) . 2x = 2x sec?(x?)
- Y IR B S |
(vii) y—sm(zx) :>dx cos(zx) 5 2coszx
(viii) y = cos(x?> — 1) :>d—§ = —sin(x2 — 1).2x = —2xsin(x2 — 1)

d
(ix) y = sin 2x + cos 4x :>d—§=c052x.2—sin4x.4

= 2cos 2x — 4 sin 4x

dy
N ay
2. (i) y=sin*x = 2 sin x cos x
(i) y = cos*x :>d—§=3coszx.—sinx= —3 cos?xsinx
d
(i) y =tan*x = d_i = 4tan’ x sec® x
, : dy .
(iv) y = sin3(4x) e 3 sin?(4x) . cos(4x) . 4

= 12 sin?(4x) cos(4x)

(v) y=cos?(2x + 1) i% =2cos(2x+ 1). —sin2x +1).2
= —4cos(2x + 1) sin(2x + 1)

(vi) y=tan*@dx +3) = % = 3tan?(4x + 3).sec¥(4x + 3).4

= 12 tan?(4x + 3) sec? (4x + 3)

d
3. (i) y=2sin36+ cos26 :>—y=2cos30.3—sin26.2

do
=6c0os360— 2sin 20
(i) y=tan? 6+ tan 26
dy 2 2
:@=2tan0.sec 0+ secs20.2

= 2tanfsec? 0+ 2 sec?26

(iii) y = cos 46 — cosg

>

. . 1
sin460.4 sm4 7

— A 1..9
= 4sm40+4sm4

Q_|Q_
SIS

(iv) y=tan36+5

dy _ .. >
:%—3tan 0.sec’ 6



4. (i) y=xsin2x
Product Rule = letu=x and v =sin2x

du _ dv _
:>dx—1 :>dx COS 2x.2
= 2cos 2x
dy _ dv du _ :
a—Ua+Va—X.2C052X+S|n2X.1

= 2x oS 2x + sin 2x
(i) y =x>cosx
ProductRule = letu=x*> and v =cosx

du _ dv _ _ .
:>dX—2x :>—dx sin x
dy dv du _ .
a—ua+va—x. sin x + cos x.2x

= 2XCos X — x2sin x
(iii) y = (x + 3) sinx
ProductRule=letu=x+3 and v=sinx

du _ dv _
ia— :>dX COS X

dy _ dv, du_ -

a—ua+va—(x+3).cosx+smx.1

= (x + 3) cos x + sinx

5. y =sinx cos x
Product Rule = letu =sinx and v = cosx

:%zcosx :ﬂz—sinx
dx dx
d
& uﬂ+ v%= sin x. —sin x + CcoS X . cos x
dx dx dx

= cos? x — sin?x
= COS 2x
6. f(x) = cos x.tan x

sin x
CoSs X

= COSsX -

=sinx
= f'(x) = cos x

d
7. (i) y=sin2x :>d—i=c052x.2=2c052x

dy
Atx =1 =—-—=2cos2m=2.1=2
dx
(ii) y =xcosx
ProductRule=u=x and v=cosx
du dv _

-—=1 —— = —sinx
:>dx :>dx >
dy dv du
——=U-—+v=—=x.—sinx+cosx.1
dx dx dx
= —xsinx + cos x

d
Atx = === —gsin 7T+ cos

dx

=—m0)—1=—1



Solution

d
(i) y = sin®x =Y Jsinxcosx

dx
dy .
Atx = :>a=25|n77.c0577=2(0)(—1)=0
8.y=tanx=ﬂ
CoS X
Quotient Rule = u =sinx and v =cosx
:>d—u—cosx :ﬂ——smx
dx dx
du _  dv . .
ﬂ Vax ~ Ydax _ cosx.(cosx) — sinx.(—sinx)
dx V2 cos’x
2 2
_ cos x+25|n 12 = sec2x
cos? x T Cos?x

9. f(x) = (sinx + 1)2
= f'(x) = 2(sinx + 1) .cos x

= f’(%) = 2(sing + 1) . cos%

V3 _3/3

_ 51 I3
_2(2“) 2

10. y =sinx + 3 cos x

d
:>d—§=cosx+3(—sinx) = cosx — 3sinx

H dy Ly
ence,cosxdx ysmx

= cos x(cos x — 3 sin x) + (sin x + 3 cos x)sin x
= cos2x — 3 sinxcos x + sinZx + 3 sin x cos x
=1

11. y =sin 2x — 2x

dy
:azc052x.2—2=2c052x—2
=2(1 —2sin2x) — 2
=2—4sin2x — 2= —4sin 2x

12. —cos(4 )
é% = —sin(%ﬂ'x) '%77
At x=4 :%z—sin(%-w.ﬂ-%w
=—Sih77-%77=0-%77=0

13. f(x) = cos3(2x) = f'(x) = 3 cos?(2x). —sin(2x) .2
= —6 cos? (2x) . sin(2x)

At ng :>f’(g)= —6c052(2-£)sin(2-ﬂ)

V3 3v3
— 2T — — —
= —6cos —sm = 6( ) > = 7

14. (i) fix) =cos2x = f'(x) = —sin2x.2 = —25sin 2x
(i) gix) =2sin’x = g'(x) = 4sinx.cosx
Hence, f'(x) + g'(x) = —2 sin 2x + 4 sin x cos x
= —2.2sinxcos x + 4sin x cos x
= —4sinxcosx +4sinxcosx=0



d
15. y=sin3x:d—i=cos3x.3=3cos3x

d’y .
:>W = 3(—sin 3x.3)
= —9sin3x = —9y

16. y = tanx+%tan3x

d
:>—y= sec2x+l- 3tan?x.sec?x
dx 3
= sec?x + tan? x.sec?x

= sec?x(1 + tan?x) = sec? x.sec?x = sec* x

17. y = 3sinx + ksin 3x

d
:>—y=3cosx+kcos3x.3
dx

= 3 cos x + 3k cos 3x

dy
aa T a
= — -2 = _+ o |—| =
When x 3 :>dx 3cos3 3k cos 3 (3) 0
:>3cosg+3kcosw=0
=32+ 3k-1)=0
3— =
:>2 3k=0
=3—-6k=0
= —6k=-3
1
= k—2
_ sinx
18'y_2+cosx
QuotientRule = u=sinx and v=2+4 cosx
du _ dv_
:>dx—cosx :>dx sin x
Jdu _dv
ﬂ: dx dx _ (2 + cos x) cos x — sin x (—sin x)
dx V2 (2 + cos x)?
_ 2cosx + cos’x + sin’x
(2 + cos x)?

_1+4+2cosx _ a+ bcosx

(2+ cosx)? (2 + cosx)?
=a=1b=2

Exercise 7.8
1. (i) y=sin"T6x
Chain Rule = u =6x and y=sin""u

du dy 1
Tdx :E:\H—uz
dy _dy du__ 1 ,___ 6
dx du dx |1 — 2 1 — 36x2
(i) y=tan"'3x
ChainRule=u=3x and y=tan'u
du dy _ 1
T AT
dy _dy du_ 1 3

dx du dx T+uZ ° 1+ 9x2



Solution

(iii) y=sin""(2x + 1)
ChainRule=u=2x+1 and y=sin"u
du N dy 1
dx du 1 —¢2

2
.2 =
dx du dx ,[1_u2 1[1_(2)(_’_1)2
2

{1 —(4x2 + 4x + 1)
2 _ 2

_\/1 —4x2 —4x — 1 [ —4x2 — 4x

(iv) y=tan™"(x?
ChainRule=u=x* and y=tan'u

du _ dy 1
ja_zx T du T+
dy _dy du__ 1,2 _ %
— T e— 0 c—— T e—— X_ =
dx du dx 142 T+(x3)2 1+x

2, y=sin""3x—1)
ChainRule=u=3x—1 and y=sin""u
du :>d_y: 1
dx du 1 -2

3
.3:
dx du dx (7.2 1= (Bx— 1)
3

1 —(9x —6x+1)
_ 3
V1 —9x2 +6x—1
3
16X — 9x2

3. (i) y=sin"12x
ChainRule=u=2x and y=sin""u

du dy 1
=3 =2 jdu_ﬁ_uz
dy_dy du__ 1 ,__ 2
dx du dx 1 -2 1 — 4x2
d
Atx=0 2 2 _2_,
dx {1-402 V1-0 1
(i) y=tan""4x
ChainRule=u=4x and y=tan'u
du _ dy 1
T ? Tdu T+
b _dy 1, 4
dx du dx 1+u? 1+ 16x?
d
px=1 Y___a s e,
dx 1+16(%)2 1T+16-% 2

4. (i) ix) =sin"1=

ChainRule = u = % =-3x2 and y=sin'u

-3 dy 1
dx X T g




_ -3
2
XZXX29
- -3
X2 —9
X
Ix?
- -3
X2x2—9
X
_ -3
xix2—9
i frg _15
(i) f(x) = tan "
ChainRuIe:>u=% and y=tan'u
du _ 1 dy 1
dx 4 “du Ty
oYW du_ 1 1
dx du dx 1+4+u? 4
S |
R
-1 1
142 4
6+x2 4 xX+16  x2+ 16
16 4
5. (i) y=xsin"'x
ProductRule=u=x and v=sin"'x
du _ dv _ 1
:>dx_1 ~ dx 1 — x2
dy dv du 1 —
d—X—ua+ a—x m-l—sm x.1
_ X ia—1
= + sin"'x
1[ 2
(i) y=2x.tan'x 1-x
ProductRule=u=2x and v=tan 'x
du _ dv _ 1
:‘&_2 :>dx_1+x2
dy  dv, du_ 1 »
&—Ua‘l’V&—zx W-ﬁ-tan X.2
_ -1 2x
2tan X+1+X2
6. y = (sin""x)?
ChainRule=u=sin""x and y=u?
du _ 1 d_Y_
dx {1 -2 “qu
dy dy du 1T o 1
d—X—E 5—2 1_X2—25|n X _X2
2sin"'x




Solution

7. y = f(x) = sin"" (cos x)
ChainRule=u=cosx and y=sin""u

du _ _ dy _ 1
:>dX— sinx :>du —
, dy dy du_ 1 B
f(X)—a—E a—ﬁ Sin X
1 .
=——— - —sinx
{1 — cos? x
1 .
= - —sinx
ysin? x
= NX_ k=
sin x

8. y = fix) = tan" ' (cos x)
ChainRule=u=cosx and y=tan'u

du——' ﬂ:—
Tax o onX T du T+
oy Y _dy du_ 1
f()_&_w o T Tsinx
_ __—sinx
1+ cos? x
.o 1 1
—sin Z > >
S R A
1+ cos?Z 1+(E) 142
2 1
- _2__2
77
4
9.y=tan‘11
X
ChainRuIe:>u=%=x*1 and y=tan'u
du_ _,»_—1 dy__1
~d x? du 1+ u?
dy _dy du_ 1 -1
dx du dx 1+u* X
-1 . Z1__~
]-|-l2 X2 x2+ 1
X
_ dy -1 1
AX=T1 =&~ arri- 2
10. y =tan ' (3x?)
ChainRule=u=3x> and y=tan'u
du _ dy _
:>dx_6x :>du T
dy _dy du_ 1 1
dx du dx 1+u? 1+ (3x2)?
__ 6bx
1+ 9x*
1
dy_ 63 _ 2 2 9
5



dy 1

= =1 =1 = 2\—1
M. y=tan'x= 3 =377 (1 +x?)
dZy_ 2\—2 _ —2x
:>d?— 1(1+X) .2X—m
d?y ) dy
Hence, W“ + x2) + 2)(&
> S 2 L]
L (1 + x2) + 2x e
__—2X 22X _
_1+x2+1+x2 0
Exercise 7.9
dy
i — X 7 — p — 4x
1. () y=e :>dx e¥.4 = 4¢e
dy
i — p—3x 2 —p73X _Q = _p73x
(||)ye:>dxe.3 3e
o oo dy
(iii) y = e¥ :>d—X—e" . 2X = 2xeX
dy
i — p2x+4 7 — p&x+4 — 2x+4
(iv) y=e :>dx e .2=2e
2 d 2 2
) y=e"+3x:>d—{(:e"+3x.(2x+3)=(2X+3)e" +3x
H — psinx y: sin x — sin x
(vi) y=e"*= e*"X_ cosx = cos xe
dx
e BN A B I O
2. () y =3 et 5 =3¢
= dy 2 .
— psin?x 7 — |psin“x
(i) y=e = dx (e )Zsmx.cosx
= 2 sin x cos x{es"*x)
(i) y = xe*
ProductRule=u=x and v=e*
d_u: ﬂ: 2X
:>dx 1 :>dx 2e
dY_ dV dU_ 2x 2X
a—ua+va—x.2e + e, 1
=e¥(1 + 2x)
3. (i) y=-eX*sinx
Product Rule = u = e* and v =sinx
:%=e2X.2=2e2X :>ﬂ=cosx
dx dx
dy  dv, du_ - 2x
a—uaJrva—e .COSX + sinx.2e
= (2 sinx + cos x)
(i) y=(e— 1)
ChainRule=u=¢e—-1 and y=u?
du _ dy _
:>d = eX = du 2u
dy dy du_
&—m a—Zu.eX

=2(e*— 1)e¥=2eXe*— 1)



Solution

_ er+1
ex

dy _
:&—ex

= XX t1—x = px+1

(iii) y

4. (i) y=e¥*(1 + &) = e + ¥
dy

= —= = 2e¥ + 3e¥
dx

0
(i) t= <

QuotientRule=u=¢e* and v=x

% = 2X ﬂ =
= dx 2e = dx 1
du dv
dy _ Vax " Yac _ x.2e> —e*.1
dx V2 X2
eX(2x — 1)

(III) y — X2ecosx

ProductRule = u=x? and v = e©s¥
:>$=2x i%zew”—sinx
= —sin xews*
d
_y = uﬂ + VM
dx dx dx
= x2(—sin x . e°sX) 4 e©sX(2x)
= —x?sin x . e«sX 4 2xe s~
= xesX(—xsinx + 2)

5. (i) y=e*sin (m0
Product Rule = u=¢e3* and v = sin (mx)

— 3X —
:>dx 3e :>dx cos (mx) . 7
= qr cos (mx)
d
d—i = u% + v% = e3* . 77 cos (mx) + sin (mx) . 3e3*
dy .
Atx=1:>a=e3“).7-rcos(7r.1)+sm(7-r.1).3e3“)

=ed. m(—1)+ 0.3€e3
= — €3

dy
— p2X — 2X
6. y=e* = dx 2e

dzy
— 2X — 2X
= |X2 2.2e 4e

dy _dy
= 4e% — 3(2e¥) + 2(e?)

= 4% — 6> + 2e* =0

Hence,

7. y = e*(cos x — sin x)
ProductRule=u=¢ and v =cosx—sinx
du dv

=——=¢ === —sinXx — CosS X
dx dx



dy  dv, du_

—— = U+ + v——=e&*(—sin x — cos x) + (cos x — sin x)e*
dx dx dx
= —e¥sinx — eXcos x + eXcosx — e¥sinx
= —2e*sinx
8. y = xe*
ProductRule=u=x and v=¢
du _ dv _
:>dX—1 :>dx ex
dy dv du _ _
&—ud—x+va—x.e"+ex.1—ex(x+1)
dy _ dv, du_ _ _
W—ua+va—e"(1)+(x+1)e"—ex(1+X+1)—e"(x+2)
d2
d—X)z/+y=e"(x+2)+xe"=ex(x+2+x)=e"(2x+2)=2€"(x+1)
dy
_2&
9. f(x) = e* — ae*
= f'(x) = 2> — ge* OR 2(e")’— ae*
- a ") =9[4 _ 44
Whenex—2:>f(x) 2(2) a(z)
_,0_d_a_a_
B s N N
10 — pMmx Q_ mx — mx
.y=e :>dx—e m = me
dZy mx — 2 ,mx
:>W me™ . m = m?
dy y
Hence,W - 3d— —4y=0
= m2e™ — 3me™ — 4e™ = (
=e™m?—-3m—4)=0
==mMm+1)m—-4)=0
>m=—-1,m=4
_ete*_ 1 —x
11. fix) = 5 2(e"+e )
") — 1 X 1y = Voo ox
:>f(x)—2(ex+e 1) 2(ex e™)
= () =& — e ~1)
=%(ex+e*")=f(x)
12. y =3 —sinx+5
dy
= ——=3e¥— cosx
dx
d
Atx=0= Y =360 — cos0
dx
=3(1)—1=2

Atx=0= y=3e"—sin0+5
=3(1)—-0+5=28



Solution

Slope =2 Point = (0, 8)
= equation of tangent:y — 8 = 2(x — 0)

=y—8=2%
=y=2x+8
13. &,:y=2e—x

dy

:>a—26"—1

: dy . _

P0|nt(0,2)éa—2e 1=2(1)—1=1

= equation of tangent:y — 2 = 1(x — 0)
=y=x+2

2,:y=sin2x — x2

d
:>d—))/(=c052x.2—2x=2c052x—2x

Point (0, 0) = % = 2 cos 2(0) — 2(0)

=2cos0—0=21=2
= equation of tangent:y — 0 = 2(x — 0)
=y=2x
Point of intersection:y =2x Ny =x + 2
=2Xx=x+2
=>x=2
=y =2(2) =4= Point = (2,4)

Exercise 7.10

_ dy 1 . ._1
1.y—|Oge5X ja—§ 5—;
2. y = log,(2x + 3) _ Y __2
€ dx 2x+3 2x + 3
dy _ 1 2
= 2 —_— T — = —
3. y =l0g.(3x?) :>dx 30 6x "
_ : dy _ 1 _ COSX _
4. y = log,(sinx) :>_x_m CosS X = sinx_COtanX
d 1 2(x —3)
_ 2 _ -7 _ . —6 =
5. y = log.(x* — 6x) = dx Z —x 2x— 6 e—
d
6. y = log,(cos3x) :>d—§=ﬁ- —sin 3x.3
= —_Sozig)?x = —3tan 3x
7. y = xlog, x
ProductRule= u=x and v =Ilog,x
du dv _ 1
= =1 T x
dy _ dv_ du

1
=yt y=—=x-—+ 1= +
dx udx vdx X x log.x.1=log,x + 1



8. y = x*2n(3x)
ProductRule= u=x* and v =2n(3x)

A RILUy 1\ V2"
X X

=x+ 2x€&n3x

10. (i) y=log.,(3x + 1)*=3log,(3x + 1)
dy _ 1 _ 9
:5_3 3x+1 3_3x+1

(i) y= Iogeﬁxj;)( =log,(2x + 1) — log, (1 — 3x)
Q: 1 -2— 1 .
dx 2x+1 1—3x
_ 2 3
T X1 13
_ 201 3% +3@x+ 1)
(2x + 1)(1 — 3x)
_2—6x+6x+3_ 5
2x+ 1)1 —=3x) 2x+ 1)1 —3x)

= -3

1
(iii) y =log.V1 + x? = log, (1 +x2)5=%loge(1 + x?)
dr_1 1 L x
dx 2 1+x? 1+ x?
1
(iv) y =log.Vsin x = log,(sin x)2 = %Ioge(sin X)
dy 1 1 _lcosx _1
T a2 sinx COSXT 3Tsinx 2 Cotanx

(v) y=log,(x* + 4)2 = 2log, (x* + 4)

dy _ 1 4
& 2 xera ¥ Txra
1
Vi) y = IOgeV1 -)i(-X - Ioge(1 :(Lx)2
= Doa X ) = Tiog x —
—2Ioge(1 +x) 2[Iogx log(1 + x)]
ﬂzl(l_ 1 )
dx 2lx 1+x
:l[1(1+x)—1(x)
2 x(1T + x)
:l1+x—x]: 1
2| x(1 + x) 2x(x + 1)



Solution

_ dy 1 3_4 _ 41
11.y—2n3x4:>a—? 12x —;—4X
d’y L, —4
:>d7——4x —7
12. y = [log,(x + 4)]?
dy 1 _ 2log.(x + 4)
ax  Aogk A S T = =
13. y = xlog.x
ProductRule=u=x and v=log,x
du _ dv _1
:>dx_1 “dx  x
dy  dv du_ 1 _
a—ua+va—x ;+Iogex.1 =1+ log.x
d’y 1.1
7 = + — = —
dx? 0 X X
14. y = log, x — 2x + x?
d
A "
dx
_ dy 1 1 _5
When x = 2 ia—f 2+2(2)—5 2+4—5
15. y = (€nx)?
d
=Y opny -1 =28nx
dx X X
Atx_eil_%_ﬁ_z
d e e e
_ . dy 1 _  cost
16. y—2n(1+smt):>a—1+sint COSt_1+—Sir\l'
ﬂ: cost
dt 1 +sint
QuotientRule = u=cost and v=1+sint
du_ dv _
ar - sint :>dt cost
d d
dy V3~ Uar _ (1 +sint)(—sint) — (cost).(cos t)
de? V2 (1 + sin )2
_ —sint —sin’t — cos*t
(1 + sin t)?
_ —(sint+ sint + cos?t) _ —(+sint) . —1
(1 + sint)? (1+sint)2  1+sint
. d¥y
If(1+smt)F+k=0
. —1 .
= (1 +sint) (1+sint)+k_0
=—-1+k=0
=k=1
17. y = €n(e* cos x) = £ne* + £n cos x
= x + €n cos x
d .
:>—y=1+ 1 -(—sinx)=1—sz=1—tanx

dx Cos X CoS X



Revision Exercise 7 (Core)
1

1. (i)y=x2+;=x2+x‘1
dy 1
:>a—2x X °=2x 2l
(i) y=(2x+ 3)3
dy
:>a=3(2x+3)2.2=6(2x+3)2
1
(i) y=41+3x=(1+3x)2
dy _ 1 -
i&—§(1+3X) 2.3—2,—1+3X

2. fx)=x>*+3x—4
=fix+h =Kx+h?+3x+h) —4
=x2+2xh+h*+3x+3h—4
=fix+h —fx)=x>*+2xh+h>+3x+3h—4— x>+ 3x— 4)
=x2+2xh+h*+3x+3h—4—-x>—3x+4

= 2xh + h? + 3h
_ 2
:>f(X+hf3 f(X):2xh+Il: +3h _ 5 i ht3
élimw=lim(2x+h+3)=2x+3
h—0 h h—0
) =2x+3
3. (i) y=%(x+2)3
dy 1 2 1 2
:>_X_§ 3x+2).1=Kx+2)
.. 22X
(“)y_x+1
QuotientRule:u=2x and v=x+1
du _ dv _
:>dx_2 :>dx !
dy Ve T US (et DR - (200)
dx V2 (x+1)?
_2xX+2—-2x_ 2
x+1)2 x+1)2
4. (i) f(x)=2x2—%=2x2—3x’2
:>f’(x)=4x+6x‘3=4x+%
; . dy
(ii) y=4sm6x:>a=4cos6x.6=24cos6x
(iii) y = 3¢~ Q—sexz 2x = 6xe~
i) y= :>dX— . 2X = 6x4
_2x+3
3  x—4
QuotientRule=u=2x+3 andv=x—4
du _ dv _
ia—z :>dx 1
dy Ve UG (x—4).2 - (x+3).1
dx V2 (x — 4)?
_2x—8—2x—3__ —11
(x —4)? (x —4)

=k=-11



Solution

6. (i) y=6x2—x3
dy .
= — = 12x — 3x* = 12 (Gradient)
dx
=3x*—12x+12=0
=x—4x+4=0
>xX—-2)x—2)=0 = x=2
(i) x=2 = y=6(2%?—-(23*=24-8=16
Point = (2,16) slope = 12
Equation of Tangent:y — 16 = 12(x — 2)
=y—16=12x— 24
=12x—y—8=0
3

7. (i)y=3x2—x+;=3x2—x—|-3x‘1
d
:>—'V=6x—1—3x*2=6x—1—i2
dx X
L 3x2
W y=3=
QuotientRule:u=3x> and v=x-1
du _ dv _
:>dx—6x :>dx
d d
dy Vg T U _ (x—1).(6x) — (3%2.(1)
dx V2 x—1)
_ 6x* — 6x — 3x* _ 3x* — 6x
(x —1)? (x—1)?
(i) y = cos? 4x

dy .
= ——=—=2cos4x.—sin4x.4
dx

= —8 cos 4x sin 4x
42+ 6 =4_)(24_6

8. y= —=4x + 6x7"
X X X
dy _ S 6
5—4 6x =4 F

9. f(x) = asin 3x
= f'(x) = a cos 3x.3 = 3a cos 3x
= f'(w) = 3acos 3(m) = 2
=3acos3m =2
=3a(—1)=2
=-3a=2 =a=—%=
3
10. y = xsin 2x
Product Rule = u = x and v =sin2x

:%= :Q=c052x.2=2c052x
dx dx
dy dv du _ :
o u& + va = x(2 cos 2x) +.(5|n 2x) . (1)
= 2Xx Cos 2x + sin 2x
dy
T _ 7 _HT a w
x—3:> M 2(3)c052(3)+5|n2(3)
_2m 2m, 27
=3 cos 3 + sin 3
_2m 1\, 3 _ —m_ {3
B 3(2’F2_'3 3



dy

11.a=(X+1)(X—2)
P 14100 -2) = @=1) = -2
(,)ia—( ) )=@2)(—1) =

= Equation of Tangent=y — 2= —2(x — 1)
=y—2=-2x+2
=2x+y—4=0

13. y=2x>—1
i) x=1 = y=21)?%-1=1 Point(1,1)
X=4 = y=2(4)2— 1 =31 Point (4, 31)

Whenx=4:y=4(4)= 16
dx

14. y = tan"'(5x)
ChainRule=u=5x and y=tan'u

du _ dy
T AT
dy_dy du__ 1 __ 5 __ 5
dx du dx 14+ ¢? 1+ (5x)2 1+ 25x2
15. y=2x* —2x +3
d
—y=4x—2
dx dy
P(1,3):>a=4(1)—2=2

= Equation of Tangent:y — 3 = 2(x — 1)
=y—3=2x—2
=2x—y+1=0

16. fix) = 2x3 + gx’z — X

=f'(x) = —6x%+ g(—2x‘3) -1
:__6_£_1
XX
—6 k
fl(-2)=—2——X_—1=0
AN e e
—6_ _k _,_
iw —g 1 0
-3 k_._




Solution

Revision Exercise 7 (Advanced)

1.

3.

4.

5.

fix) = sin x — cos x
= f'(x) = cos x — (—sin x) = cos x + sin x

=T 1]2)=cos T sn(]

2 2
=0+1=1
y = x?sinx
Product Rule = u = x? andv =sinx
du dv
:>dx 2x :>dX—cosx
dy dv du _ , .
a— a+vd——x(cosx)+smx(2x)
= x2cosx + 2xsinx
dy
—Tm_ 7 _ (T _ in T
hex= 2 9 Bf{con 3]+ 4Z]sn
_m. _
=7 O+m7. 1=
y=x*+8enx
d
:>—y=2x+l=3
dx X

=224+ 1=3x=2x—-3x+1=0
=xX—12x—1)=0

- _1
=x=1orx 5
— _ — (1) 1
=y=01)2+2n(1)=1O0R y (2)+2n2
_1 _
—4+2n1 en2
_1_
o =2 2n2
Points are (1, 1), (E’Z —£€n 2)
y—x—1+—11—x—1+(x—1)
dy 1
G TN = e =0
=Kx—-12—-1=0
=x2—-2x+1-1=0
=x2—2x=0
=xx—2)=0 =x=0,2
N dy 1 s_4
(i) y=2n(3x% :&—3)(4 12x ™
1
(i) y= En(r) 2n3 —en/x =€n3 — &nx2
— _1
=£n3 2Rnx



6 —_ X d)/— nx —_ )¢
cy=ev=go=e”.n=ne

d2y nx — pn2phx
= Wne .h = n“e
d? _dy
Hence,W— 5& +6y=0

= n%e™ — 5(ne™) + 6(e™) =0

= n%e™ — 5ne™ + 6e™ =0
=e™n*—5n+6)=0
=MNn-2)n—-3)=0 =n=23

7. y=x>—3x*—5x+ 10
:>%=3x2—6x—5
dx
Line y=4x—7 has slope = 4
Hence,3x> —6x —5=4
=3x>—-6x—9=0
=x2—2x—3=0
=x+1)x—3)=0
=x=—-1, x=3
=y=(=13-3(=12-5-1)+10 and y=(3)*—-3(3)2—53)+ 10
=—1-3+5+10=11 =27—-27—-15+10= -5
= Points = (—1,11), (3, —5)

dy 1.1 g
“ax 92T
. dy ¢
Atpomt(4,b):>a_ﬁ_
:>%=2 =a=8

Curvery =8/x — 5

Point(4,b) =b=8/4 —-5=16—5=11
9. V=280(30 — t)? Va

(i) PointA=t=0 = V=280(30— 0)*= 2,160,000 \A

= A = (0,2160000) ™

PointB=V=0=80(30 — )*=0 H]

= t=30 3

= B = (30,0) =
= Full tank = 2,160,000 m3 B~
and empty tank occurs after 30 mins 0 Time (min)- t

(i) t=10 = V=280(30— 10)* = 640,000 m?
(iii) (0,2,160,000) and (10, 640,000)
640,000 — 2,160,000 _ 1,520,000

= average rate =

10—-0 10
= 152,000 m3/min
(iv) V=80(30—-1t3= ?j_‘l{ = 24030 — t)2. —1 = —240(30 — t)2
_ dv _ 102 — _
t=10 :E = —240(30 — 10)? = —96,000

= water is draining at rate = 96,000 m3/min



Solution

10. y= X
Y V1 — X2
1
QuotientRule: u=x and v=41—x2=(1—x?)2
du _ dv _ 1 _ 3. —
:>dx 1 :>dx 2(1 X?) 2 2Xx
_ =X
V1 — X2
dy _ v —ug
dx v2
—_ 2 . X 1 =x- 11—+
V1 —x2 -1 xﬁ__2 —
(1 —x2)? 1-x
_ 1=x*+x2 _ 1
(1= x)1 — x2 (1 — x2)2
-3
:>k—2

1. y= tan”(;)

Chain Rule: u=%=x‘1 and y=tan'u
%— 72__—1 g: 1
T 2 x T
dy_dydv_ 1 11 -1
dx du dx 14+ u? x? 1T+L X xX+1
_ dy  —1 _
At X—1:>a—(1)2+_|— 5
12. y = x3e*
ProductRule: u=x3> and v=¢"
:>dx 3x édx e
d
AU e et e 300 = e + 3
dx dx dx
d
At x=0:>d—§=(O)3e°+3(0)2.e°=0+0=0:>slope=0

and y=0%.e"=0 = Point (0, 0)
= Equation of Tangent: y —0=0x—-0)=y =0

dy

= kx?2 — = =

13. y = kx :>dx k.2x = 2kx
dy 1dy)2
X&+E& ty=0

—x. 2kx + %(ka)z T k=0

= 2kx? + % -4k + kx2=0

= 2k*x% + 3kx* =0
= 262 +3k=0
= k(2k+3)=0

_ _—3 =3
=k=0 or k > = Ans: k >



14. (X)) =x>+x2— 1 = f'(x) = 3x2 + 2x

x;,=1=f1)=010P+0)2?-1=1 and f'(1)=3(1)2+2(1)=5

X,

15. y = n(1 + &) =

Quotient Rule:

:X1— =1

f(x)

_q-1
fix,) fy 5
dy g

dx  1+e 1
u=¢e and v

du _
?a—ex =

dy VR TUF (14 ). —ef.ef  er g e — e
e v (+e? (+e)
- e
(1 + e92
dy (e ]
dx?  \dx 1+e)? \1+e
e (@

1+e2 1+ e
(1 + e e dy

T+ e)? 1T+e dx

16. y=x>—x+1
(i) AtB: x=—1+h=y=(—1+hP—(-1+h)+1

=—1+3h—3n2+h+1-h+1
=1+2h—30+h

(i) AtA: x=—=1=y=(-1P-(-D+1==-1+14+1=1

(iii)

A(—=1,1) B(=1+h,1+2h—3h%>+ h3)
1+2h—3h2+h*—1_2h—3h*+h
—1+h+1 h

=2-3h+h?
As h becomes smaller = gradient = 2 — 3(0) + (0)> = 2

Gradient AB =

Revision Exercise 7 (Extended-Response)

1. ()

(ii)

(iii)

y=x(x—2) =x2—2%

On x-axis,y =0=x(x —2) =0
=>x=0,x=2

= points are (0, 0) and (2, 0)

d
Slopez—yzzx—z

dx
_ dy L
Atx=0= 1 =2(0)~2= -2
_ dy v _5_
Atx—2:>a—2(2) 2=+4+2

(0,0)

>

X

Curve is symmetrical; hence, the slopes of the tangents at any two points on the curve which

have the same y-value will differ only in sign.

Point (0, 0), slope = —2

= equation of the tangent:y — 0 = —2(x — 0)
= y=—2x
=2x+y=0

Point (2, 0), slope = +2

= equation of the tangent:y — 0 = —2(x — 2)
=y=2x—4
=2x—y—4=0



Solution

. m; —m, 2—(-2) 4 4
-+ -+ -+ —+2
(V) tan 0= e, = ¥ T 720yt =3 *3

acute angle = tan 6 = + %

== tan*‘% = 53.13° = 53°

(v) y=x(x —2)(x —5) = x> — 7x* + 10x
On x-axis,y = 0= x(x — 2)(x —5) =0
=x=0,x=20rx=5

d
Y 3¢ 14x+ 10
dx
dy
Atx=o;»a=3(0)2—14(0)+1o=10=p
dy
Atx=2:>a=3(2)2—14(2)+10=—6=q
dy
Atx=5:>a=3(5)2—14(5)+10=15=r
1 ,.1,1_1 1 1
—t—F-—=—F+—+—
Hence,p g r 10 -6 15
1 1.1 _
=70 615 0

2. () y=28n{x/x2+1)
= 22n[x. (x* + 1)%]

= Z[Enx + en(x* + 1)%]

— 1oni2
2[2nx+ 2l?,n(x + 1)]

=28nx+ n(x%+ 1)

dy .1, 1

2 2x
- . =44
dx X xX2+1 2 X xX2+1

20+ )+ 2x%) 23+ 2 4 2%
B x(x2+1) X2+ 1)
_ 4P +2
x(x2+1)
22x2+ 1)

=XeeT ) k=2

(i) y=22n(x(x2+1)
Whenx = 1=y =28n(1/12 + 1) = 2en/2 = £n({2)2 = &n 2 = point = (1, £n 2)
dy 2027+ 1)
dx  x(x2+1)
When x =1 :>S|Ope=%=m=3
= equation of the tangent:y — y; = m(x — x;)
=y—0n2=3x-1)
=y—8&n2=3x—-3
=y=3x+£&n2-3



() Ash—0,slopeof PQ =11
(d) Hence, slope of the curve at P(2,6) = 11

7 —X—sz—x yA
Ldy g X A
(I) a—z(ZX) 1—5 1
d
When x = 3 :>s|ope=—y=i 1=landpointB(3,—§)
x 2 2 4 O\
= equation of the tangent: y + +3- l( - 3) B
4 2
3 ~1
é2y+ =x—13
:>4y+3=2x—6
=2x—4—-9=0
(ii) Slope = %:> perpendicular slope = —2
=X 1=-2=x-2=-4=x=-2
e
Whenx=—Z:yZT—(—Z)ZS:AZ(—Z?,)
(iii) Tangent at A(—2, 3) with slope = —2
=y—3=-2kx+2)
=y—3=—-2x—4 =2x+y=—1
and —2x + 4y = —9
add= 5y=-10 =y=-2
= 2x—2=—1
:>2x=1:>x=%:>pointc=(%,—2)
i — _i l — 4
m A-23,  83-3 dl-2 y
A=(-2,3)
+2l—3 +2l—3 +2l—3
T
(0,0) 5, 4 25,5 o\ 1=
1
AreaTriangIeABCzimyz—x2y1| | C(E'_z)
_ 1 ( )( 33 H__ —125_125
2 4
. @ f)=x>—x
atQx=Q2+h=f+h=Q2+h*-2+h=h>+6hn>+12h+8—-2—h
=h3+6h*>+11h+6
=Q=Q2+hh*+6h>+11h+6)andP = (2,6)
SIope:)/z_)h:h3+6h2+11h+6—6:h3+6h2+11h
X, — X 2+h—2 h
3 2
(b) (i) h=0.5:>slope=(0'5) *+ 60057 + 11(0.5) _ 7125 =14.25
0.5 0.5
3 2
(i) h=0.1 = slope = 0.1) +6(0611) +110.1) = 161?1 =11.61
g _ (0.01)3+6(0.01)> + 11(0.01) _ 0.110601 _
(iii) h=0.01 = slope = 001 =001 = 11.0601
. _ _ (0.001)3 + 6(0.001)? + 11(0.001) _ 0.011006001 _
(iv) h=0.001 = slope = 0.001 = 0.001 = 11.006001



Solution

(e) AtQx=(a+h) =fla+h) =@+ h)?—(a+h)
=a®+ 3a’h +3ah*+ h*—a—h
=Q=[a+ha*+3d*h+3ah?+h*—a—h] P=laa —al
SIopePszz_y’ _ad+3a*h+3ah*+h*—a—-h—-d*+a
X; — X ath—a
_3a*h +3ah*+ h*—h
h
=3a?+ 3ah + h? -1
(f) Ash — 0, slope = 3a* + 3a(0) + (02 —1=3a*>—1

5. (a) fo) —e 2

1,2

Le 1

=fx)=e 2 - —E(Zx) =—x.e 2"
1,
Find f"(x) = Product Rule:u = —x and v=¢e 2"
du_ _ dv _ _ -le
ia— 1 :>dX xe 2
" . ﬂ % —(_ _ _lxz _lxz _
:>f(x)—udx+vdx (=x).\—xe 2 )+(e 2 )( 1)
= (x2 — 1)8_%)(2

(b) Point of inflection atP = f"(x) = 0

1.2
=x—1).e 2" =
S>Kx—Nx+1)
=x=1 or x=—1 (Notin first quadrant)

0
0

112 21 21
Whenx =1=slope =f'(1)=(-1)e 2" = (=1)e 2= —e 2

112 1 21
Whenx=1=f(1)=e 2" =e Z:PointP(Le 2)

: = Equation of Tangent:y — y, = m(x — x;)

e 2(x—1)

1
=—e 2x+e

1
2

N|—=

=>y—e
_1 _1
=e 2xty=2e 2

21 21
On x-axis,y=0=e 2x + 0 = 2e 2
1

= x=282 =2 point = (2,0)
e 2
6. D = 50ekt
(a) %—? = 50ekt . k = k.50ek = kD = a constant times D

(b) k=0.2and D = 100 = 50e%% = 100
o2t — 100 _
= € ) 2
= fne%2t=¢n2
= 0.2t(lne) =£&n 2
St=2N2 _ 34657

0.2

N (‘:;_D = (0.2)50e/02(3.4657)
t

= 10e%6931% = 19,99 = 20 cm/year

1
7. (i) y=2n{1 + sin2x = &n(1 + sin 2x)2

y

p
O
=y—e



= %P, (1 + sin 2x)
_dy 1 1 _ _COs2x
dlope = = Tenax 227 Thgnx
a
ay 23] .
Whenx= 7= 1+5in2(%) T+sina 1+0
d
(i) y =02 — 1) :»d—i =0 — 1)1 (2x) = 2nx(x2 — 1)
dy
2 __ _Z
Hence, (x ”dx 2nxy
=(x2—1).2nx(x2 — 1)"" = 2nx(x2 — 1)"
=2nx.(x>—=1).0 = 1" = 2nx(x*> — 1)"
=2nx.(x2 — 1)" — 2nx(x2 — 1)"
=0
(iii) fx)=x>—6x2+12x+5
=f'(xX)=3x2—12x+ 12
=3(x* — 4x + 4)
=3(x—2)(x—2)
= 3(x — 2)%, which is always positive

= x(x2 — 2kx + k?) = x3 — 2kx® + k®x
(i) f'(x) =3x*> — 4kx + k?
=Kx—k@Bx—k)
(ii) Tangents are parallel to x-axis = f'(x) = 0
=x—kBx—k=0
=x=k or 3x=k

_k
:>x—3
Whenx=k:>f(k)—k(k k)2 = k.0 = 0= Point (k, 0)
_k _ k[k _ ) _ k[ =2k} _K.4k2
Whenx—3:>f( ) 303 ) (
:4_k3 i (54_/@)
27:>P0|nt 327
k 4k3 -0 % 2K
(III) (k, 0), (g, 57 ) = Slope = ﬂ = ? = _T
. . —2k?
Equation of the line:y — 0 = 5 (x — k)
_ =2k,
= y=—g-x—Hk
. k 4k
(iv) (3 27)Bko
k 4k3
+k=—+0
3027 0 (2 2]
Midpoint = > T 3757
fix) = x(x — k)2
2k\ _ 2k[2k _
;‘f(.%)_?_ k)
_ 2k k)
_2_k.k_2_2k3
3 9 27

Hence, AB intersects the curve at the midpoint of [AB].
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Exercise 8.1

1. Prove:

2.

3.

5.

6.

Proof:

Prove:

Proof:

Prove:

Proof:

Prove:

Proof:

Prove:

Proof:

Prove:

Proof:

Prove:

Proof:

cosAtanA =sinA

cosAtanA=cosA-M
Cos A
=sinA
sin @sec # = tan 0
sin 0'sec 0= sin 6 - —
cos 6
_sin@
cos 0
=tan 60
sin Otan 6 + cos 6 = sec O
sinftan @+ cos @ =sin0- SIrH9+C°5‘0
cos 6 1
_ sin? + cos0
cos 0
_ 1
cos 0
=sec O
sin 0
—————=tan 6
N —sin6
sing _ sing
V1 —sin26 cos?26
_sin6
cos 6
=tan 6
secA —sinAtan A =cosA
secA—sinAtanA=L—sinA-M
cos A cos A
_1—sin’A
cos A
_ cos’A
cos A
=cos A

1 — tan? 0 cos? § = cos? 6

1—tan?60cos?0 =1— S|n220 - cos? 0
cos” 0
=1—sin?0
= cos? 0
(1 + cos 9)(21 — cos 0) — tan? 0
cos® 6
(1 +cos 6)(1 —cos ) _ 1 — cos 6+ cos § — cos? 6
cos? 6 cos? 0
_1—cos*6
cos? 0
_ sin? 0
"~ cos2h

=tan? 0




10.

11.

12.

13.

14.

Prove:

Proof:

Prove:

Proof:

Prove:

Proof:

Prove:

Proof:

Prove:

Proof:

Prove:

Proof:

Prove:

Proof:

Solution

sec2A —tan2A=1

24 24 — 1 _ sin? A
secA — tan°A cos’A  cos’A
_1—sin’A
cos? A
_ Ccos?A
cos? A
=1
_ 2
V1 — cos? 6 — 05 6
tan 0
{1 — cos?d _ {sin’6
tan 6 sin 6
cos 6
— «inp. COSO
= sin 0 sin 6
= cos 6

(1 + tan? )cos? 0 =1
(1 + tan26) cos? O = sec? H cos? 0
—_ a2
o’ 0 cos® 0
=1
(cos O + sin 0)%2 + (cos 6 — sin 6)2 =2

(cos 6 + sin 0)2 + (cos 6 — sin 6)2

=cos?2 0+ 2sin Bcos O+ sin2 @+ cos? 6 — 2sin fcos O + sin?

= 2(cos? 0 + sin? 6)
=2.1=2
(1 + tan2 A)(1 — sin2 A) =1

(1 + tan2 A)(1 — sin2 A) = sec? A cos2 A

= 1 . 2
o A Ccos?A

=1

(sin 0+ cos §)2 — 2sin Bcos =1

(sin 8 + cos )2 — 2 sin 6 cos O

=sin2 0+ 2sin Bcos O + cos2 — 2 sin 6 cos 0

=sin2 0 + cos? 0

=1

1 — cos?A _
sinAcosA tan A
1 —cos’A _  sinA
sinAcosA sinAcosA
_ SinA
cos A

=tanA



1 1

. — 2
15. Prove: ) + TFSinA 2sec’A
. 1 1 _1(1 +sinA) + 1(1 —sinA)
Proof: A T T sinA . 0 —sinA{ +sinAl

__1+sinA+1—5sinA
1+sinA—sinA—sin?A
-2
1 —sin?A
—__ 2
cos? A
= 2sec’A

16. Prove: (1 —sinZA)tan?A + cos?A =1

sinZ A
COs2A
=5sin2A + cos2A=1

Proof: (1 —sin?A)tan?A + cos?A = cos?A - + cos? A
17. Prove: cosec? f(tan? @ — sin? 6) = tan? 0

Proof: cosec? 6(tan? 6 — sin? 6)
1 [sin?2@ sin%0
\

= sin20\cos? 6 1
_ 1 [sin? 6 — sin? 6 cos? §
sinZ 6\ cos2 6
R e (1—c0520 _sin20 _ .
sinzg " 0 cos? 0 cos? 0 tan® 0
18. Prove: (1 —sinA)(secA + tanA) = cosA
. — — (1 o 1 sin A
Proof: (1 —sinA)(secA + tanA) = (1 SInA)(cosA+cosA
o (1 +5sinA)
= (1 —sinA) T cosA
_1+5sinA—sinA—sin%A
cos A
_1—5sin?A _ cos’A _
~ CcosA cos A cos A
19. Prove: bcosC+ ccosB=a
2 2 _ 2 2 2 2
Proof: cosine rule: cos B = M, cosc=a+b -
2ac 2ab
2 2 _ 2 2 2 _ K2
Thus,bcosC+ccosB=b-(a +b C)+c-(a +c - b)
2ab 2ac
_a+tb-c a+c-b?
2a 2a
:az+b2—c2+az+c2—b2:2_azza
2a a

20. Prove: bccosA + cacosB = c?
b2+ 2 —a? B:az+c2—b2

Proof: cosinerule:cos A = _cos

2bc 2ac
2+ 2 A2 2+ 2 42
Hence,bccosA+cacosB=bC(b ¢ 0)+ca(a 2 —b?)

2bc Jac

:b2+c2_02+02+cz_b2

2 2
=b2+cz—a2+02+c2_b2
2
:2C2=C2

2



21.

22.

23.

24,

Solution

Prove: c¢=bcosA + acosB

2 2 A2 5 2 o
Proof: cosine rule: cos A = [74'2#, cosB = %
2+ 2 __ 2 2+ 2 >
Hence,bcosA+acosB:b(b ch a’) , ala 2;C b?)
_+-a  a+ -
2c 2c
_ b+ -ad+d+ b
5 2c
_2¢ _
~2c €
22
Prove: acosB — bcosA=39"—0b
2 2 A2 5 2 o
Proof: cosine rule: cos A = bz#l cos B = %
2 2 2 2 > 9
Hence, acosB—bcosA:a(a +2;c b*) b(b +21§C a)
_a@+-b P+ -d)
2C 2C
_a+-b - -2+
2c
_ 2@ b)) _ - b?
2C c
Prove: abcosC — accosB = b?— ¢?
2 2 _ R2 5 2 2
Proof: cosine rule: cos B = %, cos C = %
2 2 _ 2 > P
Hence, ab cos C — ac cos B = 22 ;Laz ) acla ;acc b?)
202+b2_c2_(02+c2_b2)
2 2
_a+b-c-a-c+b
2
:M:bz_cz
2 _ 2
Prove: ccosB — bcosC=S—0
2 2 _ R2 5 2 2
Proof: cosine rule: cos B = %, cos C = %
2 2 R2 > > 2
Hence, ccosB—bcosC:C(a +2;c b bla +2(§)b A
:az+C2—b2_(Gz+b2—c2)
20 2a
_a+-bP-a-b+c
2a

2(2—b%) _ 22— b2

2a a




sinA—sinB_a—b

25. Prove: -
sin B b
S ..a _ b S
Proof: sinerule:——=——-=bsinA=asinB
sinA sinB
—sinA= asinB
b
in A inB asinB __ sinB
sin A — sin b 1
Hence, - = -
sin B sin B
asinB—bsinB
_ b
sinB
: a—>b
:smB[ 5 ]
sinB
_a—b
b
2 2 2
26. Prove: COSA , COsB  cosC_a’+b’+c
a b C 2abc
2 2 _ 42 2 2 _ 2 2 2 _ 2
Proof: cosinerule:cos A =21 =@ g+ b _atb—c
2bc 2ac 2ab
b2+ c?—a? a2+c3-b? a2+b -7
Hence, cosA+cosB+cosC= 2bc  _2ac__ , _ 2ab
a b c a b c
_vré-a a2+ -b -7
2abc 2abc 2abc
_bPrt-ad+a+-b+at+b’-¢
2abc
_at+tb+c
2abc

Exercise 8.2

1. (i) cos 15° = cos (60° — 45°)
= c0s 60° cos45° + sin60° sin45°

2 V2 2 2
_ 1,3 _B3+1
202 212 202

(if) sin 75° = sin(45° + 30°)
= sin 45° cos 30° + cos 45° sin 30°

_1. 3,1
V2 2 Y2 2
_3+1

22

(iii) cos 105° = cos(60° + 45°)
= cos 60° cos 45° — sin 60° sin 45°

_1.1 431
2 V2 2 {2
1—43




Solution

2. (i) tan 15° = tan (45° — 30°)

_ tan45° —tan 30°
1 + tan 45° tan 30°

_ 1
:i
L
T+1-L
3 -1
_ B3 _13-1
B+1 3+
V3

(ii) sin 135° = sin (90° + 45°)
= sin 90° cos 45° + cos 90° sin 45°
1 1
V2 2
(iii) tan 75° = tan (45° + 30°)
_ tan45° + tan 30°
1 — tan 45° tan 30°

1
2

1
1+ﬁ
1—1-

)
+
G-

1

)
ol
+

Wl
[
ol
|

&l

3

3. First Triangle:sin A = = COsA = g, tanA =

3
4

. L _5 _12 _
Second Triangle: sin B 13,cosB 13,tanB 13
(i) cos(A+ B)=cosAcosB—sinAsinB
_4 12 3 5 _48 _ 15_33

513 5 13 65 65 65

) _p=_tanA—tanB

(i) tan (A = B) = T hAtan B

-5 1

712_3 _16
2

L2
12

1 63

+ |BDlw

AW
o)

4. (i) sin45°cos 15° + cos 45° sin 15°
3
2
(ii) cos 40° cos 50° — sin 40° sin 50°

= cos (40° + 50°) = cos 90° =0
(iii) cos 80° cos 20° + sin 80° sin 20°
= cos (80° — 20°) = cos 60° = 1

2
.+ tan25° +tan20° _ 0 o) — o _
(iv) T tan 25°tan 20° tan(25° + 20°) = tan 45

= sin (45° + 15°) = sin 60° =

0 tan 2A + tan A
1 —tan2Atan A

(ii) sin 20 cos 6 + cos 26sin 0
=sin (20 + 0) = sin 30

5.

= tan(2A + A) = tan 3A



6. (i) sin(90° — A) =sin 90° cos A — cos 90° sin A
=1cosA—0sinA=cosA
(ii) cos (90° + A) = cos 90° cos A — sin 90° sin A
=0cosA—1sinA= —sinA

7. tan(A—B) =2 and tanB=%
tanA —tanB _
1+ tanAtan B

2tanA=9

=
= 4tanA—1=8+2tanA
=

_9_ 1
= tanA—2 42

1 angol
8. tanA—z,tanB 3

_ tanA +tanB
tan(A + B) = 1 —tanAtanB

9.tan(A+B) =1 and tanA=%

tanA +tanB _

:>1—tanAtanB_1
1

§+tanB 1

é _I—__

1-1-tanB 1

1 1
L =1—-=
3 tanB=1 3tanB

=
= 1+3tanB=3 —tanB
=

4tanB =2
= tan3=%=%
10. If sinx = % = Pythagoras: p? + 12 = 22
= pP=4—1=3
= p=13
Hence, cos x = g
sin(x+7ZT)=sinxcos%+cosxsin%
_1.a 031
2 2 2 42
_1+43

202




11. tan 15° = tan (45° — 30°)

12.

13.

14.

Solution

_ tan45° — tan 30°

1+ tan 45° tan 30°

_ B _{3-1
.1 +
1+1-5 w1 Y3 +1
3—1_V3—-1 {3—-1
Hence, = .
3+1 V34+1 {3-1

CBE3-=1)-103-1)

B33 -1 +163-1)

_3-V3-VY3+1
3—V3+43 -1
:4—2\/322_\/?

Hence, tan? 15° = (tan 15°)(tan 15°)
=(2-13)2—-13)
=22 —V3) =132 —13)
=4-2(3-2/3+3=7-4/3

Prove: tan (% + A) =

Proof: tan (% + A) =

_ CcoSA +sinA
cosA —sinA

tan%+tanA
1 —tan%tanA

1+ tanA

:1—1.tanA

1+

sin A
cos A
sinA
cos A

cosA +sinA
cos A

cosA —sinA
cosA

CosA +sinA

cosA —sinA

cos (A + B)cosB+sin(A+ B)sinB
=cos[(A+B)—Bl=cos(A+B—B)=cosA

First Triangle: tanA =

Second Triangle: tanB =

IfA+ B=45°

= tan (A + B) = tan 45°

tanA+tanB _
1—tanAtanB

2 3 2+3
hth _ Th

=

2
h
B
i A
h
hm
-

<«—2m—><—3Im—>



5h
h>—6
= h?>—6=>5h
=h>’-5h—-6=0
=kh-—-6)h+1)=0
=h=6 or h=—1(notvalid)

-1
= =

15. sin A =sin (A + 30°)
= sin A = sin A cos 30° + cos A sin 30°
:>sinA=sinA-§+cosA-%
=2sinA=1V3sinA+cosA.]l

=sinAR2 —V3)=cosA.1

sinA _ 1
cosA 2—13
1 24+4Y3 _2+43 _2+43
=tanA = . = = =2+13
2—4y3 2+y3 4-3 1
. , _b+cc—a
16. (i) cosrule:cos A 2be
(5)% + (6)> — (4)?
2(5)(6)
_45_3
60 4
_a+br-¢
cosC= 2db
:(4)2+(5)2—(6)2
2(4)(5)
-5 _1
40 8
_3,1_7
Hence,cosA+cosC—4+8 3
(i) cosA= % = Pythagoras: x* + (3)? = (4)?
4
= xX+9=16
= xXX=16—-9=7
= x=17 3
Hence, sin A = E
4
cos C 2% = Pythagoras: y? + (1)? = (8)?
= y2+1=64
= y’=64—1=63
Hence,sinCz%
cos(A+ C) =cosAcosC—sinAsinC
_3.1_17 307
4 8 4 8 c_l
-3 _3.7 !
32 32



Solution

17. Triangle ABD = tan 0=% A
Triangle ABC = tan(f + 45°) = % P

_, _tanf+tan45° _ 6 hm
1 —tan 6tan45° h
1
_ w1t 6 5D <
1-1.q h Tm 5m
h
1 —gl1-1
= by +1]=61-4]
—¢_0
= 1+h=6 h
= h+h*=6h—-6
= h’—5h+6=0
= (h—2)h—3)=0
= h=2m or 3m
Exercise 8.3
1. sinA :% = Pythagoras: x> + (3)? = (5)2
= X249 =25 > 3
= x2=25—-9=16
= x=4116 =4 X
Hence, cos A = 4 andtan A = 3
5 4
N — 9 —H[3)[4) = 24
(i) sin2A=2sinAcosA 2(5)(5) 25
i — o2 A — sin2 :iz_(i)z_ﬁ_i:l
(ii) cos 2A = cos?*A — sin’A (5 z 25 25 25
in 2A % 24
— sin =25 _ 4
(iii) tan2A—co52A 775
25
2. tanA=l
2
2(3)
; _ _2tanA _ 2l _ 1 _1_4
() tan 24 = 32 A - 1-1 % 3
2 4 4
2(3)
L 2tan A 2 1 1 4
(i) sin2A = 5 = 5= =—==
1+ tan‘A 1+(%) 1+% 1% 5
. . 1
3. Using the diagram, tan A = —.
g the diag 202
_ 1 —tan?A
:>C052A_Tl+tan2A /41
A
(1)
_1 (25) _1_ 7 22

1
8
_1+($)2_1+%



4. cos2A = cos?A —sin2A=2cos2A—1=1—2sin?A

_3
cosZA—8
=1 - 2sin?A=3
8
— in2 :i— :__5
= 2sin‘ A 3 1 3
inZA = =2
= sin‘A 16
= SinA = i=£Where0°<A<9O°
16 4
_3
cosZA—8
5 _3
= 2C0s*A—1==
8
3_11
2 — + == —
= 2cos’A=1 3 8
2211
= cos® A 16
= cosA=J%=@where0°<A<90°

5. Given sin 2A = 2sin A cos A and cos 2A = cos? A -sinZ A

(i) 2sin15°cos 15° = sin 2(15°) = sin 30° = %
(ii) 2 sin 75° cos 75° = sin 2(75°)
1

=sin 150° = 3
(iii) cos? 22%o — sin? 22%o
_ 1°
cos 2(222 )
1
= cos45° = —
V2
2tan22) 10
D2 —tan 2(22— )
1 — tan? 225 2
= tan 45° =

7. cos3A = cos (2A + A)
= c0s 2A cos A —sin 2Asin A
=(2cos?A—1)cosA—2sinAcosAsinA
=2c0s>A — cosA—2cosAsin?A
=2cos>A — cosA — 2cos A(1 — cos? A)
=2c0s>A—cosA—2cosA+2cos>A
=4cos’A—3cosA

8. (i) Prove:(sinA + cosA)2 =1+ sin2A
Proof: (sin A + cos A)?
=sin?A+ 2sinAcosA + cos?A
= cos?A + sin?A+ 2sinAcos A
=1+sin2A



Solution

i . Cos2A _ o
(ii) Prove: oS At snA CosA —sinA
Proof: —<OS 2A _ cos?A —sin?A

cosA+sinA  cosA+sinA

(cos A — sin A)(cos A + sin A)
cosA +sinA
=cosA —sinA

9. Show that 1 — (cos x — sin x)2 = sin 2x

Proof: 1 —(cosx —sinx)2 =1 — [cos?x — 2 sin x cos X + sin?x]
=1 — [cos? x + sin?x — sin 2x]
=1—1[1—sin2x]
=1—1+sin2x = sin 2x

1
10. tanA = 5
(1
_ 2tanA (2)
=tan2A = T—tan?A 7 _(1)2
2
13
1-4 2 3
11. cosA =% = Pythagoras: x> + (3)? = (5)?
= x2+9=25
= x2=25—-9=16
= x=116 =4
Hence, sin A :%
NG — 9 —-[4)3) = 24
(i) sin2A=2sinAcosA 2(5)(5) 5
2
(ii) cos2A = cos?A — sin? A = (%) — (%)2
_9 _16
25 25
- _7
25
12. Prove that 1—C952A _ . n 4
sin 2A
1 Y 1 _1-—tan?A
: — COS _ 1+ tan2A
Proof: sin2A  _2tnA_
1+ tan2A
1+ tan?A — (1 — tan? A)
1 + tan?2A
2tan A
1+ tan?A
_1+tan’A— 1+ tan’A
2tanA
_ 2tan?A _
~ 2tanA =tanA
2tanA  _ .
13. Show that1 tanZA SN 2A

2sinA 2sinA

2tan A _ cosA _ cosA
> = =

1+tan*A  sec2A 1

cos’A

Proof:




_ ,SinA  cos’A

cos A 1
=2sinAcosA
=sin 2A
_4
14. tan20—3
2tan 6 _ 4
= 1—tan26 3
= 6tan 0 =4 — 4tan 0
= 4tan’0+6tanf—4=0
= 2tan?0+3tanf—2=0
= R2tan 06— 1N)(tan6+2)=0
= tan0=lor—2
2
- .5 _ 3
15. (i) sinerule: Sn2B  sinp
= 3sin2B=5sinf3 3
5sin
= sin2B = |3'8=%sin3 2B
Y
5sin
(ii) sin2B=2sinBcos B = 33

16.

= 6sin3cosB=5sinf

= cos,Bzé
6 B
Pythagoras: x> + (5)2 = (6)?
= x2+25=36
= x2=36—25=11
= x=4y11
Hence, tan 8 = @
(i) tan(A+B)=—1andtanA=§
tanA +tanB _ _,
1 —tanAtanB
§+tanB 4
= =_
1—§|-tanB 1
4 — 144
= 3+tanB— 1+3tanB
= 4+ 3tanB=—-3+4tanB
= —tanB= —7
= tanB=7
L _ 2tanB
(i) sin 28—71 tan’B

1572 50 25



Solution

sin 2A

17. (I) Show thatm =tanA
in 24 2tan A
: Sin _ 1+ tan?A
Proof: T cos2A ~ 74 1-wrA
1+ tan2A
2tanA
_ 1+ tan2A
T 1+ tan?A+ 1 —tan?A
1+ tan2A
_2tanA _ tan A
2
sin 2(221) 10
(ii) LetA= 22§° = = tan 223
1+ cos 2(22%")2
1
sin 45° 2 _ Te
T+cosd5° 141 @22
2
1
= oy =tan22;
V2
1 1e
= = tan 22=
2 +1 2
10 1 2—1_V2—-1_+2-1
= tan22=- = . = = =42 —
2 241 V2—-1 2-1 1
18. (i) cos2A=1—2sin?A
= C0s4A =cos2(2A) =1 — 2sin22A
(ii) cos2A = 2 cos?A — 1

= C0s4A = cos 2(2A) = 2 cos?2A — 1

1 —cos4A _ 5
Show that TF cos 24 tan? 2A

1 —cos4A _ 1 — (1 —2sin?22A)

Proof: 1+cosd4A 1+ (2cos22A—1)
_1—1+2sin?2A
14+ 2cos22A — 1
_2sin?2A _ .
2 cos?2A tan®2A
. _bP+ct-a® _ _
19. (i) cosA——sz a=10 b=17
_(17)2 + (21)* — (10)? A
2(17)(21) c=21
_ 289 +441 100 _ 630 _ 15
714 714 17
" _1—tan?A
(i) cos2A =TT tanlA
1 —tan2§
= cosA=4A
1 +tan25
A
N E: 1 — tan27

17 1 +tan?4

1



15+ 15tan2A = 17 — 17 tam? 2

2 2
N 32tan2§=2

A1
= tan P 16

A_[T _1ip
= tanz—\/; 4|fA|sacute

20. (i) In ASRP
tan(45° — B) _ |SR|
1 h
= ISR| = htan(45° — B)
- o_ py_ tan45° —tanB
(ii) tan(45 B) 1+ tan45°tan B

__1—tanB _1—tanB
1+1.tanB 1+tanB

_ (1 —tanB
= ISR _h(1 + tan B
. o_p—_h
In APQR: tan(45° — B) OR]
= |QR|tan(45° — B) = h
_ h
= |QR| = tan(45° — B)
_ h __h(1 +tanB)
= |QR| = 1—tanB 1-—tanB
1+ tanB

Hence, |QS| = |QR| — ISR
h(1 +tanB) h(1 — tan B)

1 —tanB 1+ tanB
__ h(1 +tan B)(1 + tan B) — h(1 — tan B)(1 — tan B)
(1 —tan B)(1 + tan B)
_ h[1+ 2tanB + tan?B — (1 — 2 tan B + tan? B)]

1 —tan?B
_hl1 + 2tan B + tan?B — 1 + 2tan B — tan? B]
1 —tan?B
_ . 2(2tanB) _
=h T—tan’B 2htan 2B
Exercise 8.4
1. (i) sin5x + sin3x = 2sin SX+ 3X g 2X = 3X

2 2
= 2sin 4x cos x
(i) sin4x — sin 2x = 2 cos 4X—'2_ 2X in 4X; 2x
= 2 cos 3xsin x
(iii) cos3x + cosx = 2 cos 3X2+ X cos 3X2_ X
= 2 COS 2X COS X

70+560 . 70—560

(iv) cos760 — cos560 = —2sin 5 sin 5
= —2sin66sin 6
(v) cos36 — cos § = —2sin 362+ 9 gin 362_ 0

= —2sin260sin 0



(vi)

(iii)

(ii)

5. (i)

(ii)

(iii)

Solution

30+70 . 30—70
> sin=—

= 2cos 50sin(—26)
= —2cos560sin26
cos 80° + cos 40° = 2 cos 80° er 40° cos 80° ; 40°

= 2 cos 60° cos 20°
=2 5.c05 20° = cos 20°

sin 125° — sin 55° = 2 cos 125°2+ 55° ¢in 125°2— 55°
= 2 cos 90° sin 35°
=2(0)sin35°=0

cos 75° — cos 15° = —2sin Ex ; 157 sin 73 ; =

= —25sin 45° cos 30°
1

L(l): 1
E)z 2
sin 75° — sin 15° = 2 cos 75°J2r 15° 6in 75°; 15°

= 2 c0os 45°sin 30°
= 2( 1

sin36 —sin760 = 2cos

=

L(l):_
ko=
sin 10° + sin 80° = 2 sin 1% ; 80° s 10° ; 80°

= 2 cos 45° cos(—35°)

=2 % cos 35°
=2 cos 35°
cos(x + 45°) + cos(x — 45°)
— 2 cos X T 45° Jr)(_45ocosx+45°— (x — 45°)
2 2
2X X 4 45° — x + 45°

= 2cos?cos 5

= 2 Cos x cos 45°

=2 cosx - =12 cosx

V2
cos(x + 60°) — cos(x — 60°)

X+60°+X_60° . X+6O°—(X_600)
- sin
2 2
52X o X+ 60° — x + 60°
= 25|n—2 sin 5

= —2sinx - sin 60°

= —2sin

= —2sinx- g = —(3sinx
2 sin 3A cos 2A = sin(3A + 2A) + sin(3A — 2A)
=sin5A +sinA
2 cos 4x sin x = sin(4x + x) — sin(4x — x)
= sin 5x — sin 3x
2 cos 5A cos 2A = cos(5A + 2A) + cos(5A — 2A)
= cos 7A + cos 3A



(iv)

(vi)

(ii)

7. (i)

(ii)

—2 cos 6A sin 2A = —[cos(6A — 2A) — cos(6A + 2A)]
= —[cos 4A — cos 8A]
= cos 8A — cos 4A

sin 2Asin A = 2[cos(2A A) — cos(2A + A)]

= %[cos A — cos 3A]
—%[cos 3A — cos A]
%[sin(x + 5x) + sin(x — 5x)]

= %[sin 6x + sin(—4x)]

sin x cos 5x =

= %[sin 6x — sin 4x]

2 sin 75° cos 45° = sin(75° + 45°) + sin(75° — 45°)
=sin 120° + sin 30°

_3 11
—2+2—2(¢§+1

10'sin 67%0 sin 22%" = 5[2sin 67— sin 221°]
. _o . _o . lo lo
=5 cos(672 222 ) cos(672 + 222 )]

= 5[cos 45° — cos 90°]

—cf 1l _

=55~ 9|

_g. 1. 2_52
V2 V2 2

Show: 2 cos(A + 45°) sin(A — 45°) =sin 2A — 1

Proof: 2 cos(A + 45°) sin(A — 45°)
= sin[A + 45° + (A — 45°)] — sin[A + 45° — (A — 45°)]
= sin[A + 45° + A — 45°] — sin[A + 45° — A + 45°)]

= sin 2A — sin 90°
=sin2A—1
Show that <98 50° — cos 70° _ 3

sin 70° — sin 50°
cos 50° — cos 70°
sin 70° — sin 50°

. o4 70° . o _ 700
—25sin 50 270 sin 50 270

+ o _ e
2 cos 70° + 50° sin 70 250

_ —25sin 60° - sin(—10°)
2 cos 60° - sin 10°
_ 25sin60°sin 10°
2 cos 60°sin 10°
=tan 60° = {3

Proof:




Solution

sin(@ + 15°) + sin(6 — 15°)

8. Show that cos(0 + 15°) + cos(6 — 15°) tan 0
. sin( + 15°) + sin(§ — 15°)
Proof: cos(0 + 15°) + cos(6 — 15°)

- 2 sin 9+15°42>0*'|5° cos 9+15°—2(0—15°)
2COS 6+15°42rH*15° cos 9+15°—2(0—15°)
25in¥cos 0+ 15°;6+15°

260 6+ 15°— 0+ 15°
2 COs 5 COS ——————

_ sinfcos15° _

= os fcos15° _ @n 0

sin 4A + sin 2A _

9. Show that 2 <in3A = COS A
. 4A+ 24 44 — 2A
Proof: sin4A +sin2A _ 25in~—5—cos =
’ 2sin 3A 2sin 3A
_ 2sin3AcosA _
~ 2sin3A cosA
sin 5A —sin3A _
10. Show cos5A + cos3A tanA
5A+3A . 5A—3A
Proof: SINSA—sin3A _ 2€0os === sin =
" cos5A + cos 3A 54 + 3A 54 — 3A
2 cos 7 C0s =
_ COs4AsinA _
= CosdAcosA N A
11. Show that 2 sin(135° + A) sin(45° + A) = cos 2A
Proof: 2sin(135° + A) sin(45° + A)

= cos[135 + A — (45 + A)] — cos[135 + A + (45 + A)]
= cos[135+ A —45 — Al —cos[135 + A+ 45 + A]

= €05 90° — cos(180 + 2A)

= 0 — [cos 180 cos 2A — sin 180 sin 2A]

= —[(—=1).cos2A — 0.sin 2A] = cos 2A

12. Giventhattan 30 = 2,

sin @+ sin30+sin560 _ (sin50 + sin 6) + sin 36

Evaluate cos 6+ cos30 + cos50  (cos 50 + cos 6) + cos 36

2 sin%cosy + sin 360
WCOS# + cos 360
_ 2sin360cos 260 + sin 360

~ 2cos36cos 260 + cos 36

_ sin36(2 cos 26 + 1)
cos360(2cos 260+ 1)

=tan360=2

2 cos




Exercise 8.5

1. —60°

) sin”(%) = 45° ) sin”! ( \/_)

(i) cos*‘(%) = 60° (vi) tan”! (-1) = -45°
(iii) tan~' (1) = 45° (vii) cos*(—% =120°
(iv) C°5*1(% =30° (viii) tan~ 1 _E) = —30°
2. () sin*(%) = A
and tan“(%) =A 3
= sin‘1(%) = tan“(%)
(ii) sm*‘(%) =30°
and cos‘1(g =30° / 1
= sin‘1(%) = cos‘1(§
Gi)  sin %) oy
and tan‘1(% =B . = ] >
= Si”_1(13) - tan_l(%) N
(iv) tan'(x) =C
sin”! (ﬁ) =C
=  tan '(x) =sin ‘(ﬁ)
3. () sm”(ﬂ A
= sin(sin”"x) =sin A :%:X
(ii) sin*(f) =A "
= cos(sin~" x)

1 X2+(’H—X2)2=12
(iii) tan‘1(%) =B = xXX+1-x2=1
= 1=1

+
><N

2+ 12= (1 +x2)

= X+1=1+x



=1 i):
4. (i) cos (5 A
in[cos 3]
= smlcos (5 5 .
—ina=2
=sinA 5
A
3
(ii) tan‘1(H=45°
= cos(tan™'1) V2 :

=cos45°=% A

(i) tan”(%) -y

. 4 8
sin [tan 1(—)]
[ 15 h=17
8
=sinB=i
17 B _
h? =82+ 152 15
=64 + 225
= 289
= h=4289 =17
i _1§):
(i) cos (5 A
. (3 5
= sin|2cos B 4
=sin 2A
A _
i _,[4)3)_ 24
=2sinAcosA 2(5)(5) 5 3
I i):
(i) sin (13 B 13 S
cos [2 sin‘1(i)] = cos 2B B B
= cos?B -sin?B
_ E)Z_(i)2:144_ 25 _ 119
13 13 169 169 169
i in—1 i): i =i
(i) sin (13 C = sinC 13 13 ;
_12
andcosC—13 C — _
in—1 ﬂ): i :ﬂ
sin (5 D = sinD 5
andcosD=§
5 5 2
in[sin~] + s~ (2]
smlsm (13 + sin 5
D _
=sin (C+ D) 3

=sinCcosD + cosCsin D

4 _ 15 48 _ 63
6

5765 65 65

_>5.3_12,
13513



1 . 1
i) sin"'|=|=E = sinE=—
(i (\/E) 5 V5 1
2
and cos E ==
B E _
sin‘1(L)=F = sinF=L 2
0 V10
3 J10
andcostF 1
10 F _

sin [sin‘1L + sin‘1L

/5 /10

=sin(E+ F) =sinEcos F + cos Esin F

1.3 ,2 1 _3 .2 _5_5_1
V5 {10 V5 Y10 50 50 V50 572 V2
7 sin‘1(—)=A = smAzg
_3 > 3
andtan A 2
-71i): inB =2 A o
sin (13 B = sinB 13 y
-5
andtanB—12 3
in (3] + sin (3| 5
tan[sm (5 + sin 13 5 N
_ _ tanA+tanB 12
_tan(A+B)_1—tanAtanB
3 5 7 7
__a"h _ s _5_56
1-3.5 4_-5 1 33
4 12 16 16
,1§): . _3
8. tan (4 A = sinA -
5
andcosAz% 3
_11): o 24 f
cos (25 B = sinB 75 - _|
-7
and cos B 25
sin [2 tan”(%)l =sin2A =2sinAcosA
25 24
~ 342
515 25
sm[cos (25 sin B 25 -

inf2tan~(3]] = sin[cos™ [ 5]
Hence, sin [2 tan (4 sin|cos 5
Revision Exercise 8 (Core)

1. sin 2x = 2 sin x cos x
2 3

A3 A3

12
13

=2 +32=13
=h=413




Solution

3 anal S
2. tanA—4:>smA 13
_12
andcosA—13
353
tanB—4:>smB : )
_4 3
and cos NG
cos(A— B) =cosAcosB+sinAsinB B B
_12.4,5 3_48+15_063 4
13 5 13 5 65 65
3. Show that (cos A + sin A)2=1 + sin 2A
Proof: (cosA + sin A)2 = cos?A + 2sinAcosA + sin?A
=1+sin2A
_4 _3
4, cosx—5:>tanx 2
b E2
Hence, tan 2x = Zta”’g = (4)
1 —tan“x 1_(§)2
4
6 3
_ 4 _3_24
1-2 Z 7
6 16
5. Prove:sin?A + cos?A =1
Proof: sin2A+coszA=(92+ Q) ¢
C c
CZ C2 b
=4 c+2b as a’ + b> = c(Pythagoras’ theorem)
2
=<
c
8
6. tanA =-— = Pythagoras: h? = 82 + 152
15 ythag h=17
=64 + 225 8
=289 A =
15
=h=1289 =17
- _15
X COSA_” 8 \[15 240
(ii) sin2A=2sinAcosA = 2(W)(W) = 589
7. (i) sin75°cos 15° — cos 75°sin 15°
= sin (75° — 15°)
=sin60°=§

(ii) cos 2x = cos?x — sin?x = 2 cos?x — 1
Hence,2 + 2 cos2x =2 + 2(2 cos?x — 1)
=2+ 4 cos’x — 2 =4 cos’x




8. tan 75° = tan (45° + 30°)

_ _tan45° + tan 30°
1 — tan 45° tan 30°

1+

1
3

= — .‘I
1-1-%
B+1
_ B

3-1

I
_Y3+1 (341
3-1 3+1
_3+3+V3+1
3+403 43 -1
_4+2(3

2
=2+V{3=a+b/3

Hence,a=2,b=1.

9. (i) Show thattan 6sin 6 + cos 6 = sec 0

sinf@ . cos 0
o5 0 sin 6 + 1

_ sin @sin 6 + cos 6 cos 0
cos 6

_sinP@+cos?f_ 1
cos 6 cos 6
(i) cos 6= % X+ (5)2 =(13)2

1
1

Proof: tan 6sin 6 + cos 6 =

=sec 6

N

=sin = :>X2+25:169

w

13
=X =169 — 25 = 144

=x=1{144 = 12

Hence, sin 20 = 2 sin 6 cos 6

- 5[12}(£) =120
131113 169

10. (i) sin75° — sin 15° = 2 cos 75°J2F 15° in 75°; 15°

= 2 cos 45°sin 30°

1T 1 1 1
S s R B I
22 7 Ik

(i) A =sin
= tan 2A = tan 2(30°) = tan 60° = {3




Solution

Revision Exercise 8 (Advanced)
1. (i) cos2A = cos?A — sin?A
= cos?A — (1 — cos? A)
= cos?A — 1 + cos?’ A

=2cos?A — 1
= c0s2A + 1 =2cos2A

= Cc0s?A = %(1 + cos 2A)

(ii) sin 40° cos 20° + cos 40° sin 20°
V3

= sin (40° + 20°) = sin 60° = -

2. (i) Givensin 0= g

cos 20 = cos2 0 — sin? 0
= (1 —sin26) — sin? 0
=1—2sin?6
—1-_o4P=q_32__7
-1 2(5) 25 25
(i) Showthat2 cos?A —cos2A-1=0
Proof: 2cos?A — cos2A — 1
=2c0s?A — (cos?A — sin2A) — 1
=2cos2A — cos?A + sin2A — 1
= (cos?A+sinfA)—1=1—1=0

3. (i) 2sin46cos 260 =sin (46 + 26) + sin (460 — 26)
=sin 66 + sin 20

(i) (cosx + sin x)? + (cos x — sin x)?
= c0s?x + 2sinx cos x + sin?x + cos?x — 2 sin x cos x + sin? x
= 2(cos? x + sin?x)
=2(1)=2

4. (i) Prove:cos (45° + 6) — cos (45° — ) = —2 sin 6
Proof: cos (45° + 6) — cos (45° — 6)
45° + 9+ 45°— @9 . 45°+ 0 — (45°— 0)
- sin
2 2
90° . 45°+ 0—45°+ 60
> sin 5
= —25sin45°sin6

PR (S =
2 Esm@ V2 sin 6

= —2sin

= —2sin

(ii) Prove thatL — cos § =tan fsin 0
cos 6

Proof —1— — cos g =1 —C0s6¢cos 0
cos 6 cos 0
_1—cos’6
cos 0
_sin?6
cos 0
_sing

= -sin @ =tan Osin 0
cos 0



5. (i) cos?15° — sin?15°
= cos 2(15°) = cos 30° = >
sin30 _ cos36 _
sin 6 cos 0

Proof: sip 30 _ cos36 _ sin 30co§ 0 — cos 36sin 0
sin 6 cos 0 sin B cos 6
_sin(30—0)
" sinfcos 6
sin 260

~ sin6cos 6
—2sinfcosf _

sin 6 cos 0

&l

(ii) Prove that

6. (i) Showthantan15°=2 —+3
Proof: tan 15° = tan (45° — 35°)

tan 45° — tan 30°
1 + tan 45° tan 30°

1 -1 3 -1

3-1 {31
3+1 V3-1

_3—V3-V3+1_4-203_,
T T R R \E]

.. cos50—cos360 _ - .
(ii) Prove that Sin40 = —2sin 0

cos 560 — cos 360
sin46
5 50+36_. 560—36
B 2sin 5 sin 5
sin46
_ —2sin40sin 0 _
sin 6

Proof:

—2sin 0

_ _ tanA+tanB_
7. Proveitan(A + B) = -~

: _sin(A+B) _sinAcosB+ cosAsinB
Proof: tan (A + B) cos(A+B) cosAcosB—sinAsinB

sin Acos B cosAsinB
__ cosAcosB cosAcosB

cosAcosB _ sinAsinB
cosAcosB cosAcosB

_ tanA+tanB
1 —tanAtanB
_n
8. A+B—4
:>tan(A+B)=tan%
tanA +tanB _
1 —tanAtanB

=tanA+tanB=1—tanAtanB
=tanA +tanAtanB=1 —tanB

=tanA(1 +tanB)=1—tanB



Solution

1 —tanB
1+ tanB

Hence, (1 4+ tan A)(1 + tan B)

:(1 1—tanB
1+ tanB

=tanA =

)(1 + tan B)

1—tanB(

=1 thanBJr(1 TtanB

1 + tan B)

=1+tanB+1—tanB=2

9. sin105° =2 cos 192" T 15% ;, 105% = 15

2 2
= 2 cos 60°sin 45°
1.1
2 42
_1.2_12
2 V2 2
10. Triangle PTS = tan 20 = g
TriangIePQR:>tan(9=£=l ﬁ=ltan20
3 3 3
_ 2tané
:>3tan0—71_tan29
_ 2
=3 T e’ e

=2=3—3tan%40

=3tanZf=1

1
2 = —
= tan? 6 3
,1 1,,;
= tan 0 = = = —(0is acute
m 3 3( )
:>0=g

Revision Exercise 8 (Extended-Response)
1. Provethat cos2x=1— 2sin’x

Proof: €os 2x = cos(x + x)
= COS X COS X — sinxsinx
= cos?x — sin?x
=1—sin?x—sinx=1—2sin’x

Prove that sin3x = 3sinx — 4sin®x

Proof: sin 3x = sin(2x + x)
= sin 2x Cos X + cos 2xsin x
= 2sinxcosxcos x + (1 — 2sin?x) sin x
= 2 sin x(cos?x) + sinx — 2 sin®x
= 2sinx(1 — sin?x) + sinx — 2 sin3x
=2sinx— 2sin3x + sinx — 2sin3x
=3sinx—4sin®x

2 Showthat (cosA + cosB)2+ (sinA+sinB)2=2+ 2cos(A—B)
Proof: (cos A + cos B)? + (sin A + sin B)?
=cos? A+ 2cosAcosB+ cos?B+sin?A + 2sinAsin B + sin?B
= (cos2 A + sinZ A) + (cos? B + sin? B) + 2(cos A cos B + sin A sin B)
=1+1+2cos(A—B)=2+ 2cos(A—B)



AB
(i) Triangle AOB:sin 6 = 18|

5
= |AB| = 5sin 6 = |CD| 5
AO N
and cos¢9=% .5cm
= |AO| = 5 cos 6 = |OD| /9‘\=,f’
= |AD| = 5 cos 0 + 5 cos 6 = 10 cos 0 A
Hence, perimeter p = 2(|AD| + |AB)
= 2(10 cos 6 + 5sin 60)
=20cos 0+ 10sin O
(i) Arearectangle = |AB|.|AD|
=5sin60.10cos 6
= 50sin 6cos 0
=25.2sin 6cos 0
= ksin20 =25sin20= k=25
(i) Given cos(A+ B) =cosAcosB —sinAsinB
Then, replacing B with —B,
cos(A — B) = cos A cos (—B) — sin A sin (—B)
= cosAcosB+sinAsinB, assin(—B)=sinB
(ii) Thus sin(A + B) = cos[90° — (A + B)]
= cos[(90° — A) — B)]
= c0s(90° — A) cos B + sin(90° — A)sin B
=sin AcosB+ cosAcosB
(W(&aﬂ%ﬂz%i msmmﬂz%
(iv) sin(A — 30°) =3 cos A
sin A cos 30° — cos Asin 30° = 3 cos A
sin A r) - cosA ) =3cosA
V3 sinA — cosA=6cosA
V3 sinA=7cosA
sinA _ 7
cosA {3
7
tanA ==
V3
(i) Showthat V2sin26+ 6cos20—2 =2cos 6
Proof: 12sin2 0+ 6cos2 0 —2 =1{2(1 — cos? 6) + 6 cos? H — 2
=2 —2cos2 0+ 6cos?f — 2
=14 cos? 6
=2cos 0
(i) Equation: asin?2x+ cos2x—b =0
x=0° = asin?2(0°) + cos2(0°) —b=10
= a(0) +cos0°—b=0

0+1—b=0=b=1

x = 60° = asin? 2(60°) + cos 2(60°) — b =10
= alsin 120°]2 + cos 120° — b =0
3 1
- 4ﬂ—§—1=0
= 3a—2—4=0
= 3a=6
= a=2



Solution

3

6. sin 26

=2 . 2sin20=3sin6
sin 6 . .
=2.2sinfcosO=3sin0

_3_
= Ccos 6 = 7 0.75 3em 5em

= 6 = cos ' (0.75) = 41.409° = 41.4°
0 =414° =260 = 2(41.4°) = 82.8°

= angle ACB = 180° — (41.4° + 82.8°) ; Anhiled 29;823"
— 1800 — 124.2°
— 55.80

Since 55.8° > 41.4° = |AB| > 2 cm as bigger side is opposite greater angle.

7. (i) sin20=1=260=sin""(1) = 90°
—90° _ 4r0
=0 > 45

(@) sin O = sin45° = 1

V2
(b) tan 6 = tan 45° =1
sin 46(1 — cos 26)
cos 26(1 — cos 46)

sin46(1 — cos 26) _ 25sin 26 cos 26(1 — cos 26)
cos 260(1 — cos 46) cos 26(1 — cos 46)
_ 25sin 26(1 — cos 26)
1—(1—2sin220)
_ 25sin26(1 — cos 26)
1—1+2sin220
_ 25sin 26(1 — cos 26)

(ii) Show that =tan 0

Proof:

2sin%260
_1—cos20
sin 26
1 — 1—tan?6
1+ tan2 6
- 2tan 6
1+ tan26
1+tan26 — (1 —tan? 6)
o 1+ tan26
- 2tan 6
1+ tan26
_1+tan’6— 1+ tan?6
2tan 6
_2tan?6 _
~ 2tan 6 tan 6
8. (i) Area AACB = Area ADCE
1 S I
= 2x.xsm 40 = 2x.xsm 20
= sin460 = sin 260
= 2sin260cos 260 =sin 20
_1
= cos 260 = 5
= 20 = cos‘1(%) = 60°
= 9:@: 300

2




(i) #=30°=26=60°and 46 = 120°
Triangle ABC: |ABJ* = x> + x? — 2x.x cos 60°

1
=2x* — 2x.x(§)
=2 —x2=x°
Triangle DCE: |DE|?> = x* + x* — 2x.x cos 120°
1
=2x* — 2x2(—§)
=2x* + x*> = 3x°
Given |ABJ? + |DEJ? = 24

= x>+ 3x2 =24
— 4x2 = 24
= x2=6
= x=16
9. (i) Areasector ADBC = %(2)2 20 = 40radians C
(i) Areatriangle ABC = %(2)(2) sin 260 = 2sin 26

Area A ABC = %Area sector ADBC

= 25in 20 = 2(40) \

=2sin260= 360

Area A ABC =43

= 2sin20=13

= sin 20 = g
3w
= ]_ = —
= 260 = sin 5 3
= 0 = Tradians
6
o _ |AC| _
10. (i) Triangle ACO: SN 180° — 20 sna
Ac _r
sin2a  sina
- AC| = rsin 2a
sin a
_r.2sinacosa A r o d 5
sin a
= 2rcosa

(i) [AC] bisects the area of the semicircular region
= 2[Area AAOC + Area sector COB] = Area semicircle
1 1 1

LM o _ 12, =12
=>22r rsin(180 2a)+2r 2a 2q-rr
LS A2 5, =T
= 2 2r sin 2a + 2 2r 2a 2r
= Sin2a+20¢=%
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Exercise 9.1
1. (i) 6,12,18,24,30,36,42

(ii
(ii
(iv

) 7,12,17,22,27,32,37
)
)
(v)
)
)
)

47,59,7.1,83,95,10.7,11.9
2,—-1,—-4,-7,—10,—13,—16
2,3,6,11,18,27,38,51,66

78,70, 62, 54,46, 38,30

10,5,0, =5, —10, —15, =20, —25
—64, —55, —46, —37, —28, —19, —10

(vi
(vii
(viii
2. () T,=4n-2
=T,=4(1)—2=2
T,=42) —-2=6
T,=4(3)—2=10
T,=44)—2=14
T,=(n+1)?
=T,=(1+12=4
L=Q2+1)32=9
T,=3+12=16
T,=@+1)?2=25
T,=n?>—2n
=T, =12-2(1) = —1
T,=22-2Q2)=0
T,=32-23)=3
T,=4-24)=8
T,=(M+3)n+1)
=ST,=(1+3)(1+1)=8

2,6,10,14

(i)

4,9,16,25

(iii)

—-1,0,3,8

(iv)

L=Q2+3)@2+1)=15
L=G+3G+n=24 5123
T, =@4+3)4+1)=35

v) T,=n-1
=T=03-1=0
L=023-1=7
T,=@P—1=26 0,7,26,63
T,=4)P—-1=63

3. (i) 5cm,9cm, 13 cm, 17 cm, etc.

(ii) T,=5
T,=5+4
T;=5+ 2(4)

T, =5+ 3(4) etc.
=T,=5+(—14=5+4n—4=4n+1
=Ts=4(5)+1=21cm.

(vii)

(viii)

(ix)

2,6,18,54,162,486
2,6,12,20, 30,42, 56
1_1_3_5_7

31 _ 3_>
48 4 4 4 4
1,2,4,7,11,16,22,29
0,3,8, 15,24, 35,48, 63
3

1

I
-
I
I

o

wIN

ol
Il
Il

N ujlw b
wi=
N|=

2,4,8,16

—3,9,—27,81



Solution

4, (i) —1k

1) km =2 km

) km =4 km

Y km =7 km

Ykm =11 km

1+ 5)km = 16 km

16 + 6) km = 22 km
= (22 + 7) km = 29 km

In week8, she ran 29 km.

2+2
4+3
7+4

=(1
= (
= (
= (
(1
(

P
=

5. T,=4n—3
=>T,=41)—-3 =1
Ts=4(5)—3 =17
Tio = 4(10) — 3 = 37.

)
= T1 = (_2)1-*—‘I - 4
To=(-2°"" =-128
T,y = (—2)1"*1 = 4096.

iy st e

(iii)



) T.=4n—2=12,6,10,14,..C
) T,=2n>=2,8,18,32,..B
(i) T,=n(n+1)=2,6,12,20,..D
)
)

(iv) T,=2"=2,4,8,16,...A
(i) 5,6,7,8,9
=T,=5
L,=6=5+1
T;,=7=5+2
,=8=5+3
T;=9=5+4
=T, =5+n—-1)=5+n—-1=n+4.
(i) 2,4,6,8,10
=T,=2
,=4 =2X2
;=6 =2X3
7,=8 =2X4
T;=10=2X5
=T, =2Xn=2n.
(iii) 2,5,8,11,14
=T,=2
,=5 =2+3

T,=8 =2+23)
T,=11=2+303)
To=14=2+43

=T, =2+(—13=2+3n-3=3n—1.
(iv) 1,4,9,16,25
=T =1 =12
T,=4 =22
T,=9 =32
T,=16 =42
T, =25=52
=T, =n2

(v) 2,5,10,17,26
ST=2 =141 =12+1
T,=5 =441 =22+1
T,=10=9+1 =32+1
T,=17=16+1=42+1
T,=26=25+1=52+1
=T, =n?+1.
(vi) —=1,1,—1,1, =1
=T, = —1

o
|
|



Solution

(vii) 1,5,9,13,17
=T,=1
T,=5 =1+4
T,=9 =1+2(4)
T,=13=1+3(4)
T,=17=1+4(4

= Tn =1+(M—14=1+4n—4=4n— 3.
wii) 1,2, 3705
=T,=1
nz%
n=1
n=%
=1
:n=%
RESPEL
B
5:%
E—%
u—%
-]

(x) (2X3),(3X4),(4X5),(5X6), ..
=>T,=2X3=((n+1)n+2)

T,=3X4
T,=4X5
T,=5X6

= T,=(n+ 1)+ 2).

10. 0,1,1,2,3,5,8,13,21 ...
The Fibonacci series is formed by adding the two previous terms to give the next term.

..34,55,89,144 ..
11. 1
1 1
1 2 1
1 3 3 1

M 1,2,3,4,5,..T,=n (iii) 1,2,4,8,16,32 ... T,,=%=zn*1
(i) 1,3,6,10,15,21, .... n=gw+m (iv) 3,6,10,15,21,28, ....
=%@naqm ..... )n=%m+nm+m



Exercise 9.2
1. (i) 8,13,18,23,..

=a=8,d=5
= T,=a+nh-—1d
=8+ (n—1)5

=8+5n—5=5n+3
Also, T,, = 5(22) + 3 =113
(i) 16,36, 56,76, ...
=a=16,d=20
= T,=a+(nh-—1d
=16+ (n—1)20
=16+ 20n — 20 =20n — 4
Also, T,, = 20(22) — 4 = 436
(iii) 10,7,4,1, ..
=a=10,d= -3
= T,=a+n-—1d
=10+ (n— 1)(—3)
=10—-3n+3=-3n+13
Also, T,, = —3(22) + 13 = —53

2. T,=5n-2
=T,=51)—-2=3
T,=5Q2)—2=8
3,8,13,18..
T,=53)—2=13
T,=5@4)—2=18

3. () =5 —-1,3,7,... 75
=a=-5d=4
=T,=—5+(n—1)4

=-5+4n—4=4n—9
WhenT,=75 =75=4n-9
4n=75+9=84

nz%—zy
(i) 2,5,8,11,... 59
=a=2d=
=T,=a+(n—1)d
=2+((Nn—-1)3

=2+3n—-3=3n—-1
WhenT,=59 =59=3n-—1
3n=59+1=60

n=%—20.
(i) —%,—1,—%,0 ....... 14
:>a=—%,d=%
=T,=a+(n—1)d
=—%+(n—1)%



5.

6.

Solution

WhenT,=14 = 14= %—2

N-14+2=16

N

= n=16x2=32.

(i) T, =4, T,=22
=since T,=a+ (n—1)d
h=a+(1—-1)d=
Also, T,=a+(7—-1)d=a+6d

c. a=4

and a+6d=22

= 4+ 6d=22
6d =18
d=3

(i) =T,=4+(n—1)3
=4+3n-3=3n+1.
T, =31 +1=4

TL,=32+1=7
T,=33)+1=10 | 4,7,10,13,16..
T,=3(4) +1=13
T;=3(5)+1=16

(i) Also, T, = 3(20) + 1 = 61.

(i) Red tiles sequence: 1,2,3,4,..7,=n.
Orange tiles sequence: 8,10, 12, ..... =a=8,d=2.
=T,=8+(n—1)2
=8+2n-2
=2n+6.
.. For design 8, Ty = 8 red tiles
Tg = (2(8) + 6) orange tiles
= 22 orange tiles.
(i) Total number of tiles needed
=9,12,15,18, ........ T,=3(n+2),
i.e. the number of tiles is always a multiple of 3.
Since 38 is not a multiple of 3, no design will need 38 tiles.

T, =a+(n-—1)d
=T, =a+R2—-1)d=a+d
T, =a+((7—1)d=a+6d
Ts=a+(13—1)d=a+12d
Ts=27=a+12d =27
T,=3T,=a+6d=23(a+d)
= a+6d=3a+3d
=—2a+ 3d=0.
Since a+12d=27...A
and —2a+3d= 0....B
= 2A: 2a+24d =54
B: —2a+ 3d= 0
= 27d = 54 (adding)
d=2




Also, —2a+3(2) =0
—2a = -6
a =3
.3,5,7,9,11, 13 are the first six terms.
7. (i) 2k + 2,5k — 3, 6k are three consecutive terms.

= 5k—3—(2k+2) =6k— (5k—3)
5k—3—-—2k—2 =6k—5k+3

3k—5 =k+3
2k =8
k =4.

(ii) 4p, —3 — p, 5p + 16 are three consecutive terms.
= —-3—-p—4p=5p+16—(—3—p)

—3—-5p =5p+16+3+p
—3-—5p =6p+ 19
—11p =22
p =-2
8. o (@) o
(@)
(@) (@]
(@)
O OO0 OO0 O
(o)
(o) (o)
(o)
(o) o (o)
(i) 12,20,28
=a=12,d=38
=T,=a+(n—1)4d
=12+ (n—1)8
=12+8n—8=8n+4
(i) T,5=28(15)+4=124
(i) T,=164 = 8n+4 =164
8n =160
n =20
9. 7,=4n — 2

= T,y =4n+1)-2
=4n+4—-2=4n+ 2.

T,oy—T,=(@n+2)—(4n — 2)
=41 + 2 — 411 + 2 = 4,a constant.

Since there is a constant difference between terms, the sequence is arithmetic.

10. T,=n(n + 2)
= T,o=Mn+N((n+1)+2)
=(n+1)n+3)

Tooi— T, =N+ 10Nn+3)—(nnh+2)
= +3n+n+3—p%—2n
= 2n + 3 which depends on n.
.. Since the difference is not constant, the sequence is not arithmetic.



Solution

11. |_ _| |_ _|

L] L] ] B

(i) Shape 7 will need 8 light-coloured tiles, since each design has 8 light-coloured tiles.
(i) Sequence for dark-coloured tilesis 1,4,9, .... T,, = n?
= forshape 7, T,=7?darktiles
= 49 dark tiles.

(i) T,=n?+8
i) T,.,=(n+12+8
=n’+2n+1+8

=n>+2n+9
= T~ T,=n*+2n+9—(n*+8)
=2 +2n+9—-p2—38
= 2n + 1 which depends on the value of n and is therefore not arithmetic.
12. ' Number of hexagons 1 2 3 4 | 10 [(20)| 30
Perimeter 6 10 [ (14) | (18) | (42) | 82 |(122)

(i) 87 matchsticks left over
Sequence: 6,10, 14,18, ...

= a=6d=4
=T,=6+(n—1)4
=6+4n—4
=4n + 2.
IfT,=4n+2 =87,
=4n =85
n = %5 which is not a whole number.

.. Sandrine will have matchsticks left over.
(i) T,=4n+2
To=4n+1)+2
=4n+4+2=4n+6
= T, —T,=4n+6 — (4n + 2)
=4+ 6—4n—2 =4, aconstant
.. The sequence is arithmetic.
(iii) New design sequence: 6,12,18, ...

= a=6,d=6.

=T,=a+n-1)d
=6+ (n—1)6
=6+6n—6
=6n

Number of matches in each design: 6, 12, 18, 24, 30, 36, ...
Total number of matches used: 18, 36, 60, 90, 126, ...

.. A total of 5 completed levels is possible using a total of 90 matchsticks with
122 — 90 = 32 left over.



13. a=12min
d = 6 min
=T,=12+(n—1)6
=12+6n—6
=6n + 6.
IfT,=60 = 6n-+6=60
..6n =54
n = 9 weeks.

Exercise 9.3
1. () 1+5+9+13
= a=1,d=4
S,=2Qa+ (n—1d)

2(1) + (n — 1)4)

(2+4n—4)

IS NS NS N

(4n — 2)

= S =22(4020) ~ 2

=780
(i) 50 + 48 + 46 + 44

= a=50,d= -2

S =202a+ (n—1)d)

NN

(2(50) + (n = 1)(=2))

(100 — 2n + 2)

N NS NS NS N

o

(—2n + 102)

===(—2(20) + 102)

J
)
]
|
N

|
o
N
o

2, () 6+10+14+18+...50
=a=6d=4
=T,=a+((n—1)d

=6+ (n—1)4
=6+4n—4
=4n + 2.
7,=50=4n+2 =50
4n =48
n =12

=6(12 + 44)
=336

(iii)

(iv)

(ii)

T+11+12+13+ ...
= a=1,d=0.1
= S =202a+ (- 1)d)

(2(1) + (n — 1)(0.1))

(2+0.1n—0.1)

NS NS NS N

(0.1n + 1.9)

N
o

= S20 = 22(0.1)(20) + (19))

=39
—7—341+5+...
= a=-7,d=4

S, =22a+ (n-1)d)

2
=Z2Q2(=7)+ (= 1)4)
_n, _
=Z(-14+4n—4)
_n _
—2(4n 18)

— S, = %(4(20) —18)
=620

1+2+3+4+..100

It is obvious that n = 100 (i.e. there are

100 terms in this sequence)

a=1,d=1
5n=%(2a+(n— 1)d)
= S100 = 1922(1) + (100 ~ 1)(1)
= 50(2 + 99)
= 5050



Solution

(iii) 80 +74 + 68 +62 + ... —34
=a=280,d=—6
=T, =a+(n-1)4d
=80+ (n — 1)(—6)

=80—-6n+6
= —6n + 86
T,=—-34= —6n+86 =—-34
—6n =—-120
n =20
Snzg(20+(n—1)d)
_ 20 o1y
= Sy =5-(2(80) + (20 — 1)(~6))
=10(160 — 114)
= 460
3.5+8+11+14+...=98
=a=5d=3
., Sn=%(2a+(n—1)d)
=98 = %(2(5) +(n—1)3)
=110+3n-3)
2
=%(3n+7)
5. 196 =3n%2+7n
5. 3n2+7n—196=0
To find n;

a=3b=4+7c=-19%
=7 +(=7)2— 4(3)(—196)

2(3)
_ —7£\2401 _ —7+49
6 6

—7or=56(— g2

=7o0r 6 ( 93)

Since n must be a natural number,n = 7.

4, T,=5-—3n

= T,=5-3(1) =2 =a
Also, T, =5-3(2) = -1
: L,—-T,=d =-1-2 =-3
:>S,,=%(2a+(n—1)d)
X 10
. S0 = 7(2(2) + (10 — 1)(—3))

Il
|
—_
_
(9]



5.a=10,d=2,5,= 190
S, (2a+ (n — 1d)

S NS

=190 = =(2(10) + (n — 1)2)

N

=380 =n(20 + 2n — 2)
380 = n(2n + 18)
=2n?+ 18n
.20 +18n—380=0
= n+91—-190=0
(n+19)(n—-10=0
.n=-19 or n=10
..n=10 sincenecN.
6

6. (i) Z(3r+ N=CM+N+CB2+1N+BB)+1N+B&+1)+3B5B)+1)+3(6)+1)

= =44+7+10+13+16+19
=69
5
(ii) Z(4r— 1)=40)— 1)+ @1 — 1)+ 4Q) — 1)+ 43B) — 1) + 4@4) — 1) + 4(5) — 1)
pry = —1+347+11+15+19
=54

100
(iii) Zr=1+2+3+4+ ...... 100

r=1

122 + (100 - (1)

=50(2 + 99)
= 50(101)
= 5050

7. (i) 4+8+12+16+..124
= a=4d=4
S T,=a+(n—1)d
= =4+(n-1)4

=A+4n—A
=4n
WhenT,=124: 4n=124
n =31

31
A48+ 12416+..124=N ‘4n
(i) —10-—9+-8—71+ .4
2 2
_ .1
= a=—10,d +2
w T,=a+(n—1)d

=—10+(n—1)

N|[—

n 1
= — +___
10 >3

2



Solution

WhenTn=4:%—271=
= n—21=8
n =29
1 1 =1
_10_95_8_754' ...... +4 = E(n—21)

(iii) 10 +10.1 +10.2 + 10.3 + ..... 50
= a=10,d=0.1
=T,=a+n-1)d

T, =10+ (n — 1)(0.1)

=10+ 0.1n — 0.1
=0.1n+9.9
WhenT,=50: 0.1n+ 9.9 =50
0.1n = 40.1

n = 401

401

8. T,=15 and also, Ss =55
T,=a+(n—1)d sn=g(za+(n—1)d)
= T,=a+@4—-1)d :>55=%(2a+(5—1)d)
= T,=a+3d = S5=2(Qa + 4d)
na+3d=15..A Ss =5a + 10d

.50+ 10d =55....B

.5A: 5a+15d =175
B: 5a+ 10d = 55

5d =20

d=4
= a+34) =15
a =3

.. The first five terms are 3,7,11, 15, 19.

9. Thirdterm: T; = 18
Seventh term: T, = 30

T,=a+(n-—1)d

=T,=a+@B3—-1d also, T,=a+(7—1)d

=T;=a+2d T,=a+6d

T,=18 = a+2d=18

T,=30 = a+6d=30
—4d = —12 (subtracting)
sd=3

= a+2(3)=18

a =12



10. (i) Number sequence forrings = 6, 11, 16, .....
=a=6d=5
T,=a+n—1)d
Tio=6+(10—1)5
= 51 rings needed for design 10.
(i) T,p =6+ (20— 1)5
= 101 rings needed for design 20.

S, = g(za +(n — 1)d)
N szoz%(z(e)ﬂzo— 15)
=10(107)
= 1070 rings needed for all 20 designs.
11. =12, .. 40, S, =196,
=a=—12.
Also, T,=a + (n — 1)d 5n=%(2a+(n—1)d)
= 40=-12+(n—1)d :>196=%(2(—12)+(n—1)d)
52=(n—1)d =g(—24+(n—1)d)
_n,
=3(=24 + 52)
392 =28n
C.n=14.
Also, 52 = (14 — 1)d
52 = 13d
d = 4.
12. 14+2+3+...n
=a=1,d=
n=g(za+(n—1)d)
=g(2(1>+<n—1)(1))
_n .
—2(2+n 1)
_n
—2(n+1)

ST+2+34+...99 =n=99.



13.

14.

Solution

—51
1
945

T,=a+(n—1)d

S21

Also, S, = %(Za +(n—

7A: 14a + 280d = 77
B: 14a + 140d = 63
140d = 14
= d=0.1

. 2a+40d =11

= 2a + 40(0.1) = 11
= a =35
_30
= 2(
= 148.5

T,, =37

Sy =320

T,=a+n—-1d =
=

(2a + (n — 1)d)

S30

_n
=1

2A: 2a + 40d = 74
B: 2a + 19d = 32

:>T21=a+(21—1)d=5%
1
a+ 20d —52
2a+40d  =11..A
Nd) =S, =271(20 + (1= 1)d)
%(2a+20d)
42a + 420d
14a + 140d

(subtracting)

2(3.5) + (30 — 1)(0.1))

a+20d  =37..A
= Sy = 22—0(2a + (20 — 1)d) = 320
N 102a + 19d) =320
. 2a + 19d =32

21d = 42 (subtracting)
= d=2
. a+20d =37
=a+ 20(2) = 37
a =37—-40=-3

. _ 10

S0 = 7(2(—3) + (10 = 1)(2)

=5(—6 1+ 18)

5
60



15. T, T, Ty, .. L
ST,=a+n—1d=1
= (h—1d=I[l—-a
Sh =

gaa+m—nm
_n _
=5 (2a+1—a)
_n@+l) . n
= (I.e.2(0+l))
16. S. of an arithmetic sequence cannot be found since
&zgw+n

:>Soc=5(a+l)

But in an infinite sequence, there is no last term
.. The sum cannot be evaluated.

Exercise 9.4
1. (i) 3,9, 27,81,..

9—£:8_1: = . i H
39 "%y 3 =r ..Sequence is geometric
81 x3=243 1 39 77 81,243,729
243 X 3 =729

" 111

i) 13557
LA .
%=%=21—7=%=r . Sequence is geometric

3 9

1,11
27 37 81 11111
1 11 '3'9'27' 81" 243
813 243

(i) —1,2,—4,8, ...
2 —__4=i=— = N i i
7= — 2 =r ..Sequenceis geometric

8Xx=2=-16 | _q 5 438 —16,32

—16 X —2= 32

(iv) 1,—1,1,—1,..
-1_ 1 _ -1 _ . ; ;
T_—_1_T__1_r .".Sequence is geometric

1.1 .1
(v) 1, 12, 14, 18'
—1359
7 2! 4! 8
3 5
:>% = %% = % .".Sequence is not geometric
2
(vi) a,a? a a, ..
a_a_at ; :
=-—=-—S=-—=da=r . Sequenceisgeometric



Solution

(vii) 1,1.1,1.21,1.331, ...

=-——=—""-=11=r .. Sequenceisgeometric

1 1 1.21
1.331 X 1.1 = 1.4641
1.4641 X 1.1 = 1.61051

(viii)

N|=
o= O=

—

N

&l=

§_112_1 .".Sequence is not geometric

Y
!
|

(ix) 2,4, —8,—16, ...

=

Rlw |
e
W
N
o

U
!
[

HNlw
N[
N
~N

162 X 6= 972
972 X 6 = 5,832

o.Ty =5201710=5120

(i) 10,25, ....
= :é:
=a=10,r 10 2.5
Also, T,=a.r"!
T,=10.(2.5)""

=10.(2.5)° = 2441.41

3. T,=12,T, = 324
T,=a.r!
=T,=a.r’'=ar=12
= Ts=a.r>'=ar*= 324.

3
ar*_ 324
a 12

= =27
= r=3
coa@B)=12
12
=a —?—4

..Sequenceis4,4 X 3,4 X 32,4 X 33,4X 34
=4, 12, 36, 108, 324

39
} 7 27,162,972,5832

} 1,1.1,1.21,1.331, 14641, 1.61051

.. Sequence is not geometric

.. Sequence is geometric

(iii) 1.1,1.21, ...

_ _1.21 _
=a=1.1,r EXD 1.1

Also, T,=a.r"
Te=1.1(1.1)8""
= 1.1(1.1)7 = 2.14358881
(iv) 24,—-12,6, ...



4. T,=6,T, = 1458

T,=a.r"!
=T=a.r "=ar*=6
To=a.r® " =ar’ = 1458
5
. dr” _ 1458
;-¢% 6
= r5=243

5

= r=v243 =3

1
5. T2:4’T5:_ﬁ
T,=a.r!
=T, =a.r’'=ar=14
- 1
= 5-1 — gré = — L
Ts=a.r ar 16
3 _ 1
ar®_ "6 _ _ 1
dr 4 64
1
3= __L
T e
S B
= "\ 3
R
a( 4) 4
=a =—-16
*. Sequenceis —16 (—16>< —l) (—16><(—l)2) (—16><(—l)3) (—16><(—l)4)
- ' 4/ 4l 4l 4
=— 11
= —16,4, 1,4, 3
6. A: 2,6,8, ..
g = % =3 =r ..Sequenceis geometric

3
T, =18 X 3 = 54 dots

B: 3,6,10,..
6_10 . . .
§¢F .".Sequence in not geometric

S LI I A

C 1'2’4’8’16’ ..... 1
1 1 4
2 _4_ 1 - . .
17173 .. Sequence is geometric 1
=11 32 1
~Te =757 3733 1] 8

16




Solution

. 1124 8
D: 1'3'9'27’81
3,5 . . 1,22
TaéI .. Sequence is not geometric 373 9
3
1,2 !
|-e37ﬁ3 3 :
Note: if 1 is left out of this sequence, 13%
12 4 - .
3957 8] is geometric;
2 4 8
12 4 3 .88
3 9 27 1.16 16 27 81
3781 243
7.n—2,n,n+3... geometric:L=n+3
n-—2 n
nP=mn-+3)(n—2)
=pf+3n—2n-6
= n==6
-_6 _6_3
= "T6—2"2 2
.(6—2),6,6+3
27
:>4,6,9,2
8. () T,=-637T,=189
T,=a.r!
=T=a.r3"=ar>=-63
T,=a.r*'=ar*=189
1
Ldrt _ 189
4 63
Soor=-3
= a(—3)? = —63
_ —63 _ _
a = 7

(i) . T,=—7(=3)""
9.7,=16,T, =9

T,=a=16
T,=a.r"!
=T;=16.r>""=16.r*=9
9
4= 2
TS
9 03
=~ '=\i6 "2
B B)7—1_16.W§)6_27
T7_16(2 T 2% 4

Ol s

NMES



10. Let the first three terms be % a, ar.
:>g.a.af= a’ =27
X
—a=3V27=3

AIso,%+a+ar= 13

= a-+ar+ar?=13r
a=3: 3+4+3r+3r2=13r
= 3r—10r+3=0
Br—1(r—3)=0
r=%orr=3
fr=3anda=3 = %,3,3><3,3><32
= 1,3,9 27
-1 - 3 1 1)
fr=fanda=3 = %,3,3><(3),3><(3)
= 93,11
Ill3

11. T =3x2!
= T,=3X2""1=3X2°=3
T,=3X221=3X2"=6
T3=3><2371:3><22:-|2 3,6,12,24,48

T,=3X2"1=3X2=24

T,=3X251=3x24=48

12, Tnzs(%)n
= T1=8(%)1=6
ool
ol -3
ol
13. T,=( 1)”“><2,:5_4
= T, = (1) X 5y =25 =40
T,= (—1P" X o2y =~ = =20
40, —20,10, -5
T3—(—1)3“><%=%:10
T4—(—1)4+1><% ;—05— 5




14. (i)

(iii)

(iv)

15.

16.

X—3,x,3x+4 =

Solution

X _3x+t4
x—3 X
x> =(3x+4)(x—3)
XX=3x>—9+4x — 12
=2*—-5x—12=0
2x+3)(x—4) =0

,',x=—% or x=4

Ifx = 4; 1,4,16, ...

-3 _9_.3_1
Ifx = > > T T

x+4_3x+2
X+ 1 x+4
X+4x+4)=0CBx+2)x+1)
x> +8x+16=3x2+5x+2
22X —=3x—14=0
2x—7)x+2)=0

X+1,x+43x+2 =

',x=§or -2
Ifx=—-2;, —1,+2,—4, ..
-7 91525
tx=3 373
X—2,xx+3 = —X_-Xx*3
-2 X

Whenx=6;, 4,6,09,....

2X X2
X—6,26x> = ~ 6" %
= 4x2 = x*(x — 6)
= 4x2 = x3 — 6x2
X =102 =0
xX2(x—10) =0

. x=0o0r x=10
When x =10; 4,20,100,.....

When x = 0; no sequence is formed.
T,=2X3"
Ty =2 X3
T +1
’7’_“ = zzxxagn = 3,a constant
n

.".Sequence is geometric.
T,=3Xn?
T,i1=3X(n+1)?
To1 _3X(n+12_3(n2+2n+1) _3n2+6n+3

T,  3Xn 3n? 3n?

—1+24+ L
n n

Which is not constant.
.".Sequence is not geometric.



17. (i) 5,15,45,...3645 (i) 48,6,=, .. ===

"4 2048
=a=>5,r 5 3 =a=48,r 28~ 8
Also, T,=a.r"! Also, T,=a.r"!
=5,31 =48(l)n71
= 5.3""1 = 3645 8
3071 =729 =36 _ 48(1)”‘1 ~_3
L oh—1=6 8 2048
n _7 (l)"“: 3 —_ 1 _1
8 48 X 2048 32768 85
n—1=5
n =6
) 27 x (3], 27 %[5 27 x(3[. 27 x [3]
. X [= X [= X [= X =
18. () 27 (3),27 21,27 x 2], 27 % |
_ 16
=18,12,8,3

(i) T, = 27(%)n = height of the n"" bounce
2112
(iii) T), = 27(§) ~021m

19. (i) A =€4000(1.03)

To find sum of money on deposit, lett = 0
= A= €4000(1.03)° = €4000

(i) Year 1: A = €4000(1.03)" = €4120
Year 2: A = €4000(1.03)% = €4243.60
Year 3: A = €4000(1.03)® = €4370.91
Year 4: A = €4000(1.03)* = €4502.04

(iii) Year 10: A = €4000(1.03)'° = €5375.67

(iv) Double value = €8000
= €8000 = €4000(1.03)*

= 2 = (1.03)¢
t = between 23 and 24 years
t=23.45
Using logs: log 2 = log 1.03t = tlog 1.03
_ 1092 _ 345
log 1.03 ’
20. A= P(1 + i)

t = 10 years, P = €2500, A = €3047
= 3,047 = 2,500 (1 + )'°
1.2188 = (1 + )"0

1
(1+ i) ='Y7.2188 = (1.2188)70 = 1.02
= i =0.02 = 2%,



Solution

Exercises 9.5

1. ()

(ii)

(iii)

(i)

(iii)

(iii)

5. (i)

(ii)

(iii)

2
n+2 _ . 1+5% 140_1
n'm3n—4_n'm3_g 3-0 3
4
. 5n—4_ . O~ 75_5-0_
=3 n'm1_g 10 °
1+32
n+2_ . n _1+0_
r!mnz— _r!m1 i_1—0_1
n2
lim__m+2n "t _ 140 _1
n—e2n3—4n>+3n n—wy 4,3 2-0+4+0 2
- 0
= |i = nz = — =
rl)mon(n—6)_rl»mon2—6n nmep -8 1-0 0
i (n+3)n—1) _ lim (n+3)n—1)
Nn—oo n2—9 Nn—oo (n+3)(n_3)
= lim 1=
Nn—oo N —
= lim _%2—1_0—

3 2
lim w =1lim (n+2—2)=0o (limitdoes not exist)
N—oo n N—oo
2 4-i-£2
Iim4n;r2=lim m_4+0_y4
n—e N n—e 1
6,5
lim 617450 _ 72 _0+0_
N—oo 3 N—o0 1
5n— 4 —3
lim (4+ n = lim 4 + lim ,
Nn—oo n — n—oo n*"""l—ﬁ
5—-0
4 — 4+5=9
1 o nm=2n\_, 1 .17
Jim iy =737 = limy— lim——
_1_1-0_1_1_1
2 3 2 3 6
1T+7
lim (3n)(n+4)zlim 3n X lim —"
n—oo n—] Nn—oo n~>oo'| _%
= (o0) X % = oo (limit does not exist)
5n+2 At e 040
. n + T n n2= + —
Jm3n2+2_r!m3+% 340 °
n
2n3 F72 02
. n—2n° _ . n? _ — _ .. .
rl»mn2+2n_r!ﬂl%+£ R (limit does not exist)
n2
. 7n3 L 7 . 7 _ .. .
r!mn2+3n_4—rlle%+i_i 070-0 o (limit does not exist)
n? n



6. The highest power of n is nP. This is what we divide above and below by.

. anf +cn? : nP
lim ———— = lim ———
n—e bnP +dn*  noep 4 d0

Exercise 9.6
1. 2+ 6+ 18 + 54 + ... for 10 terms.

—5,=06_
=a=2r > 3
_a(l—r"
Also, S, = T,
_20—=39 201 =39 _ .,
Se="7—3 - —3°-1
= 59048
2. 1024 + 512 + 256 + ..... 32.
=a=1024, r 1024~ 2
also, T, =a.r"!
32 = 1024(1 )"_1
B 2
32 _ ln—1
;51024_(2)
- =-l. =1 [Note:32=2"
32 271 Q3
= n—1=5 =log32=(n—1)log?2
log 32
n =6 =n-—1
log 2
5=n-1]
_a(l—r"
Hence, S, = T
1024(1 — (3)°]
Se =

3. 1+2+4+8

=a= ,r=%=2
) a(l —r")
nS, = T,
_ 78
Ss 1(11_22)=28—1=255
4, 32+16+8+ ...

- _16_1
=a=32r 322
.S_a(1—r”)

R



Solution

32(1 — (1)

P (113"
-3

- 64(1 - (%)10) - 63% — 63.94

5.4—-12+36—108 + ....

_ _—12 _
=a=4,r 7z 3
s, =20

1—r
401 — (—3)°)
=S¢ = ——

also, T,=a.r"’

R _
S 729( 3)
-1 __ 1 —1__1
2187 (=37 37 (=3y
= n—1=7
n =8

(or use logs)

6
7. 4" =41+ 42 + 43 + ..

=4+16+ 64
:>a:4,r=%=4,n=6

s, =020
1—r
41 — 49
I
= (%4)(1 — 45) = 5460

8
8. sz3f=2x31+2x32+2x33+ ......
18

r=1

:>a=6,r=g=3,n=8
a(l —rn
.'.5,,2—1 —
6(1 — 39)
:>58:?

= —3(1 — 3% =19680



2
r=1
6 6
=3+=+-+
3 4 8
= a=&r=%n=10
) a(l —rn
5S, = T
3(1 - (3)")
-1
_ _ l]O
_6(1 (2))
= 5.994145
= 5.994
10. (i) 0.7=0.7777
-7 7 . 7
_1o+1oo+1ooo """
7
_ 7 ,_100_ 1
T 7710
_ a
'S°°_1—r
7
_ 10
1%
-7 10_7
_10X9 9

(i) 0.35 = 0.353535
_ 35 35 35
100 70000 T 7000000

_ 35 _ 35 100 _ 1
= 9= 700" = 70000 * 35 _ 700
_ a
Soo_1—r
35
_ oo
1
T— 0
35 ,100_35
100~ 99 99
(i) 0.23 = 0.23333
=243 4, 3 4 3 4

100 1000 10000

M]3 .3 . 3

_ _ 3100 _ 1
Leta =300 = 7000 X3 _ 10

10
2 +
10 (100 1000 10000 ™
3
10



_ a
S°°_1—r
3
_ 700
1
1=
-3 10_1
~700 9 30
) 1
0'23_10+[30
7
30
(iv) 0.370 = 0.370370370
_ 370 , 370
1000 '~ 1000000
_ 370 ~_ 3%0_ 1000 _ 1
= 9= 7000'" ~ 7000000 < 370. _ 1000
_ a
S°°_1—r
370
_ 1000
-
1000
_ 370 . 1000 _ 370 _ 10
1000~ 999 999 27
(v) 0.162 = 0.1626262
_1.,]6 , 6 .

~ 10 11000 ' 100000
Leta = 62 r= 62 1¢¢¢: 1

1000 100000 67 100
.c __a
N
62
_ 7000
-
100
62 100 _ 62

7008 99 990
S 0169 = 1 62
0162 5" 955
_ 161
990
(vi) 0.321 =0.3212121
_ 3 21 21
B 1o+ 1ooo+ 1ooooo+""

_21 A 1808 _ 1
Leta =3500"" = 7000806 < 21 100

|

'I_

0

_ 20 W _ 7

1080~ 99, 330
0321 =3+ L
20321 =5 + =25

106 _ 53

330 165

10
7

w



1 1\2 (1)3 (’In71
R i C I C YR B
- 1+3 (2) 2
31
—qr=2-1
a=1,r 173
) a(l—r"
LSy =
111 —(3)
;- -ty
1-3
_ _ (2
_2(1 2))
1
:2_2n—1
L L T
Sm_rlrmcsn_r!mc[z 2n*1]
=2 sincerlm%zo.
S.—$,<0.001
-2- [2 — 51| <0001
= S < 0.001
n—1 1
- 2"~ 0001
271 >1000

Using logs: log 2"~ > log 1000
(n—=1)log2 >log 1000

h—1 log 1000
log 2
n—1 > 9,97
n > 10.97
n=11
Exercise 9.7
1. 7,=2
T,=4T,=4(2) =8
T, = 4T, = 4(8) = 32
T,= 4T, =4(32) = 128
T, = 4T, = 4(128) = 512
2. (i) G,=2 (iii)
G,=2+3G,=2+3(2) =8
G;=2+3G,=2+3(8) =26
G,=2+3G;=2+3(26) =80
Gs =2+ 3G, =2+ 3(80) = 242
(i) G, =1
G,=3
G;=2G,+ G, =2(3 1)=7

) +
G, = 2G; + G, = 2(7) +
7

Gs=2G,+G;=2(17)+7=4

—_

G, =

G; =3G, — G, = 3(1) — (0)
G, =3G; — G, =3(3) — (1)
Gs = 3G, — G3=3(8) — (3)

Il
N 00O W
—



Solution

3.5,=6
S, =2+S,=2+(6)=8
S, =245 =2+(8) =10
Sy=2+S5,=2+(10) =12
S,=2+S,=2+(12) = 14

As the first differences are constant, S, is a linear sequence.
LetS,=an + b.
So=6: al0)+b=6

b=6
$5,=8 a(l)+6=28
a=2

Thus S,=2n+6

4. Let T, be any term in the sequence. Then

Tn:Tnf1+Tn72

Then:

T,=0

T,=0

L=T,+T,=(0)+(0)=1

L,=T:+TL=MN+(1)=2

T:=T,+T;=2)+(1)=3

Te=Ts+T,=(B)+(2)=5

I,=Te+tTs=05)+3)=8

Tg=T,+Tg=(8) +(5 =13
5. (i) T,=1 (i) T,=5

T,=3 ,=T,-2=5-2=3

T,=3T; —T,=3(8) — 3= 21

T3:T2_2:3_2:1
T,=Ts—2=1-2=-1

6. G, =2
G,= (G, —22=(2—-27=0
Gy=(G,—2?2=(0—-2?2=4
G,=(Gs—22=(@—-22=4
Gs=(G,—22=(@—-22=4
7. @ @) T,=1 (i) S, =3

L,=T,+2=1+2=3
T,=T,+2=3+2=5
T,=T,+2=5+2=7
T,=T,+2=7+2=9

T,=T,+2=9+2=11

S, =S, +4=3+4=7

S;=S,+4=7+4=11
Sa=S;+4=11+4=15
Ss=S,+4=15+4=19
Se=Ss+4=19+4=23

(b) T,: The first differences are 2, 2, 2, 2, 2. As these are constant, T,,is arithmetic.
S,: The first differences are 4, 4, 4, 4, 4. As these are constant, S, is arithmetic.

(@)

S,=an+b

$,=3: al)+b=3
at+b=3

=7 a) +b=7
2a+b=7



Then

1X -1 —a—-b=-3

2: 2a+b=7
a=4

1: 4+b=3
b= -1

(d) Thus S,=4n—1

Exercise 9.8

1. (i) 5913,17,21,.. (iii) 11,16, 21,26, 31, .....
1t difference = 4, 4, 4, 4, etc 15t difference = 5, 5, 5, 5, etc
T,=4n+a T,=5n+a
SinceT, =4(1)+a=5 Since T, =5(1) +a=11
= a=1 = a==6
. T,=4n +1 T,=5n+6
(i) 1,4,7,10,13, ...
1t difference = 3, 3, 3, 3, etc
T,=3n+a
SinceT;, =3(1)+a=1
= a=—2
T,=3n—2
2. (i) 2,1,0,—1,—2,... (i) —6,—4,-2,0,2,....
First difference = —1 =T,=—n+a First difference=2 =T,=—-2n+a
SinceT;,=—(1)+a=2 SinceT, =2(1)+a=—6
= a=3 = a=—8
T,=—n+3 T,=2n—38

(i) 0,—2,—4,—6, -8, ...
First difference = =2 = T,= —-2n+a
SinceT, = —2(1)+a=0
= a=2
=-2n+2

T,

3. (i) Sequence of squares =1, 3,6, 10
First difference = 2, 3,4, .... etc
Second difference = 1, 1, 1, .... etc
- T,=an?*+ bn + ¢, where 2a =1

= =1

.'.T,,=%n2+bn+c
Since T1=%(1)2+b(1)+c=1

= b+c=%

= 2b+2c=1... A
AIso,Tzz%(2)2+b(2)+c:3

= 2b+c=1..B
A: 26+ 2c=1
B: 26+ c=1

A — B: c=0andb+0

N|[—= N|—

= b=



5.

(i)

(ii)

Solution

1

T=1n+1lp

n2 2
1 2, 1
= — + =
= Ty > (28) > (28)
= 406
= Area = 406 X 25 mm?
= 10150 mm?2

Sequence for perimeter = 4, 8,12, 16
First difference = 4, 4, 4, etc
~.T,=an+ b,wherea=14

=4n+0b
SinceT,=4(1) +b=4
b=0
s T,=4n

= T,=4X28=112
= Perimeter = 112 X 5 mm = 560 mm.

We recognise immediately that this is a sequence of squared numbers.

Alternatively, we could use differences.
1,4,9,16 =an’+bn+c=T,

1t difference: 3,5,7 where 2a = 2
2nd difference: 2, 2 =a=1
sn?+bn+c

We can then proceed that b = ¢ = 0.
=T,=n?
.. T30 = 302 = 900 Triangles = 900 cm?
T, = n? = 441

n =441 = 21
Areas = (1 X 2),(2 X 3),(3 X 4)

=T, T T3
By inspection: T, =n(n +1) =n?+n
or 2,6,12,20,.. | =T,=an*+bn+c
First difference: 4,6,8 where 2a = 2
Second difference: 2, 2 =a=1

=T,=n>+bn+c
SinceT,=(1)2+b(1)+c=2
=b+c=1... A
Also, T,=(2?+b(2)+c=6
=2b+c=2..B

b+c=1 =T, = n? + n (as before)

A:
B: 2b+c=2
A-B: —b =-1

b =1 =c=0
2 Tioo = 1002 + 100

= 10100 cm?
T,=n?>+n =240
=n*+n—-240=0
(n+16)(n—15)=0
=n=-16 or n=15
Sincene N,n=15.



6. (i) Sequence:6,27,74,159,294 =T,=an®*+bn’>+cn+d

15t difference: 21,47, 85,135 where 6a = 12
2" difference: 26, 38, 50 =a=2
3rd difference: 12,12

T,=2n*+bn*>+cn+d
SinceT; =2(1)3+b(1)2+c(1) +d=6

T, =220 + b(2)? + c(2) + d = 27
4b+2c+d=11....B
T, =233+ bB)2+c(3) +d=74
9 +3c+d=20....C

AA b+ c+d=4 B: 4b+2c+d=11
B: 4b+2c+d=11 C 9b+3c+d=20
A—-B: —-3b-c =7 v D B—-C -5b—c = -9.... E
D:—3b—c=-7
E:—5b—c=—-9 =T,=2n+n?>+4n—1
D—E +2b =2
= b =1
D: . =3(1)—c=-7
= c=4
Ar L 1+4+d=4 /
= d=—1

Note: We could have proceeded by subtracting the sequence T, = 2n?,
i.e 2,16, 54,128, etc, and found quadratic element of pattern as before.
(i) Sequence:3,—-1,—1,9,35 | =T,=an*+bn*+cn+d

15t difference: —4, 0, 10, 26 where 6a = 6

2nd difference: 4, 10, 16 =a=1

3d difference: 6, 6

s T,=n+bn’+cn+d

Sequence: 3, —1,—1,9,35
n*1, 8, 27,64

Subtracting: 2, —9, —28, —55

=bn?+cn+d: 2, —9, —28, —55 =2b=-8

1st difference: —11, —19, —27 b= -4
2nd difference: —8, —8

. T,=n*—4n*+cn+d
SinceT, =13 —4(12+c(1)+d=3

= c+d=6...A
L=023—-42PF +c2 +d=—1
2c+d=7... B
A: c+d=6
B: 2c+d=7
A—B:—c= -1

= ¢=1..1+d=6 =d=5
S T,=nm—4n>+n+5
Note: Simultaneous equations in b, ¢, d could be used as in part (i)
to evaluate coefficients of the quadratic part of T,,.



Solution

(iii) Sequence: 3, —1,2,17,50,107 =T,=an®*—bn’+cn+d
15t difference: 3 15 33 57 when 6a =6
2" difference 12 18 24 =a=1

3 difference: 6 6
ST,=nm+bn?+cn+d
Sequence: —1,2,17,50, 107

n% 1,8,27,64
bn?+cn+d:.—2,—6,—10, —14 =b=0
15t difference: —4, —4, —4 andc= —4

~T,=n—4n+d
SinceT, =1 —4(1)+d=—1
d=+2
s T,=n—4n+d
Note: Simultaneous equations in b, ¢, d could be used as in part (i)
to evaluate coefficients of the quadratic part of T,,.

. (a) Sequence:0, 3,8, 15, ... Difference: 0, 3, 8, 15
By inspection: n? — 1 15t difference: 3,5, 7
= T,=n"—1 2nd difference: 2, 2
=Ty, =242 -1 =T, =an’*+bn+c
= 575 bright tiles where2a=2=a=1
and 1 dark tile S T,=n>+bn+c
T,=(M*+b(1)+c=0
= b+c=-1...
L=02)2+bR2)+c=3
= 2b+c=—1....
SB—A:b=0
A:b+c=—1
=c=—1
ST, =n%—=1

(b) Sequence:0,2,7,14, ...
We note that n = 1 produces 12 — 2 = —1
By inspection n® — 2 | bright tiles! However, forn = 2, 3, ...
the formula fits exactly.
=T,=n*-2
= Ty, =242 -2
= 574 bright tiles
and 2 dark tiles.
(c) Sequence:0,2,6,12, ...
By inspection: n? — n
= T,=n*>—n
= T,,=24° — 24
= 552 bright tiles
and 24 dark tiles.

(i) Sequence:7,16,31,52,79.. =T,=an?>+ bn+c
1st difference: 9, 15, 21, 27 ... where2a =6
2" difference: 6, 6, 6 ... =a=3

~T,=3n>+bn+c
SinceT, =3(1)2+b(1) +c=7
=b+c=4..A



(ii)

(iii)

Also, T, = 3(2)2+ b(2) + c= 16

2b+c=14...
=B—-A:b=0
A0+ c=4
=c=4
o T,=3n*+4.

Sequence: 1,0, —3, —8, —15, ...

15t difference: —1, —3, —5, —7, ...

2" difference: —2, —2, =2, ....

S T,=—n*>+bn+c
SinceT, = —(1)2+b(1) +c=1
b+c=2
Also, T, = —(22 + b(2) + c=0

2b+c=4...
=B—-—A: b=2
SAD 2+c=2
= c=0

ST, = —n%+2n.

Sequence: —1, 14,53, 128, 251, ...

15t difference: 15, 39, 75, 123, ...
2 difference: 24, 36, 48, ...
3rd difference: 12, 12, ...

~T,=2mr+bn+cn+d

Sequence: —1, 14, 53,128, 251
2n3  2,16,54,128, 250

15t difference: 1,

bn?+cn+d. —3,—2,—1, 0, 1 }
1, 1, 1

~T,=2m+n+d

SinceT, =2(1)*+ (1) +d = —1
d=—4

ST, =2nm +n—4.

Sequence: —2,2,6,10, 14, ...

1t difference: 4,4, 4,4, ...

S T,=4n+0b
SinceT, =4(1) + b= -2
b= -6
o T, =4n — 6.

Sequence: 4,31, 98,223,424, ...
1t difference: 27,67, 125, 201, ...
2"d difference: 40, 58, 76, ....

3" difference: 18, 18, ...

S T,=3m+bn*+cn+d

=T,=an*+bn+c

where 2a = —2
=a=—1

=T,=an*+bn*>+cn+d
where 6a = 12
=a=2

=b=0
c=1

=T,=an+b
wherea =4

T,=an*+bn*>+cn+d
where 6a = 18
=a=3



Solution

Sequence: 4,31, 98, 223,424
3n33,24,81,192,375
bn?+cn+d:1, 7,17, 31, 49 =2b=14
1t difference: 6,10, 14,18 b=2
2" difference:  4,4,4

S T,=2n"+cn+d
SinceT; =2(1)2+c(1) +d =1
c+d=-1..A
Also, T, =2+ c2 +d=7
2c+d=-1...B

B—A: ¢c=0 A 0+d=-—
= d=—

ST, =3n+2n% — 1.

Revision Exercise 9 (Core)
1. (i) T,=3n+4
=T,=31)+4=7
T,=3)+4=10

(2)
7,10,13,1
T,=33)+4=13 +10,13,16
T,=34) +4=16
(ii) T,=6n—1
= T,=6(1)-1=5
=6 =1=111 ¢ 114723
T,=63)—1=17
T,=6(4) —1=23
(i) T, =2
S T,=2"1=2=1
T,=221=21=2
1,2,4,8
T,=231=21=4
T,=2+1=23=38
(iv) T,=(n+3)n+ 4
=T, =(1+3)(1+4)=20
T,=Q+3)Q2+4) =30
20, 30, 42, 56
T,=3B+3)3+4) =42
T,=(4+3)4+4) =56
(v) T,=n+1
=T, =1V+1=2
T,=22+1=9
2,9, 28, 65

T,=3%+1=28

T,=4+1=65

2. ,=71, T,=55
T.=a+(n—1)d, a = first term, d = common difference
=T,=a+2d=71..A
=T,=a+6d=55..8B
=A—-B: —4d=16
= d=-4



= A: a+2(—4)=71

= a =79
= firstterm = 79, common difference = —4.
3.7,=12, S.=36
T,=a=12
s.=—9 =36
1—r
1—r
=12 =36 — 36r
_24_2
36 3
4. () ~24, 8. >r="tb=—2
T=a.r"!
= —2(—=2)"!
1
" 11 _2_1
ST,=a.r!
1\n—1 1 _
S [
(iii) 2, 6,18, ... :>r=_76= —3
ST,=a.r!
T,=2(—3)""
5. (i) Sequence: 12,20, 28
15t difference: 8,8 =T,=an+b
T,=8n+b
ST,=8n+b
SinceT, =8(1) + b =12,
b =4,
o T,=8n+ 4.

[Note: We observe an arithmetric sequence since there
isa common difference =T,=a+ (n — 1)d
wherea=12andd=8. .. T,=12+(n—1)8

=8n+4 ]
(i) T,=8n+ 4 = 2006
8n = 2002
- % — 250.25.

.. The maximum number of complete cubes = 250.

6. () ,=21, T,=-63

n+1 3_ —63
r—T—ﬁ—T— 3
(i) T,=a.r"!
T,=a.(—32"=21
= —3a =21



Solution

T,=a.r"!

T, =(=7).(=3)""
=(=7).(=3)°
=(=7).(1)

T,=-7

7. €2000 is invested at 2.5% compound interest.
= After 1 year, amount on deposit, A = 2000 + 2000(0.025)

= 2000(1 + 0.025)
= 2000(1.025)"

1.025) + 2000(1.025)(0.025)

1.025)[1 + 0.025]

1.025)2

1.025)°.

After 2 years, A = 2000
= 2000

= 2000

.. After 5 years, A = 2000

—_ o~~~

8. 1+2+3+4+ ... 200.
= a=1d=1,n=200

=S, =2Qa+ (n—1)d)

T.=a+((n—-1)d
=TL,=a+Q2—-1)d=a+d
Ts=a+(5—1)d=a+4d

Ts=2T,=a+4d=2(a + d)

T.—T,=9=a+4d—(a+d)=9
= 3d =9
d 3
=  Aa-203) =0
a 6
Sn=%(2a+(n—1)d)
:>510=%(2(6)+(10—1)3)=195
16
10. Z(2r+1) 23)+1,2(4) +1,2(5) + 1 ... 2(16) + 1
r=3
=7,911,...33

To find the number of termsn; r=3,4,5, ... 16
=n=14[=16—-3 + 1]
or T,=a+((n—1)d
=7+ (n—1)2=33
=2n+5 =33
n =14

(2a + (n — 1)d)

(=

=S,

||
—'N

24(2(7) (14— 1)2)
7(14 + 26) = 280



Revision Exercise 9 (Advanced)
1. (i) a = 2000 lumens

3

5

T,=a.r"

= Ty = 2000(

r =
3 10
3

=20 lumens
(iiy T, =2000(0.6)"

2. A=P(1 + i)t
(i) Original investment = €P

= double value = €2P
S 2P=P0 i)
2 =1+

h
(i) %oforiginal value = 200
+.2000(0.6)" = 200
(0.6)" = 0.1
= nlog(0.6) = log(0.1)
_[log 0.1}
n = loq 05 0.6)—4.51

= After the 5t mirror.

=t for doubling depends only on .

log 2 = log(1 +i)t
log2 =tlog(1 + i)

_ log2
“log(1 + 1)
log 2
ii i = )0 =~ =
(i) @ i=2% = t log(1 + 0.02) 35 years
log 2
.: 0 e —————
(b) i=5% = log(1 + 0.05) 14.2 years
©i=10% = t=—9292 __ 73 ears
= 10% “Togi +on /Y

3. () 10+6+6+36+36+22+22+ ..

_i:
10—-6=r=15=06

10¢

9

After 1°*bounce=10x0.6=6
2" bounce =6 x 0.6 = 3.6
3¥bounce=3.6x 0.6 =2.2
4" bounce=2.2x 0.6 = 1.32
5" bounce =1.32x 0.6 = 0.79
6™ bounce =0.79 x 0.6 = 0.48
7" bounce = 0.48 x 0.6 = 0.29
8™ bounce=0.29x 0.6 =0.17

9" bounce=0.17x 0.6 = 0.1

1 2 3 4 5

(i) 10+26+3.6+22+..)
An infinite geometric series.

7 8 9 10



Solution

(iii) Sequence:6,3.6,2.2, ...

=a=6, r= ? = 0.6

=T, 06

= Distance travelled = 10 + 2(15)
= 40m.

(iv) Considering a point A on the bottom of the 10+@A
ball as the point to measure to, then the size
of the ball has no effect on the answer.

4. (i) Sequence:3,6,12,24,48

=a=3,r 376 2
s T,=a.r’
=3.2"1
(i) T,=3.2""7>100000
—oon-1 s ] 003000
o.(n—1)log2>log 3333333
log 333333.3
n—-1>—  ———
log 2
n>1+ 18.35
n>19.35

= The 20t term will exceed 1000 000.

=1, r=%2=2=)
s T, = a:->r’(’1‘1 T2
(i) T3, =1.23271=23=2147483648 cent
= €21474836
(i) Tgp=1.2064"1=263=0922 X 10" cent
=€9.22 X 10'®

6. Letsequencebea —d,a,a+d
=(@—d) +a+(a+d =33
= 3a =33
a =11

(@ —d)(a)(a+d) =935
=11-=d) (1)1 +d) =935

=11-d)(1+4d =8
= 121 — d? =8
d? =36

d = +6.
Whend=+6, = (11—6
Whend = -6, =

), 11, (11 +6)=5,11,17
(1M +6),11,11-6)=17,11,5



(i) Value of car = €30000
After year 1 = €30000 — 30000(0.13) [13% = 0.13]
=30000(1 — 0.13)
After year 2 = 30000(1 — 0.13) — 30000(1 — 0.13)(0.13)
=30000(1 — 0.13)[1 — 0.13]
= 30000(1 — 0.13)?
After year “a” = 30000(1 — 0.13)°
(i) a=>5: Value=30000(1 — 0.13)°
= €14953
(iii) €30000(1 — 0.13)9 < €6000

1
(0.87)7 < 8000 _ 0.2

30 888
5
alog(0.87) <log 0.2
log 0.2
log 0.87
a <1156
.. During the 12t year.
_ o[22\ _
T = (3) 1
Y AL
(i T1—3(3) 1=1
—3[2P_q,21
T2_3(3) 1=3
—32P - _1
T3_3(3) 1 9
" 2n+1
(i) Tn+1=3(§ —1
—3(2|".2 _
_3(3) 3 1
_ 5 (2)"
_2'(3) 1
(iii) 3T, = 3(2 % = 1)
_ o [af2)
2T,,—2(3(3 1)
2 2
3T,,+1—2T,,=3(2(§) —1)—2(3(5) —1)

n
—1

k=-1

15 :>2n 15 2n
w SRS
3

_5[2)' 5(2] 5(2
Sequence—3(3),3(3),3(3)

3'(%)2:(2)

~a=3(3)r= SNEE

3
=2



Solution

A
2(1—(2)°
gy
= 5.98629

2

3r-—1]=:598629——15

w
|

=—9.014
9. () S,=T,+T,+T,+..T

n—1
S =T +T,+T,+..T,
5, S =T,

(i) S,=3n*>+n
=S5,_,=3n—12+0n—-1)

ST, =S5, —S,-1=3n2+n—[3n—12+(n—1)]
=3n2+n—[30n*—2n+1)+n—1]
=3+ -3 +6n—3—pi+1

=6n— 2

+T,

=]

(i) Y (TP=TR+ T+ T2 4.+ T2
= =(6—2)2+ (6(2) — 22+ (6(3)—2?2+ ..+ (6n—2)?

=§:%n—E2

=:§E:36n2——24n—+4
n n n
=36 224 4
butz =%(n+1), Z4=4n.
n=1

andZn2 =%(2n +Nn+1)

E:“y=3q%9”+”m+44—2ﬂ%m+1ﬁ+%

=nn+ N[12n+6—12] + 4n
=n(n+ 1)(12n — 6) + 4n
=nln+ 1)(12n — 6) + 4]

n[12n%? + 6n — 2]
= 2n[6n? + 3n — 1]

log, x
10. log,x = log, 4
let y =log, 4
S W=4=22
=y=2
| _log,x  log,x
094X = log,4 2
log, x
Also, logx =



let y =log, 16

=2=16=24
=y=4
iy _ log,x  log,x
109X T o9 16 4
log, x log, x
.. log, x, log, x, log,o x = log, X, > 4
log, x log, x
2 4 1

1
>
log, x
a 2% _
_'I—r_1_l_2|092X
2
= klog, x
= k=2

Revision Exercise 9 (Extended-Response Questions)
1. T,=an*+ bn*+cn + d.

(i)

(ii)
(iii)

(iv)

vi) -

= T T, T5 T, Ts
at+b+c+d8+4b+2c+d 27a+ 9+ 3c+d 64a + 16b + 4c +d,125a + 25b + 5¢ + d
1t difference: 7a + 3b + ¢, 19a + 5b + ¢,37a + 7b + ¢,61a + 9b + ¢

2" difference: 12a + 2b, 18a + 2b, 24a + 2b

3 difference: 6a, 6a

The 3 difference for all cubic sequences is always 6a.

(a) The 2" difference for all quadratic sequences is always 2a.

(b) The 15t difference (T, — T,) for all quadratic sequences is always 3a + b.

[Note: T,=an?>+bn+c

T, T, T; T,
a+b+cd4a+2b+c¢9a+3b+c¢ 16a+4b+c
1stdifference: 3a + b, 5a + b, 7a+b
2"d difference: 24, 2a 1

T, T, Ts T,
5, 12, 25, 44
7, 13, 19 15t difference
6, 6 2nd difference
o.T,=an*+bn +c
where2a =6
a=3
o.T,=3n*>+bn+c

Also,3a+b=7

9+b=7 =b=-2
T,=3n>—-2n+c

Since T,=3(1)2—2(1)+c=5
= c=4
T,=3n>—2n+4.

T.o = 3(20)2 — 2(20) + 4.
=1164



2.

Solution

(i) Initial height = 40 m;
After 1 bounce = 40. 1"
After 2 bounces = 40. r?
After n bounces = 40.r", Wherer is a fraction representing
how far the ball bounces back up.
(i) T, =40r"
Tio=40r"" =1m

1
10 —
= r'v=—

Clog L
= 10logr= Iog40
log 45
logr= 0 —0.1602
r=1079102 =069 = 69%

(iii) T, = 40(0.69)" = 27.6m
T, = 40(0.69)? = 19.044m
T, = 40(0.69)° = 13.14m
T, = 40(0.69)* = 9.067m
Ts = 40(0.69)° = 6.256m.
Bounce 1st 2nd 3rd 4th 5th
Height 27.6 19.04 13.14 9.07 6.26

Height

Bounces

(v) Atleast 9 bounces
(vi) T, =40(0.69)" <2

(0.69)" < 42—0 = 0.05

nlog 0.69 < log 0.05

.. 9 bounces are needed.



(vii) If conditions stayed exactly the same as on the first bounce, then the ball would continue
to bounce for ever. But in a real-life situation, the conditions do not same the same; the ball
loses energy. The ball may heat up and transfer energy to the ground. Also, sound energy
may be dissipated.

3. (i) Scheme 1:€20, €22, €24, €26, ......
=a=€20,d=2.
T,=a+(n—-1)d
=20+ (n—1)2
= 2n + 18 = amount of money in week n.

S,= 5(20+(n—1)d)
_n _
—2(40+(n 1) 2)
_h
—5(2n+38)

= n(n + 19) = Total amount of money after week n.

Scheme 2: €20, €2o( )ezo( ) ezo( ........

_ _21
=a=%€20,r= 20
T,=ar"!
= 20(21 = amount of money in week n.
_all—=r"
R g
1- (&)
=20
21
=%
= —400[1 ~ (5]
s, —400(( 1)
(ii) Scheme 1: 55, = 36(36 + 19) = €1980
Scheme 2: Sy = 400((%) 1)=€1916.73

= Scheme 1 is better.
(iii) Assuming scheme 1:€n(n + 19) = total amount after n weeks
€7.50 spent per week =-€7.5n spent after n weeks.
-.n(n + 19) — 7.5n is saved after n weeks.
..n? +19n — 7.5n = €400
-.n?+11.5n — 400 = 0.
a=1, b=115, c= —400

—11.5 +(11.5)2 — 4(1)(—400)

=n=

2
_30.12 —53.12
—T2 7
= 15.06 or —26.5

..Ronan needs to save for 15 weeks and can buy the console in the 16" week.



Solution

4. (i) 160! at the start.
15% lost = 85% left at the end of the year.
= 160 X 85% = 136/ left.
(ii) 2010 — 2020 = 10 years (end of year)
end of year 1 = 160(0.85)'
end of year 2 = 160(0.85)?
= end of year 10 = 160(0.85)'°
= 31.499
= 31.5/
(iii) Last barrel left for 1 year = 160(0.85) = 136/ left
2" |ast barrel left for 2 years = 160(0.85)(0.85)
= 136(0.85)> = 115.6 left
= Total amount of liquid after 20 years
= 160(0.85) + 160(0.85)? + 160(0.85)3 + .... 160(0.85)%°
= a = 160(0.85) = 136
r=0.85
a(l—r"
Sn = 1—r
_ 136(1 — (0.85))
1—0.85
= 871.52]
= 8721

5. (i) Cost=€15000
Depreciation = 20% = 80% of value left at the end of each year
2005 — 2007 = 2 years.
= Value = €15000(0.8)?
= €9,600
(ii) €15000 (0.8) < €500

o %090 _ 1
= (08) <20§be =

1
= nlog(0.8) <log (%)
log 55
log 0.8
n < 15.242 years
=- 2005 +15 = 2020
= In year 2020.
(iii) Deposit = €1000, r = 5% = 0.05
= Savings = 1000 (1.05) + 1000 (1.05)? + 1000 (1.05)3 + .....
... 1000 (1.05)"

= a = 1000 (1.05), r = 1.05.
— 15
- Savings — €1000(1.05) 1 —1:05)°)

(1 —1.05)
= €22657.49
= €22657



(iv) Amount saved = €22657
Let inflation = r% = 0.0r
= Cost of new machine after 15 years = 15000 (1.05)"°
= 15000 (1.0n)'° = €22657

s _ 22657
(100" = 75000
(1.00)15 = 1.51
1
(1.01) = (1.51)75
1.0r = 1.028
— 0.0r = 0.028

r% = 2.8%
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Chapter 10

Exercise 10.1

1. (i) Numerical (i) Categorical (iii) Numerical (iv) Categorical
2. (i) Discrete (iv) Discrete (vii) Discrete

(ii) Discrete (v) Continuous (viii) Discrete

(iii) Continuous (vi) Discrete
3. (i) Categorical

(i) Numerical

(iii) Numerical

Part (ii) is discrete

4. Race time is continuous
Number on bib is discrete

5. (i) No (i) Yes (iii) Yes (iv) No
6. (i) Contains two pieces of information

(ii) Number of eggs

(iii) Amount of flour
7. (i) Categorical

(ii) Numerical

(iii) Numerical

(iv) Categorical

Part (iii) is discrete
Part (ii) is bivariate continuous numerical

8. (i) True (iii) False (v) True (vii) True
(ii) True (iv) False (vi) True (viii) True

9. Small, medium, large;
1-bedroom house, 2-bedroom house, 3-bedroom house;
Poor, fair, good, very good

10. (i) Primary (i) Secondary (iii) Primary (iv) Secondary

)
11. (i) Secondary
(ii) Roy’s data; It is more recent.
)
)

12. (i) Number of bedrooms in family home and the number of children in the family
(i) An athlete’s height and his distance in a long-jump competition.

Exercise 10.2

1. (i) Too personal (it identifies respondent)
(ii) Too vague/subjective

2. (i) Too personal
(ii) Too leading
(iii) (a) Overlapping
(b) “Roughly how many times per annum do you visit your doctor?”



Solution

3. QA:Judgmental and subjective
Q B: Leading and biased

4. Not suitable; too vague, not specific enough

5. Where did you go on holidays last year?
O Ireland
O Europe, excluding Ireland
O Rest of the world

What type of accommodation did you use?
O Self-catering

O Guesthouses/Hotels

O Camping

6. Band D are biased:
B gives an opinion: D is a leading question.

7. Do you have a part-time job?
Are you male or female?

8. Explanatory variable: Length of legs.
Response variable: Time recorded in sprint race.

Explanatory variable: Number of operating theatres.
Response variable: Number of operations per day.

Group B

Explanatory variable: The new drug.

Response variable: Blood pressure.

(a) adesigned experiment = carry out some controlled activity and record the results.

Exercise 10.3

1. Census — all members of the population surveyed.
Sample — only part of the population surveyed.

2. Any sample of size n which has an equal chance of being selected.

3. (i)
(i)

Likely biased (iii) Random (v) Random
Random (iv) Random

4. Selecting a sample in the easiest way

(i)
(ii)

(iii)

Convenience sample.
(@) High level of bias likely.
(b) Unrepresentative of the population.

Convenience sampling (i) Systematic sampling (iii) Stratified sampling

Very small sample; not random and therefore not representative

Each member of the local population should have an equal chance of being asked. The
sample should not be too small. The sample should be stratified to ensure all age and class
groups are represented.

Convenience sampling.

Her street may not be representative of the whole population.

Systematic random sampling from a directory or cluster sampling of travel agent’s clients, ie.
pick one travel agent at random and survey them about all their clients.



8. (i) Assign anumber to each student and then use a random number generator to pick

n numbers.
" 230 _
(i) (a) 1000 X 100 = 23 students
80 _

9. (i) Quotasampling.
(ii) Advantage: Convenient as no sampling frame required.
Disadvantage: Left to the discretion of the interviewer so possible bias.

10. (i) Costand time, without a great loss in accuracy.
(ii) Sampling frame: a list of all the items that could be included in the survey.

11. (i) Junior Cycle:% X 100 = 52.27 = 52 pupils
. 420 _ _ -
Senior Cycle.% X 100 = 47.72 = 48 pupils

(i) Stratified sampling is better if there are different identifiable groups with different views in
the population.

12. (i) Cluster sampling (i) Convenience sampling (iii) Systematic sampling

Exercise 10.4

1. (@) 2,2,55,7,8,8,8,11
=(i) Mode =8 (ii) Median =7
(b) 3,3,5,7,7,7,8,8,9,11,12
= (i) Mode =7 (ii) Median =7

2. 31,34,36,37,41,41,42,42,42,43,45
(i) Median speed = 41 km/hr

31 +34+36+37+41 +41 +42 + 42 + 42 + 43 + 45
11

(i) Mean speed =

- % — 39.45 km/hr

3. 7,11,12,14,14,14,18, 22,22, 36
(i) Mode = 14 points
14+ 14

(i) Median = >~ 14 points
(iii) Mean=7+” +12+14+14+14+18+22+22 + 36
10
:%: 17 points

4. The four numbers are 21, 25, 16 and x.
N 21+ 25+ 16 + x
4
= 62+ x=176
= X =76 — 62 = 14, the fourth number.

=19



Solution

5. Results for six tests were: 8,4, 5, 3, xand y.

Modalmark=4=x=4
8+4t5+3+4+y

Mean =5 = 3
= 24 +y =130
= y=30—24=6

6. Numbers:9,11,11,15,17,18, 100

(i) Mean = 2F 11+ 11415+ 17 + 18 + 100
7

181 _
=5 25.877

(ii) Median = 15
= Median is the best

7. Numbers: 103, 35, X, X, X.
103+35+x+x+x_
5
=138 + 3x =195
(i) Total of the five numbers = 195
(ii) 3x =195 — 138

Mean = 39 = 39

=3x=57
—ﬂ:
= x—3 19

8. Mean for 12 children = 76%
= Total for 12 children = 76% X 12 = 912%
Mean for 8 children = 84%
= Total for 8 children = 84% X 8 = 672%
= Total for 20 children = 912% + 672% = 1584%

1584%
20

= Overall mean = =79.2%

9. Median, since 50% of the marks will be above the median mark.

10. (i) Mean for 20 boys = 17.4
= Total for 20 boys = 17.4 X 20
= 348 marks

Mean for 10 girls = 13.8
= Total for 10 girls = 13.8 X 10
= 138 marks

Total for 30 students = 348 + 138
= 486
486
30
=16.2

(ii) Median for 12, 18, 20, 25 and x = 20

12+ 18 + 20+ 25 + x
5

= 75+ x=110

= x=110—75=135

= Mean for whole class =

Mean = =22 Ji.e.20 (the median) + 2]



1. [ x = Marks 3 4 5 6 7 8 9

f = No. of students 3 2 6 10 0 3 1 =25

12. ¥ = No.in family 2 3 4 5 6 7 8

f = frequency 2 4 6 5 2 0 1 =20
fx= 4 12 24 25 12 0 8 =85

(i) Mode = 4 people

(i) Median = 4t4_y people

13. [age 10-20 | 20—-30 | 30—40 | 40-50

f = No. of people 4 15 11 10 =40
x = mid-interval 15 25 35 45
f-x 60 375 385 450 = 1270

(i) Mean = 2fx 1270 _ 31.75 = 32 years

14. () Mean == ==—"==427

(ii) Mean will increase

15. (i) (@) Mode =B
(b) Median =C
(ii) Categorical data is not numerical

f-x= 9 8 30 60 0 24 9 =140

16. | Rainfall (mm) o | 1 2 [ 3] 3 [2] 3] 2] 37]o0
Sunshine (hours) 70 15 10 15 18 0 15 21 21 80
Rainfall (mm) 0 0 1 2 2 3 3 3 3 26
Sunshine (hours) 0 10 15 15 15 18 21 21 70 80

Q) Mean=0+0+1+2+2+3+3+3+3+26=£=4.3mmofrainfall

10 10
(ii) Mean:0+10+15+15+15+18+21 + 21+ 70+ 80
10
= % = 26.5 hours of sunshine

(iii) Rainfall mode =3 mm
Sunshine mode = 15 hours




Solution

(iv) Rainfall median = # =25mm

15+ 18
2

(v) Median rainfall and mean sunshine
(least rainfall and highest sunshine).

Sunshine median = = 16.5 hours

17. Dice was thrown 50 times, mean score = 3.42.
= Total scores = 50 X 3.42 = 171

outcomes | 1 | 2 outcomes | 1 | 2
frequency | 9 | 12 frequency | 12 | 9
scores = 9 + 24 = 33 scores =12 + 18 = 30

Hence, there is an increase of 3 (or a decrease of 3) in the total scores when the frequencies had
been swapped.

_171+3 _ 174 _
!\/Iean——50 =0 3.48

_ 171 -3 _ 168 _
orMean——50 =0 3.36

Exercise 10.5

1. (i) Range=10—2=28
(i) Range =73 — 16 =57

2. Marks in order: 4, 10, 27, 27, 29, 34, 34, 34, 37
(i) Range =37 —4 =33
(ii) Median = 29
(iii) (a) Lower quartile = 27
(b) Upper quartile = 34
(c) Interquartilerange =34 — 27 =7

3. Timesinorder:6,7,8,9,9,9,11,12,15,16, 19
(i) Range=19-6=13
(i) Lower quartile =8
(iii) Upper quartile = 15

(iv) Interquartilerange =15—8 =7 4. Marksinorder: 12,13, 14, 14,14,14,14,15,15, 16, 16,
17
(i) Range =17 — 12 = 5 marks
(i) Mean = 12 + 13 + 5(14) 4—122(15) +2(16) + 17 _ 11724 — 145 marks

(iii) On average, the girls didn’t do as well as the boys. The girls"marks were more dispersed.

5. Scores in order: 41, 50, 50, 51, 53, 59, 64, 65, 66
(i) Range =66 — 41 =25

(ii) Lower quartile = 50

(iii) Upper quartile = 65

(iv) Interquartile range = 65 — 50 = 15

6. Resultsinorder:2.2,2.2,2.3,2.3,25,2.7,3.1,3.2,3.6,3.7,3.7,3.8,3.8,3.8,3.8,3.9,3.9,3.9,4.0, 4.0,
4.0,4.0,4.4,45,46,4.7,48,49,5.1,55
(i) Lower Quartile, Q, = 3.2
Upper Quartile, Q; = 4.0
Interquartile range = 4.0 — 3.2 =10.8



(i) (1.5) X (0.8) =1.2
= Outlier = 5.5 as it is more than 1%times the interquartile range above Q;.

+34+7+9+
7. (i) Mean—/u—&—1 3 7 2 10=$=6

5
0:/ :\/1—6 —6)>+(7—6)>+ (9 — 6>+ (10 — 6)2
5
_ \] 2+ (12 + (3P + (42
5
:\]25+9+1+9+16
5
=@=ﬁ2‘=3.464=3.5
(i) Mean— =812 +15+9_44_ .,
4 4
:\/(8—11)2+(12—11)2+(15—11)2+(9—11)2
4
_ \/(—3)2 + (12 + @2+ (=29
4
:JW:@:W:2.73:2_7
_1+3+4+6+10+12_36 _
(iii) Mean = 3 =% 6
U:\/1—6 — 62+ (4 -6+ (6—6)%+(10—6)*+ (12 — 6)?
6
_ \/ )+ (=27 + (07 + (4 + (6)?
6
\/25+9+4+0+16+36 \F /75 = 387 = 3.9
s.Mean=M=2+3+‘5‘+5+6=%=4
U:\](Z—4)2+(3—4)2+(4—4)2+(5—4)2+(6—4)2
5
_ J(—Z)2 + (=12 + (0 + (1)> + (2)2
5
=\]4“+2“+4=@=5=1-414
Mean=,u=12+13+154+15+16=75—0=14
z\]uz— 142 + (13 — 142+ (14 — 142 + (15 — 142 + (16 — 14)?
5
_ \/(—2)2(—1)2 + (02 + (12 + (22
5
:\]4+1+<5)+1+4:@:5:1.414

(i) Newsetisx + 10.
(ii) Both the same.
(i) If all the numbers are increased by the same amount, the standard deviation does not

change.



Solution

_2+3+4+5+6+8+8_3

9. Mean = > ==
z\] 3 - +[a-F 5 -F +(6-F+[8 T +[8 -Ff
7
=\]% L+ F+F G+ B+ 2
7
\/484+225+64+ +36+400+400
- 7
= 343 =14.69388 = 2.166 = 2.17
10. (i) Route1mean=15+15+”Z17+14+12=%=14
RouteZmean:H+14+17+15+16+11:8_4:14
6 6

— — —12)2 —12)2 —12)2 —12)2
(i) Route1 = o = (15— 14)2+ (15 — 14)2 + (11 14)6+(17 142+ (14— 142+ (12 — 14)

—30°+ (30 + (0 + (—2)
6

(11 —142+ (14— 142+ (17 — 142 + (15 — 142 + (16 — 14)2 + (11 — 14)2
6
+ 3+ (12 + @22+ (=37
6
:J9+0+9+1+4+9

=32 _ /51 =
—\/Z \/g 2309 =23

(iii) Route 1, as times are less dispersed.

Route2 = o

Il
s
J1+1+9+9+0+4 \F (7 =2
V!
=

11. | variable = x 0 2 3 4
Frequency = f 4 3 2 3 =12
f-x 0 12 | =24
Mean = u = %f;( = % =2
x f (x—p) (x — p)? fix — pn)?
0 4 =2 4 16
2 3 0 0 0
3 2 1 1 2
4 3 2 4 12
! !
Yf=12 Sfix — w)? =30



(TX1)+@AX2)+((9X3)+(6X4)

12. Mean =

Chapter 10

T+4+9+6
_1+8+27+24 _ 60 _
—HR= 20 20
X f X—pm (x — p)? fix — p)?
1 1 = 4 4
2 4 =1 1 4
3 9 0 0 0
4 6 1 1 6
! !
Yf =20 Yfix — w)? =14
_ S —pw)? 1 _ _
o= —F \/2:0 = 0.83666 = 0.84
131 Class | Mid-interval = x f fx x—p) | x=p? | fix—p)?
1-3 2 4 8 =3 9 36
3-5 4 3 12 =1 1 3
5-7 6 9 54 1 1 9
7-9 8 2 16 3 9 18
18 66
L Sh_90 _
Mean = SF - 718 5
_|Zfx—w? (66
o= i _ﬁ_1'91_19
14. Class Mid-interval = x f fx X—p (x — u)? fix — p)?
0-4 2 2 4 -9 81 162
4-8 6 3 18 =05 25 75
8-12 10 9 90 =1 1 9
12-16 14 7 98 3 9 63
16-20 18 3 54 7 49 147
24 264 456
_ 264 _
Mean = 24 11
o =320 _ 79 = 4358 = 436
24
15. (i) Mean (x) = 18 + 26 + 252 +34+25 =% = 25 letters
(i) o= \j (18 — 25)2 + (26 — 25)> + (22 — 25)2 + (34 — 25)> + (25 — 25)?
5
_ \j(—7)2 + (12 +(=3)* + (9)* + (0)2
5
:\j49+1+2+81 +0:\/1‘5|-0 — 28 =529 =53

(iii) X+ o=25+53=303
X—o=25-53=197
(iv) 3 days




16. (i)

(iii)

(iv)

Solution

_1+9+a+3a—2

Mean (x)

4
= 40: 8 _a+2
_ 2 _ 2 — 2 — — 5
=120 = U:\/“ (@+2P+1[9—(a+2)] HZ @+ 2P +Ba—2—(a+2)
_ \/(—a — 12+ (7 —aP+ (=27 + (2a — 4
4
:\/az+2a+ 1+49—14a+a*+4+4a®>—16a+ 16
4
2 _
Z\/6a 2fa+7o — /30
2
. 3a 124a+35:20
= 3ag2—14a+ 35=40
= 3a°—14a—-5=0
= @Ba+MNa—5=0
= a=—%a=5
= a=5 as ae”
80% (ii) 20%
No, as it does not tell you what percentage did worse than Elaine.
_ 40 . 800 _
Py = 100 X ] 320
=- 800 — 320 = 480 people did better than Tanya.
P25 = @ = 53.5
Prs=T2211 =745
,34():63-565:64
= P;s — Pyy =745 — 64 =105
P&):7742r79:78
= 4 people have scores = Py,
% Hﬁ =45 = Eoins markis at the 45" percentile
% X 36 =25.2 = Nextwhole number =26
= Py, = 26" number in the set = €55
% X 36 =144 = Nextwhole number =15
= P, = 15" number in the set = €32
14
% X 36 =128.8 = Nextwhole number =29

= Pgy = 29" number in the set = €59 and 7 are more expensive.
Price = €40 = 19 t-shirts are lower than this

= 195100 _5577 — 53¢t 56t percentile

36 1



at+tb+8+5+7

21. Mean = z =6
= a+b+20=30
= a+b=10
= a=10—-b

Find ofor10 — b, b, 8, 5, 7.

_\l(10—b—6)2+(b—6)2+(8—6)2+(5—6)2+(7—6)2
= o=

5

— 2 _ 2 2 —1)\2 2

N \/(4 b)> + (b 6)45r(2)+( A2 _ 5
_ 2 2 _

N \/16 8b+b2+b ;2b+36+4+1+1=ﬁ
2

N sz 2;)b+58:ﬁ

N 2b2—250b+58=2

=  2b>—20b+ 58 =10

= 202 —20b+48=0

= b2—-10b+24=0

= (b-490b-6=0

= b=4,b=6

= a=10-4=6 a=10-6=4

Sincea > b, hencea = 6, b = 4.

Exercise 10.6
1. (i) 4 people
(i) 27 years
(iii) 8 people
(iv) Median age is the age of the 13™ person = 36 years

2. () stem | leaf
0 0 1 2 6 7 8
1 2 4 4 7 8 8 9
2 1 1 3
3 1 1 2 Key: 2|3 = 23 CDs
(ii) 8 pupils
(iii) Median = % — 16 CDs
3. stem | leaf
1 5
2 4 4 5 8 9
3 0 1 2 3 5 5 6 7
4 2 2 3
5 6 6 8 Key: 3|12 means 3.2 seconds
(i) 6calls
(i) 5.8 — 1.5 =4.3 seconds
(ii) Median = 32133 — 3 25 seconds
)

(iv) Mode = 3.5 seconds



(iii)

(iii)

Solution

Range = 84 — 22 = 62 marks

Q? = %(19) =475 = Q,isthe 5" value = 47 marks

3
?
o = 3

67 — 47 = 20 marks

(19) = 1425 = Qsisthe 15" value = 67 marks

Median = = 5 = 41 laptops
Q? = %(26) =65 = Qisthe7™value = 32 laptops
Q? = %(26) =195 = Qsisthe20™ value = 47 laptops

Interquartile range = 47 — 32 = 15 laptops
Mode = 47 laptops

19 students took both Science and French
(@) Sciencerange =91 — 25 = 66 marks
(b) French range = 85 — 36 = 49 marks
Median for Science = 55 marks

Q7 = %(19)=4.75 —  Q, isthe 5% value = 48 marks

Q7 = %(19)=14.25 —  Qisthe 15" value = 74 marks

= Interquartile range of the French marks = 74 — 48 = 26 marks

Median = 76 bpm

Range = 92 — 65 = 27 bpm
Median = M = 68 bpm
Range = 88 — 50 = 38 bpm

Those who did not smoke; significantly lower median.

French English

(o]

~N
o = W b~ N
N U o B

—_ U1 = O hHh =
00 N O L1 bW
N oW N W oo
(S2 0 \S TN V) B @) RREE N

Key: 7|5 = 57 marks

Median for French :BTW: 55 marks

65 + 68
2

Key: 6|9 = 69 marks

Median for English = = 66.5 marks

English; higher median.

Range = 33 — 2 = 31 minutes
17 + 18
2
15 minutes (i.e the digit 5 is missing)

15

Prob (person waited > 10 mins) = 20 0.75

Median for Matrix 1 = = 17.5 minutes



(V) Median for Matrix 1 = 17.5 minutes

17 ; 18 _ 17.5 minutes

= Both have median 17.5, similar ranges (one minute in the difference); hence no
significant difference.

Median for Matrix 2 =

10. Men Women
2 0 4 0 1
2 2 5 1
5 4 6 2 3
1 7 5
8 7
Key:5/6 =65mins| 9 | 3 5 Key: 8|7 = 87 mins

(i) Modal time for men = 52 minutes

52 + 52
2

63 +75
2

(iii) (a) Rangefor men =71 — 40 = 31 minutes
(b) Range for women = 95 — 40 = 55 minutes

(iv) Women in the survey have a higher median and a wider range.
The far wider range is significant here as both the men’s and women'’s shortest time spent
watching t.v. was the same (i.e. 40 mins). Accordingly, the women dominated the longer
tv-watching times in this survey (87, 95 mins etc), especially with there being no outliers.

(ii) (@) Median for men = = 52 minutes

(b) Median for women = = 69 minutes

Exercise 10.7
1. (i) 12 4

10

(o]
1

Frequency
(o)}

»
1

N
1

|

20 40 60 80 100
Distance (in km)
(ii) 12 motorists
(iii) (20-40) km

(iv) Percentage = % X Hﬂ = 40%

) 10 people

) Modal class = (40-50) years

) How many < 30years? =2 + 4 + 6 = 12 people

) Total=2+4+6+ 10+ 17 + 12 + 6 + 3 = 60 people
) (50-60) years

) Median lies in the (40-50) years interval.



Solution

Number of patients

—_ —_
o N B (o)} [e] o N
1 1 1 1 1

4 8 12 16 20

Waiting time (in mins)
Number of patients =2 + 6 + 10 + 12 + 8 = 38 patients
Modal class = (12-16) mins
Median lies in the (12-16) mins interval
Greatest number > 10 minutes = 10 + 12 + 8 = 30 patients
Least number > 14 minutes = 8 patients

Total =8 + 12 + 15 + 10 + 9 = 54 pupils

)
)
)
)
)
4. (i) Number of pupils = 15secs = 10 + 9 = 19 pupils
)
) Modal class = (10-15) secs

)

)

)

(iv) Median lies in the (10-15) secs interval
(v) Greatest number < 8 secs = 8 + 12 = 20 pupils
(vi) Least number < 12secs =8 + 12 = 20 pupils
5. (i) 281
24 -
()
2 20 A
o
816 -
o
g 12+
E
2 8
4 4
0
5 15 25 35 45
Minutes

(ii) Modal class = (25-35) mins
(iii) Median lies in the (25-35) mins interval

(iv) (15-25) mins because % X Hﬂ =20%
(v) Greatest number > 30 minutes = 28 + 20 = 48 people
(10)(8) + (20)(14) + (30)(28) + (40)(20)
8+ 14+28+20
_ 80 + 280 + 840 + 800
70

= =—= = 28.57 = 29 minutes

(vi) Mean =

Exercise 10.8

1. Symmetrical;
(i) Normal distribution
(ii) People’s heights

2. Positively skewed; age at which people start third-level education.



3. (i) c (ii) a (iii) b (iv) b (v) ¢
4. Negatively skewed

(i) Mean (i) Mode
5. More of the data is closer to the mean in distribution @
6. (i) (ii)
7. () ® (ii) Equal
8. (i) (i) ®
2. (i ® (ii)
0. A | B| c| D
x x v x
v x x x
x v x v
v x x x
v v v x

(i) D has the largest standard deviatioin as more of the data is located further from the mean.

Revision Exercise 10 (Core)
1. (i) Primary (iii) Primary (v) Secondary
(ii) Secondary (iv) Secondary

2. Times arranged in order: 6,7,8,9,9,9,11,12,15, 16,19
(i) Range =19 — 6 = 13 minutes
(i) Q7 = %(1 1) =275 = Q,isthe3value = 8 minutes

(iii) Q3?7 = %(11) =825 = Q,isthe 9™ value = 15 minutes

(iv) Interquartile range =15 — 8 = 7 minutes

3+6+7+x+14_

3. Mean = T 8
= 30+ x=140
= X=140-30=10
_ 2 _ 2 _ 2 — 2 — 3
StandardDeviation(cr)2\/(3 8 +(6 -8+ (7 58) +(10 -8+ (14 -8
_ \](_5)2 + (=2 + (=12 + (22 + (6)?
5
=\j25+4+;+4+36=@=M=3.74=37

4. (i) Census surveys the entire population; sample surveys only part of the population.
(ii) Py, = 28% higher than his mark

_ 28 g0
100><90 25.2

= 25 students

) 32 students

) €48

(iii) Median = amount spent by the 8" female = €25
) Median = amount spent by the 9" male = €29
) Males; higher median.



Solution

6. (i) (b); because it has the greater spread.
X0+ (BX1)+(6X2)+(5X3)+((2X4)

(i) Mean (u) = 2+5+615+2
_0+5+12+15+8
20
40

_%_2
b'¢ f x—p | (x—p? | fix—p)?
0 2 =2 4 8
1 5 —1 1 5
2 6 0 0 0
3 5 1 1 5
4 2 2 4 8

26

20
_ Ef(x—,u)z_F_ _
g = T— %—\/ﬁ—LMO

7. (i) Stratified, then simple random sampling.

(ii) % = 20 students

(iii) Give each student a number and then select 10, using random number key on calculator.

8. (i) Yes;it may not be representative as there is no random element to the survey.
(i) Use stratified sampling based on gender, age, marital status, income level, etc. and then use
simple random sampling.

9. Stratified sampling is used when the population can be split into separate groups or strata that
are quite different from each other. The number selected from each group is proportional to the
size of the group. Separate random samples are then taken from each group.

In cluster sampling, the population is divided into groups or clusters. Then, some of these clusters
are randomly selected and all items from these clusters are chosen. A large number of small
clusters is best as this minimises the chances of the sample being unrepresentative. Cluster
sampling is very popular with scientists.

10. ()  stem |Ieaf
3 1 2 3 4 5 6 8
4 0 1 2 6 6 7 7 7

5 9 Key: 4|2 = 4.2 mins
(ii) Mode = 4.7 minutes
(iii) Median = 40+41 _ 4.05 minutes

Q? = %(16) =4 = Qisthe 4" value = 3.4 minutes

Q7 = %(16) =12 = Qsisthe 12t value = 4.6 minutes

= Interquartile range = 4.6 — 3.4 = 1.2 minutes

Revision Exercise 10 (Advanced)
1. David; as the standard deviation of his marks is smaller.

2. Marks in order: 37, 38, 42, 46, 46, 46, 48, 54, 55, 57, 59, 63, 64, 65, 66, 68, 68, 68,71,73,74,76, 78, 82.
. 40 _
(i) 100 X 24 =96

= P, = 10" number in the set = 57% (i.e. 57 marks out of 100)



(ii) Score =71 marks =- 18students are lower than this.
18 100 _
= 2 X T 75
= Gillian’s score is P,s, the 75" percentile.
3. () AD (i) B (v) A
(i) GA (iv) A
4| Class | Mid-interval =x | f fx | x—p|x—p? fix—p?
1-3 2 4 8 =7 4 16
3-5 4 3 12 0 0 0
5-7 6 0 0 2 4 0
7-9 8 2 16 4 16 32
9 36 48
Mean (w) = % =4

Standard deviation (o) = \/? = \/% =2309=23

5. (i) Negatively skewed as most of the data occurs at the higher values.
(ii) A = mode, B = median, C = mean.
(iii) Age when people retire

6. 300 + 500 + 400 = 1200 cans
300 _
Large = 1200 X 60 = 15 large cans
Medium = 200 X 60 = 25 medium cans
1200
400 _
Small = 1200 X 60 = 20 small cans

7. (i) Mean (u) =

(26 X 0) + (90 X 1) + (57 X 2) + (19 X 3) + (5 X 4) + (3 X 5) + (200 X 6)

26 +90+57+19+5+ 3+ 200
_0+90+114+57+20+ 15+ 1200

400
= % =374
@ x f | x-p (x — p)? fix — )2
0 | 26 | —374 13.9876 363.6776
1 | 90 | —274 7.5076 675.684
2 57 —1.74 3.0276 172.5732
3 | 19| —074 0.5476 10.4044
4 5 0.26 0.0676 0338
5 3 126 15876 4.7628
6 | 200 226 5.1076 1021.52
400 2248.96

o= (22055 — (56224 = 2371 = 237

(i) In the earlier study of the same junction, there were less crashes, on average, each day (mean
0.54 lower). The far lower standard deviation also tells us that there used to be far fewer days
where there were a high number (i.e. 5 or 6) of road accidents at the junction.



Solution

8. (i) Explanatory: Fertilizer used (iii) Explanatory: Amount of water
Response: Wheat yield Response: Time taken to cool
(ii) Explanatory: Suitable habitat (iv) Explanatory: Size of engine
Response: Number of species Response: Petrol consumption

9. A:Systematic
B: Convenience
C: Simple random
D: Stratified
E: Quota

10. Runsinorder: 0,0, 13, 28, 35, 40,47,51,63,77, a
(i) Median = 40

Q? = %(1 1) =275 = LowerQ.isthe 3 number = 13

Q7 = %(1 1) =8.25 = Upper Q.is the 9" amount = 63

= Interquartile range = 63 — 13 = 50

(ii) Mode = 0 = not an appropriate average because zero would not be a typical value. (In fact,
it is the lowest value.)
Range is between 0 and a > 100 so it would be distorted by the two zeros and the one very
high value.

Revision Exercise 10 (Extended-Response Questions)
1. () (@) Median is between 190" and 191" matches
_2+2_
2
Q? = %(380) =95 = 95" match had 1 goal scored in it.

3
4
= Interquartile range =4 — 1 = 3 goals

2 goals

Q;? = =(380)=1285 = 285% match had 4 goal scored in it

(b) | Goals = x | Matches = f f-x X—pm (x — u)? fix — p)?
0 30 0 —2.56 6.5536 196.608
1 79 79 ~1.56 24336 1922544
2 99 198 —0.56 03136 31.0464
3 68 204 0.44 0.1936 13.1648
4 60 240 144 20736 124416
5 24 120 244 5.9536 142.8864
6 11 66 344 11.8336 130.1696
7 6 42 4.44 19.7136 118.2816
8 2 16 5.44 29.5936 59.1872
9 9 6.44 41.4736 414736
380 974 1049.488
Mean () = % — 2563 =256
o= 19%%§§§:=d§3ﬁﬁ?ﬁ’=:1661 = 1.66

(ii) The mean is slightly higher in the 2008/09 season and the standard deviation is also
marginally higher. The wider spread in the 2008/09 season suggests a few more open,
high-scoring games. However, the median number of goals per game is the same for both
seasons. Overall, there is little significant difference between the two seasons.



2. (i) Mode =22
Q=X = %(21)=5.25 —  Q,isthe 6" number = 11 = X

(i) Median=Y = 11" numberforlJack=27=Y

Q=7 = %(21)=15.75 —  Qisthe 16" number =22 =7

(iii) Strand road; median is more than double that of market street.

3. (i) Driver: Positively skewed as a lot of the data is clustered to the left, especially in the (20-30)

year age-group.
Passenger: From the ages (0-40) years, it is a symmetrical distribution with a mean of
approximately 20 years. The values then fall away as you move away from the centre.

(ii) (a) Driver: 20 years old
(b) Passenger: 18 years old

(iii) A uniform distribution suggesting casualities equally likely at all ages, with a moderate peak
from (15-25) years.

(iv) The (17-30) years age-group. Most of the casualities among both drivers and passengers
occur in this group.

4. (i) Boys
Numbers of sports 0 1 2 3 4
Frequency 1 10 12 | 20 4
Girls
Numbers of sports 1 2 3 4 5 6
Frequency 9 6 22 9 3 1
25 - BOYS 55 - GIRLS
20 20
9 9
qc:; 15 § 15
g 10- g 10-
5 5
0 _! 0 .I 1
0 1 2 3 4 5 0 1 2 3 4 5 6
Number of sports Number of sports

(i) Similarity: Both have the same mode (3).

Difference: Girls' distribution resembles a normal distribution. For the boys, most of the data
is concentrated at the lower values (1-3).

(ii) Though the medians are the same, the girls’ distribution has a greater spread. The samples’
findings are sufficiently different to suggest that this could not happen by chance, i.e. that
there is evidence that there are differences between the two populations.

(iv) They could include more boys and girls who are not in G.A.A. clubs. Include both urban and
rural children from different parts of the country so the sample would be less biased. Also, be
more precise about what “playing sports” means.

5. (i) A-run;B-cycle;C-swim
(ii) 25 minutes
(iii) Standard deviation for the swim times lies between 4.533 and 3.409 = Approx: 3 minutes
(iv) 1t would be very unusual for two (or more) athletes to have the same time as it is continuous

numerical data and time were to the nearest 100" of a second.



Solution

33

30 1

27 A

24 -

21 A

Number of earthquakes

0 T T T
0 100 200 300 400 500 600 700 800 900 1000 11001200 1300

Time in days

(ii) The distribution has a positive skew (tail to the right).

(iii)

(iv)

Median = 58" earthquake = 31 + 24 + %(12)

= %into 3 interval [200 — 300] = 225 days

It is not a normal distribution and so z-scores are not appropriate. The distribution has a
positive skew and hence, it is not a normal distribution.

24
100
100 and 200 days later.

They could have looked at the number of earthquakes each year, or some other interval of
time (eg. distribution of earthquakes per decade, per year, etc)

They could have redefined serious earthquakes as earthquakes greater than a certain
magnitude; earthquakes in less-populated areas are not included.

The data set could have been broadened to include less serious earthquakes. This could
result in a different pattern.

= 0.2087 = 0.21.This is the relative frequency of the next earthquake occurring between



Exercise 11.1
1. () > +y*=

2Q?=x>+y*=4
(52 =x>+y>=25
) x+y=22=x2+y2=2
=322 =>x+y2=18

(3

2 9
2 2 — (2 2 2 —
(v) x> +y 4) =Xty 16
= 16x*> + 16y> =9
2
(vi) x2+y2=(215) :>x2+y2=—245

= 4x2 +4y? = 25

2. (0,0), (3,4) = radius = {(3 — 0)2 + (4 — 0)2
=/9+16
=y25=5
Hence, x2 + y?> = (5)>= x?> + y> = 25
3. (0,0),(—4, 1) = radius = {(—4 — 0)> + (1 — 0)2
=16+ 1
=17
Hence, x> + y* = (172 = x>+ y* =17

4. () (—4, —3),(4 3) = midpoint = (‘42+ 4 _32+ 3

= (0, 0) [the midpoint is the centre]
(i) (0,0)(4,3) = radius = {(4 — 0)2+ (3 — 0)2

=416 +9

=4y25=5
(i) x2+y2=(52=>x2+y?=25

5. (4,—1)(—4, 1) = midpoint = (%,%
=(0,0)
(0,0) (4, —1) = radius = {(4 — 0)> + (—1 — 0)2
=16 +1=1V17

Hence, x> + y? = ({17)2 = x* + y? = 17 is the equation of the circle.

6. () P=9=r=V9=3 (vi) 16x2 + 16y% = 49
(ll) P=1=r=4V1=1 :>X2+y2=%
(iii) rP=27=r=427 =3/3
(iv) 4x2 + 4y2 = 25 —p=%_,_89_7

25 16 16 4
242 =22
=Xty 2
2225, 25 _5
Sr=er 2 =3
(v) 9x2+9y>=4
4
= 2+ 2 — T
X y 9




Solution

—

7. (i) Radius = perpendicular distance from (0,0)to2x +y — 5 = 0.

. |2(0) + 1(0) — 5| 5 5 |5
= radius = ====-==5
racits 22 + (1) /5 5 15
(i) Equationof circle:x?2 +y2=({52=x2+y2=5
8. Point (0, 0); tangent:4x — 3y — 25=0
L 40)—3(00—25 25 25
= radius = = ===5
(@2 + (=32 125 5

Hence, equation of circle: x> + y? = 52 = x? + y? = 25
9. Centre = (0,0); tangent:3x —y + 10 =10

3(0) — 1(0) + 10
:>radius=| © — 10 ‘: 10 _ 10

13?2 + (=1)? 10

Hence, equation of circle: x2 + y2 = ({10)?
=x2+y*=10

10. Centre (0, 0), radius = 25
= Equation of circle: x> + y? = (2/5)?
=x2+y*=20
Centre (0,0); linet:x —2y +10=10
11(0) — 2(0) + 10|

= Perpendicular distance =

(12 +(=2)?
_10_ 105 _10/5 _ = _ .
“E-TE S 5 25 = radius

Hence, tis a tangent.

Exercise 11.2
1. (i) Centre(3,1), radius =2
Equation of circle: (x —3)> + (y — 1) =(2)* =4
(i) Centre (1, —4), radius = /8
Equation of circle: (x — 1)2+ (y + 4)2 = (/8)> =8
(iii) Centre (4, 0), radius = 2V3
Equation of circle: (x — 4)2 + (y — 0)2 = (2/3)2 =12
(iv) Centre (0,—5), radius = 3V2
Equation of circle: (x — 0) + (y + 5)2 = (3/2)2 =18
2. Centre (2,2), point (5,1) = radius = {(5 — 2)? + (1 — 2)?
TP
=/9+1 =410
Equation of circle: (x — 2)2 + (y — 2)2 = (V10)2 = 10

3—1 5+1)_
2 1 2 )_(113)

(ii) Centre(1,3), point (3,5) = radius =1{(3 — 1)2+ (5 — 3)2

=22+ 22=18
Equation of circle: (x — 1)2 + (y — 3)2 = (/8)2 =8

3. () (3,5),(—1,1)= midpoint =

4, (i) Centre = (3,2), radius = {16 = 4
(i) Centre = (—2,6), radius = {8 = 2/2
(iii) Centre = (3, 0), radius = V5
) (0,—

Centre = (0,—2), radius = Y10



5. Radius = {18 = 3/2
= diameter = 2(3V2) = 62
Hence, centre = (—2, 5), radius = 612
= Equation of circle: (x + 2)2 + (y — 5)2 = (6/2)2 = 72
6. Centre = (3, 3), radius = 3
Equation of circle: (x — 3)? + (y — 3)
= (x—30°+((y—23)
YA

Wm0
=

\ Ao

6

7. () 2g=—-4 = g=-2
=8 = f=4
= centre = (—g, —f) = (2, —4)
andradius = {g2 + f2—c ={(—2)2+ (42 + 5
=/4+16+5=y25=5

(i) 2g=-2 = g=-1
2f=-6 = f=-3
= centre =(—g,—f)=1(1,3)
and radius = {(—1)2 + (=3)2 + 15
={1+9+15=y25=5
(iii) 2g=—-8=9g=—4
2f=0 = f=0
= centre = (4,0)
and radius = {(-4)2 + (02 + 8 =16 + 8 = V24 = 2/6

) 20 — _5_51
(iv) 2g=5 = g > 22
Af=-6 = f=-3
= centre=(—2%,3)
A | P A Py :\/ 1_9
and radius \/(22) + (—3)*+5 204 5
(v) x2+y2—2x+%y=0
= 29=-2 = g=-—1
and2f=§ = f=2
2 4
—[1 -3
= centre—(1, 2
N P §)Z=\/ 9 _|25_5
and radius \/( 1) +(4 1+16 6" 2



10.

11.

12.

13.

14.

Solution

(vi) x2+y2—7y+%=o
= 29=0 = g=0

and2f=—7 = f=-2=-3;

= centre = (O, 3%)

and radius = \/(0)2 - (—3%)2 _33_ \/ﬁ _3_z

4 |4 4
Circle:x> + y> —4x+ 2y —20=0

Point (5, —5) = (5)% + (—=5)?> — 4(5) + 2(=5) — 20

4

=2

=25+25-20—-10—-20=50—-50=0, true

. Circle: x> +y2+2x—4y—20=0

Point (3, 6) = (3)2 + (6)2 + 2(3) — 4(6) — 20
=9+36+6—24—20
=51 — 44 =7 > 0 = outside circle

Circle:x* + y> = 2x+ 4y —15=0

Point (3, 1) = (3)2+ (1)> — 2(3) + 4(1) — 15
=94+1—-6+4—15
=14 — 21 = —7 < 0 = inside circle

Circle:x* +y? —6x+4y+4=0

Point (1,1) = (1)2+ (1)2—6(1) + 4(1) + 4
=14+1-6+4+4
=10 — 6 = 4 > 0 = outside circle

2g=—-8=9g=—4
2f=10 = f=5

Radius=7 =g+ f2—c=1(—42+(B2—k=7

=16+ 25— k=149

= —k=49 —41=8

= k= -8

(i) Sketch circle k
(ii) Radius =4
(iii) Centre =(—4,3)
Equation of circle: (x + 4)2 + (y — 3)2 = (4)> = 16

i) rr=4 = r=2
(i) Centrek; = (4, — 4)
(iii) k5 has centre (4 — 4), radius = 2
= Equation ks (x — 42+ (y + 4> = (22 =4
(iv) k,...its centreis (0, —4).




15. Centre = (—4,4)
Radius = 4
Equation of circle: (x + 4)2 + (y — 4)2 = (4)?
=(x+4°+(y—4°=16

16. () x—2)?+(y—6)2=100
Centre=(2,6) =C

(i) C=1(2,6),P=1(10,0)slopeCP = —= = —=—=

Line 4x — 3y —40 =0 = slope =9 =—2=2
owe = [Z3)4) = =12 _
Product of slopes w;, wz—( 2 )(3) P 1

Hence, CP is perpendicular to the given line.

17. Centre=y=xNy=—x+4
=Xx=—-x+4
=2x=4
=>XxX=2=y=2
Centre = (2, 2) and diameter = 2 = radius = 1
Equation of circle: (x — 2)2 + (y — 2)> = (1)2 =1

18. () x+22+(y+1)?2=25
Centre C = (—2, — 1), radius = 5
CentreB = (3, —1), radius=10
Centre A = (—7, —1), radius = 10
(i) x+ 7>+ (y+1)2=(10?= 100

Exercise 11.3
1. Circle:x* + y> =10
= centre = (0, 0), radius = V10
3x+y+10=0
13(0) + 1(0) + 10| _ 10

[Gr+ar o

= = \H = d
\/—‘I_\/'I—_ radius

Hence, / is a tangent to the circle.

Perpendicular distance =




Solution

2. x—32+(y+4)?=50
= centre = (3, —4), radius = V50 = 5V2
Lineex—y+3=0

Perpendicular distance = 13) — 14 + 3]
V()2 + (=1)2
10 _ 10 V2 _10/2 :
====-= ——5\/— radius
7 272
Hence, the line is a tangent to the circle.
3. x+22+(y—1)%=16
= centre = (—2, 1), radius = 16 = 4
Line:3x —4y —12=0
3(—2) —4()—12
Perpendicular distance=‘ 2 Q) |
(3) + (—4)?
_|-6—4-12
25
_2_ 2
=T =Az 4
Hence, the line is not a tangent to the circle.
4. Centre = (—1,2),tangent: 2x — 3y —5=0
, 2(=1)—=3@) -5 |-2—-6-5] 13
Radius = = = =413
Q7+ (=32 13 13
Equation of circle: (x + 1)2 + (y — 2)> = ({13)2 =13
5. Centre = (2, 1), tangent:x —y + 5=0
1(2) —1(1) + 5 2—1+5
Radius=|() () ’=| ’:i
(12 + (=17 2 2
6 12 _6/2
==--==-—"==3y2
22 "
Equation of circle: (x — 2)2 + (y — 1)2 = (3V/2)2 = 18

6. >’ +y>?—2x—2y+1=10
(i) 2g=—2 = g=-1
o=-2 = f=-—1
= centre = (1, 1)
(i) Radius ={g?+f2—c={(—12+(-1)2—1={T+1-1=41=1
(iii) Sketch of circle
(iv) |=g| =|—1] =1 =radius
|—f| =|—=1] =1 = radius
7. Centre = (2,2) = (—g, —f)
Radius = |—g| = |-f| =|—-2| =2
Equation of circle: (x —2)2 + (y — 2)> = (2)> = 4
8. Centre = (2,3) = (—g, —f)
Touches y-axis = radius = |—g| = |2| = 2
Equation of circle: (x — 2)? + (y — 3)> = (2)? = 4




9. X2+y’—4x+6y—12=0

(i) 2g=—4 = g=-2

2f=6 = f=3
centre = (—g, —f) = (2, —3)

radius = g2 + f2 — c = {(—2)2 + (3)2 + 12
=V4+9+12=/25=5

(i) Tangent:3x +4y — k=0
32) + 4(-3) — k| _

= x+4
= 4y= x—|—2
= 8y=-2x+1

= 2x+8—-1=0

Radius = 5
(3)* + (4)°
612K _,
125
= |—6 — k| =25
= —-6-k=25 or 6+k=25
= —k =31 or k=25—6
= k=-31 or k=19
i i ; _[0+1T =2+2]_1[1
10. (i) Midpoint [AB] = [—2 — ] (2’0)
_2+t2_4_
Slope AB = 0" T 4
Perpendicular slope = —%
i . — = —l _l
= Equation:y — 0 4(x >
— —qx-1
- YE 1(’( 2

o _10+4 —2-3]_(, -1
(i) Midpoint (BC] = [3-4, =2 ] (2, 22)
_-3+2_ 1

Slope BC = 20 2

Perpendicular slope = 4
= Equation:y + 2% =4(x — 2)

= yt2=ax-38
= 2y +5=8x—16
= 8&—2y—21=0
(i) 8x — 2y = 21
2x+8y= 1 @

= 32x—8y=284

2x+8y= 1
34x =85 (adding)
8 _>
- XT3272
5— =
= 8(2) 2y =21
= 20-2y=21
= -2y =1
_ 1 .. |5
= y= §:>p0|nt—(

1

272

) = centre



11.

12.

Solution

iv) (1, z),( :» radius \j

(v) Equation of circle: (

N|U1
_
N
+
—_

-1 -
_/2 25 _ 17
_4+4 2
1
2)+ +2

General equation: x> + y? + 2gx + 2fy + ¢ =0

Point (0, 0) = (0)? + (0)? + 2g(0) + 2f(0) +c =0
= 0+0+0+0+c=0 =
Point (2, 0) = (22+(0)? +2g9(2) +2f(0) +c=0
= 44+0+4g+0+c=0
= 4g +c= —4
Point(3,—1) = (3)?+(—1)? +29(3)+2f(—1)+c=0
= 9+1+6g—2f+c=0
= 6g —2f+c=—10
c=0 = 4g+0=—-4

4g=—-4 = g=—1
Hence, 6(—1) —2f+ 0= —10

—2f=—4
f=2

=x2+y’+2(-1)x+22y+0=0
= X*+y?—2x+4y=0

General equation: x> + y? + 2gx + 2fy + ¢ =0
Point(0,0) = (0)> + (0)2 +2g(0) + 2f(0) + c=0
= 0+0+0+0+c=0 = ¢c=0

Point(—2,4) = (—=2)>+ (4)> +2g(—2) +2f(4)+c=0
= 4+16—4g+8f+c=0
= —4g + 8f+c=—-20

c=0 = —4g + 8f= —20
= —g+2f= -5

Point(—1,7) = (=1)2+(7)> +2g9(—1) +2f(7)+c=0
= 1+49—2g+ 14f+c=0
= —2g + 14f+c= —50

c=0 = —2g + 14f = —
= —g+7f=—
—g+2f=-5
—g +7f= —25 (subtracting)
—5f=+20
=f=-4
= —g+2(—-4)=-5
= —g—8=-5
= —g=3 = g=—

=x2+y?+ 2(=3)x + 2(—

=x*+y’—6x—8y/=0

4)y+0=0



13. Centre(—g, —flonlinex +2y —6 =10
—-g—2f—-6=0 =
(3)2 + (5)* +2g(3) + 2f(5) + c=0
9+25+6g+10f+c=0
6g +10f+c= —34
(=12 + (32 +29(—=1) +2f(3) +c=0
1+9-2g+6f+c=0

Point (3, 5)

Point (—1, 3)

=
=

L A

=
=

—g—2f=6

—2g +6f+c=—10
6g + 10f + c = —34

= —g=2=g=-2
Hence, 6(—2) +10(—2) + c= —34
—12—-20+c=—-34

c=-—2

=x2+y?+2(=2)x+2(-2)y—-2=0
=x+y’—4x—4—2=0

14. Centre (—g, —f) is on x-axis

Point (4, 5)

f=0
Point (—2, 3)

Hence, x> + y? + 2(—Z)x + 2(0)y

2 T

=

=

= —f=0
= f=0

—8g —4f=24
=-29g—f=6
—2g —4f=12
3f=-6
= f=-2
—g—2(-2)=6
—g+4=6

(4)% + (5)? +2g(4) + 2f(5) + c=0

16 + 25 + 8g +

10f+c=0

8g + 10f + c = —41

8g+10(0) +c=—-41=8g+c=

(=27 + (3)* +2g9(-2)

+2f(3)+c=0

44+9—-4g+6f+c=0
—4g +6f+c=—13

—4g +6(0) +c=—13

= —4g +c=—13

8g +c = —41
—4g 4+ c= —13 (subtracting)
12g =-28
——28__7
9=712 3
_4(—%)+c=—13
28 - _
3 te= 13
_ _3_28__67
c=-13 3 3
_67 _
3 3¢

=3x2+3y?—14x—67=0

(subtracting)

—41

(_gl O)




15.

16.

()

(ii)

(ii)

(iii)

Solution

XX+y?—4x—6y+k=0
2g=—4 = g=-2
2of=—6 = f=-3
= centre (—g, —) = (2,3)

circle touches x-axis = r = |—-3| =3
Radius =g + 2 —c = (=22 + (-3 —k =3
= 4+9—k=9
= —k=—-4=k=4

and pointT = (2, 0).

Centre = (—g, —f)

= r=—g and r=—f
=-g=—-f = g=f

Centre in the first quadrant =g, f < 0
(0,0)(—g, —f) = distance = 372

= ((g— 02+ (-f-0?2=32
= g>+f2=(3/2)>=18
g=f = g’ +g*=18

= 29> =18
= 9*=9
= g = —3 org = 3 (Not valid)
= —g=3,-f=3

Centre (3,3) radius =3

Equation of circle: x—32+(y—3)2=3?

= xX2—6x+9+y?—6y+9=9

= xX*+y?—6x—6y+9=0
The perpendicular to a tangent at the point of contact passes through the centre of the circle.
Tangent:3x + 2y —12=0

= slope = —% = —% = perpendicular slope = %
point B = (4, 0)
= equation:y — 0 = %( —4)
= equation:y — 0 = %( —4)
= 3y=2x—28
= 2x—3y—8=0
= (3 —5) B = idooint = [3+4 =5 £ 0) _(7 =5
A=(3,-5),B=(4,00) = midpoint > Ty ) (2, 5
Slope AB = 4-3 7 = perpendicular slope 5
= equation:y + 2= —(x - Z)
2 2
25 _ 7
= 5y + > = X+ >

= x+5+9=0



18.

19.

(iv) 2x—3y=28
x+5y=-9 @
2x —3y =28
2x + 10y = —18 (subtracting)
—13y =26 = y=-2
= 2x—3(—-2)=38
= 2x+6=28
= 2x=2 = x=1
= centre = (1, —2)
point A = (3, —5)
= radius ={(3 — 1>+ (=5 +2)?
=224+ (-3 =V4+9 =113
(v) Equation of circle: (x — 1)2+ (y + 2)2 = (/13)2 =13
= XX—2X+1+y?+4y+4=13
= xX2+y?—2x+4y—-8=0

(7,2) (7, 10) Equation of chord: x = 7
Midpoint = (7, 6)
= Equation of perpendicular bisector:y = 6
= —f=6 = f=-6
Radius = distance between (—g, —f) and (=1, —f)

/\(7, 10)

4

g>—2g +f>+6f=10

Radius = —1+g =1, /r= = 1(_9'_0
- [+ P-c=-1+g X_1\
242 _r=(=14+02=1-— + g2
DO A T N S |
f=-6 = (—62—c=1-2g y ¥
= 36—c=1—2g
= 2g—c=—35
Point(7,2) = (7)> +(2)?> +2g(7) + 2f(2) + ¢ =0
= 14g + 4f + c = —53
f=-6 = 14g + 4(—6) + ¢ = —53
14g + c= —53 + 24 = —29
2g—c=—35
14g + ¢ = —29 (adding)
16g = —64
= g=—4
14(—4) + c= —29
= —56+c=—-29
= c=—-29+56=27
Hence, equation of circle: x2 + y? + 2(—4)x + 2 (—6)y + 27 =0
=x2+y?—8x—12y+27=0
Radius =120 = {g>+f2-c=120
= ¢g*+f2-c=20
Point(—1,3) = (=1)2+(3)2+2g(~1) +2f(3) + c=0
= 1+9—2g+6f+c=0
= —2g+6f+c=-10
and g>+f2—c=20 (adding)



Solution

Centre (—g, —f)onlinex+y =20

= —g—f=0

= g=—f
Hence, (—f)? — 2(—f) + 2+ 6f=10
= f24+2f+f2+6f—10=0
= 22+ 8f—10=0
= f2+4f—-5=0
= (F+5f—-1)=0
= f=-5 or f=1
= g=—(=5=5 or g=—(1)=-1
= (524 (=52 —c=200r(—1)2+ (12— c=20
= 25+25—-¢c=20 = 1T+1—-¢c=20
= c=30 = c=—18
Ci:xX2+y?+10x—10y +30=0

M
N

X+y?—=2x+2y—18=0

20. () x—52+(y—3)2=4
Centre = (5, 3)
r=4 = r=2
Line is parallel to x-axis and goes
through (5,1)
= equation:y =1
(ii) Rear wheel radius = 3(2) =6
10 units from (5,1) = (15, 1)
= centre of rear wheel’s rim = (15, 7)
= equation: (x — 15)2 + (y — 7)2
= (6)? =36
(iii) 2unitstotheleft = centre =(13,7)
and radius = 6
= equation: (x — 13)> + (y — 7)2 = (6)* = 36

Exercise 11.4
1. Circle:x? +y?=8 = centre = (0, 0), point P(2, 2)

= slope of theradius [op] = 5——= =% =1

= perpendicular slope = —1
Equation of tangent:y — 2 = —1(x — 2)

= y—2=—x+2

= x+ty=4

2. Circle:x* +y>=10 = centre = (0, 0), point (—3, 1)

. 1-0 1
= slope of the radius = 30~ 3
= perpendicular slope = 3
Equation of tangent: y—1=3(x+3)
= y—1=3x+9

= 3x—y+10=0



5.

. Circle:x* + y>=17 = centre = (0, 0), point (4,—1)

o —1—-0__1
= slope of radius = ygu— a
= perpendicular slope = 4
Equation of tangent:y + 1 = 4(x — 4)
= y+1=4x—16
= 4x—y—17=0
Circle: (x — 1)+ (y + 2)> = 20
(i) PointP(3,2) = (B-12+((2+2?2?=20
= (22 + (4)2=20
= 4+ 16 =20
= 20=20 = True
(ii) Centre =(1, —2)
i) C(1,-2)P(3,2) = slope CP = % - % =2
= perpendicular slope = —%
Equation of tangent: y—2= —%( - 3)
= 2y —4=—x+3

= x+2y—7=0

Circle:(x + 4)2 + (y — 3)> =17
Centre = (—4, 3)

Point (0, 2)
s = > —2 —_1
Slope radius = my— 7
Perpendicular slope = 4
Equation of tangent: y—2=4(xx-0)
= y—2=4x

= 4x—y+2=0

. Circle: x*+y*>—4x+10y—8=0

2g=—4 = g= -2

2f=10 = f=5

Centre = (—g, —f) = (2, —5)

Radius = {g2 + f2—c = (=22 + (5)2 + 8

—4T25+8=137
Point (3,1)
oo =5—1_—6_
Slope radius = -3 ~ 10
Perpendicular slope = —%
Equation of tangent: y—1= —%( - 3)

=  6y—6=-x+3
= x+6y—9=0



Solution

7. Point (0,0) line:3x —4y —25=0

Perpendicular distance = [3(0) — 4(0) — 25 _ [-25|
(3)2 + (—4)? V25

_ 25 _ 5
=2=

Circle x> + y> = 25

= centre = (0,0) radius=1V25=5

Perpendicular distance from (0, 0) to line = 5

Hence, line 3x — 4y — 25 = 0'is a tangent to the circle.

8. Circle:x* + y>—6x—4y+8=0
2g=-6 = g=—3
A=—-4 = f=-2
= centre = (—g, —f) = (3, 2)
radius = {g? + 2 —c = {(=3)> + (—2? -8 =5
line:x +2y—12=0

13) +2(2 — 12| _|-5]
2+ 5

Hence, line x + 2y — 12 = 0 is a tangent to the circle because the perpendicular distance from the
centre of the circle to the line = the radius length.

5

Perpendicular distance =

9. Circle: x> +y> —6x —2y —15=10
2g=—-—6 = g=-—-3
2f=-2 = f=-1
= centre = (—g, —f) = (3, 1)
radius = g2+ f2—c = (=32 + (—1)2+ 15 =25 =5
3B)+a0 + ¢ _,

Tangent:3x + 4y + c=0 = perpendicular distance =

(3 + (4
N 13+ 13+ s
25 5

=[13+¢ =25 = 13+c=-25 = c=-38
OR 13+c=25 = ¢c=12

10. Circle:x®> +y? +4x—4y—5=0

= 2g=4 = g=2

and2f=—-4 = f=-2

= centre = (—g, —f) = (—2,2)

andradius = {g2 + f2—c = (22 + (22 +5 =14+ 4+5=113
Tangent:2x —ky —3 =10

2(-2) — k@) - 3| _

= perpendicular distance = V13
(2)? + (—k)?
—4—2k—3
=4 =23 _ 3

{4+ k2
|—2k — 7| =134 + k2
|—2k — 7] =152 + 13k
(—2k —7)2 = 52 + 13K
4k> + 28k + 49 — 52 —13k* =0
—9%2+28k—3=0
9%2—28k+3=0
k—3)(9%—1)=0

—3 k=1
k=3 k=3

L A R I



11.

12.

13.

x*+y*=13 = centre = (0,0), radius = V13

i —_ i = 3 — 0 = —§
Point(—2,3) = slope radius s — >

= perpendicular slope = %

= Equation of tangent: y—3= %

x+2)
= 3y—9=2x+4
= 2x—3y+13=0
Circle:x* +y> —10x + 2y — 26 =0
= centre = (5, —1) and radius = {(—5)2 + (1)2 + 26 = 52

=213
Line:2x —3y +13 =0
N dicular dist |2(5) — 3(—=1) + 13|
perpendicular distance =
22+ (=3)°
10+ 3+ 13
{13
_26 13
{13 13
_26V13
13
=213
Hence, 2x — 3y + 13 = 0is a tangent to both circles.
Centre (2, —1),tangent:3x + y =0
: : 3 +1(=1] 5 510
Perpendicular distance = = =
P B2+ ()2 (10 10710
= —5\/\/%6 = @ = radius
2
Equation of circle: (x — 2)2 + (y + 1)? = (@) = % = %

Point = (0, 0), slope = m
Equation of line:y — 0 = m(x—0)
= y=mx = mx—y=0

Circle:x* +y>—4x—2y +4=0

2g=—4 = g=-—-2

2f=-2 = f=-1

= centre=(—g,—f)=(2,1)

andradius = g2+ f2—c={(-22+ (-1 —4=V4+1-4

={1=1

Hence, perpendicular distance from centre (2, 1) to the tangent mx — y = 0 equals radius = 1.

Im(2) — 1(1)]
(m?+(—1)°
2m—1=1im?+ 1
2m—=1)2=m?+1
4m?2 —4Am+1=m?+1
3m*—4m =20
m@Bm—4)=0

A



14.

15.

Solution

= m=0 or 3m=4

4
= ==
m=3

Hence m=0 = tangent:(0)x —y =0

= y=0

andm = % = tangent:=(x) —y =0

= 4x —3y =20

Point (3, 5), slope = m

= Equation of line: y —5=m(x — 3)
= y—5=mx—3m
= mx—y—3m+5=0
Circle:x* +y>+2x—4y—4=0
= centre = (—1,2),radius = {(1)2 + (=22 + 4 =9 =3
|m(—1)—1(2)—3m+5|_3
(m)* + (=1)
|—m—2—3m+5|:3
im? +1
|—4m + 3| =3Im2+ 1
(—4m + 3)> = (3/m* + 1)?
16m? —24m + 9 =9(m?>+ 1) =9m? + 9
7m? —24m =0
m(7m —24) =0
m=0,7m = 24
24
= m==
m=0 = tangent:(O)x—y—3(0)+5=0
= y—5=0

Perpendicular distance =

4

A

_ 24 (24— — 3(24 -
m—7 = tangent.(7)x y 3(7)+5 0

= 24x—-7y—72+35=0

= 24x — 7y —37=0
Line parallelto3x + 4y — 6 =0

is3x+4y+c=0

Circle:x* +y>—2x—2y—7=0
= centre = (1,1),radius = {(=1)2 + (=12 +7 =19 =3
]3(1)+4(1)+c\_3

Perpendicular distance:

(3)? + (4)?
7+ |7+
V25 5=3

= |7+ =15

= 7+c=15 or 7+c=—-15

= c=8 or c= —22

Hence, tangentsare3x + 4y + 8 =0
and 3x + 4y — 22 = 0.



16. (i) Centre =(3,5), tangent:2x —y+4 =0
|2(3) — 1(5) + 4]

Radius = perpendicular distance =

P
|6—5+4‘_i_
B e A

(i) Equation of circle: (x —3)2+ (y — 5)2 = ({5)?=5
(iii) Point (1, 4), centre = (3, 5)

. 5—4 1
Slope radius = 313
= perpendicular slope = —2
Equation of tangent: y—4=-2x—-1)
= y—4=—-2x+2

= 2Xt+ty—6=0

17. (i) Circle:x?> + y> — 10kx + 6y + 60 = 0
2g=—-10k = g= —5k
2f=6 = f=3
= Centre = (—g, —f) = (5k, —3)
(i) Radius =g+ f2—c={(—5k2+ (32 —-60=7
= 25k +9 — 60 = 49
25k*= 100
k?=4
k=2 ork= —2(Not valid)
(iii) Tangent:3x + 4y + d = 0, centre = (10, —3)

300)+4(-3) +d __

il

Perpendicular distance =

(3)% + (4)?
130—-12+d|l_[18+d| _
— = =7
25 5
|18 + d| = 35

18+ d=35 or 18+ d= —35
d=17 or d= —53

P4l

18. Circle:x* + y> +4x— 2y —4=0
(i) 2g=4 = g=2
2f=-2 = f=-1
Radius =g+ 2 —c={Q22+ (-1 +4=V4+1+4=19=3
(ii) The perpendicular to a tangent at the point of contact passes through the centre of the circle.
(i) C(=2,1),P(3,1) = [CP|={B+22+(1—1)?
=y25+0=5
Radius = |CT| =3
Pythagoras'theorem = |PT|>+ |CT|?2=|CP|?
= |PT?+ (322 = (572
= [PT2+9=25
= |PT2=25-9=16
= |PT|=1{16=4




Solution

19. Circle:x®> +y> —14x — 2y + 34 =0
2g=—-14 = g=-7
2f=-2 = f=-1
= Centre = (—g, —f) = (7, 1) and radius = {(—7)> + (—1)2 — 34

=16 = 4
Point (2,5) = hypotenuse ={(7 —2)2+ (1 — 52 ={(5)2 + (—4)> = 41
Radius = 4
= Length of tangent = {/(hypotenuse)? — (radius)>
=41 -16
=425
=5
20. Centre = (4, 2), radius = {(—4)2 + (—2)2 — 10
=y16 +4—10 =110
Point (0,0) = hypotenuse = {(4 — 0)2 + (2 — 0)?
(@ ¥ 2=
= Length of tangent = \/(hypotenuse)2 — (radius)?
=y20— 10 =10

21. Centre = (2, 5), radius =16 = 4
Point (7,8) = hypotenuse = (7 — 2)> + (8 — 5)?
N
= Length of tangent = {/(hypotenuse)? — (radius)?
=34 —-16 =18 =3/2
22. Centre = (2, 3), radius = {(—=2)2 + (=3)? — ¢
=V4+9-c={13-c
Point (1,1) = hypotenuse ={2 —1)2+ (3 — 12 =y(1)2+ (22 =15
Length of tangent = 2
= (radius)® + (2)*> = (/5)?
= (radius)?+4 =5
=
=

(radius)? =5 —4 =1
radius = 1
Hence, V13 -c =1
= 13—c=(1)?=1
= c=12

Exercise 11.5

1. Line:3x—y+5=0 = y=3x+5

Circle: x*+y*’=5 = x>+ (3x+5?%=5
= x>+ +30x+25—-5=0
= 10x*+30x+20=0
= x*+3x+2=0
= K+Nx+2)=0
= x=-1, xX=-2
= y=3(-1)+5 y=3(-2)+5

=2 =—1

Points =(—1,2) and (—2,—1)



2. Circle:x? +y>=10 = centre = (0, 0), radius =10
Line:x —3y—10=0
|1(0) — 3(0) — 10| B |—10] B
{(1)2 + (—3)? {10

Hence, the line is a tangent to the circle.

Y10 = radius

Perpendicular distance =

Line:x =3y +10 = Circle: (3y + 10)2 + y2 = 10
= 92+ 60y +100+y2—10=0
= 10y? + 60y + 90 = 0
= Y2+ 6y +9=0
= y+3)y+3)=0
= y=-3
= x=3(=3)+10
=

x=-94+10=1

= Point of contact = (1, —3)

3. Line:2x—y—5=0 N Circle:x* +y?=5

= y=2-5 = x*+(2x—52=5
= x*+4x2 —20x +25-5=0
5x2 —20x +20=0
X* —4x+4=0
x=2)x=2)=0
xX=2
y=2(2)—-5=-1

L4y ey

= Point of intersection = (2, — 1)
4. (i) x+y=6 N xX2+y?+2x—4y—20=0
= y=-—xt6 = X+ (—x+62?+2x—4(—x+6)—20=0
= xX2+x2—12x+36+2x+4x—24—-20=0

= 2> —6x—8=0
= X —3x—4=0
= x—4Kx+1)=0
= Xx=4 or x=-—1

= y=—4+6=2 or y=—(—-1)+6=7
= Points = (4,2)and (—1,7)
(i) 2x+y—2=0 N xX*+y?—10x—4y—11=0
= y=-2x+2 = xX*+(—-2x+22—-10x—4(—2x+2)—11=0

= X>+4x* —8x+4—10x+8—-8—11=0
= 52 —10x—15=0
= X —2x—3=0
= x+1)x—3)=0
= x=-1 or =3
= y=-2(—-1)+2 or y=-23)+2

= =4

= Points = (—1,4) and (3, —4)



5.

6.

XX+y?—=2x+4y—5=0

XX+ (Bx—52—-2x+4Bx—5) —5=0

X+9x2 —30x+25—2x+12x—20—-5=0

10x2 —20x=0

X —2x=0
xx—2)=0

x=0 or x=2

y=30)—5 or y=3(2) -5

=-5 =1

L R R A

Points = (0, —5) and (2, 1)

X—2y+12=0 N xX+y?-x—31=0
= x=2y—12 = Qy—122+y*—(Q2y—12)—31=0
= 4y?— 48y + 144 +y? -2y +12—-31=0
= 5y? — 50y +125=0
= y2 — 10y +25=0
= y—=5(F—-5=0
= y=5
= x=25)—12= -2
= Point of contact = (—2, 5)
(i) Xx—2y—1=0 N x*+y*+2x—8/—8=0
= x=2y+1 = Qy+1)2+y’+2Q2y+1)—8/—-8=0
= 4y +4y+1+y’+4y+2—-8/—-8=0
= 52 —5=0
= y>=1=0
N y—1(+1=0
= y=1 or y=—1
= x=2M+1=3 or x=2(-1)+1=-1
= L=@3,1) and M=(-1,-1)
(i) L=(3,1) M=(-1,-1)
. . 3—11—1
Midpoint = TT) =(1,0)
(i) Centre=1(1,0) L=(3,1)
= Radius={(3—12=(1-02={Q22+ (12 =15

= Equation of circle: (x — 1)> + (y — 0)? = (/5)?

=  (x—1)2+y?=5

. Circle:x> +y?—4x—6y —12=0

x-axis = y=0 = x*+(0)?—-4x—-6(0)—12=0

= x> —4x—-12=0
= x—6)(x+2)=0
= Xx=6 o x=-—-2

Points = (6, 0) and (—2, 0)
Hence, length of intercept = 6 — (—2) = 8 units

y-axis = x=0

Points = (0, —7) and

. Circle:x? +y? —4x+6y—7=0

= (02+y’—40)+6y—7=0
= y>+6y—7=0
= y+7)y—-1=0
= y=-7 or y=1

0,1)

Hence, length of chord = 1 — (=7) = 8 units



9. Circle: x> +y> —4x+ 11y —12=0
x-axis = y=0 = x*+(02?—-4x+11(0—12=0

= X —4x—12=0
= x—6)x+2)=0
= X=6 or x=-2

= Positive x-axis = (6,0) = a=6

y-axis = x=0 = (02+y> —40) +11y—12=0
= Y+ 11y—12=0
= y—1Ty+12)=0
= y=

1
= Positive y-axis = (0,1) = b=

10. Circle:x? +y? —4x—8y—5=0

x-axis = y=0 = x*+(0?—-4x—8(0)—5=0
= xX*—4x—5=0
= x+1Kx—5=0
= x=-1 or x=5

Points = (—1, 0) and (5, 0)

Length of intercept = 5 — (—1) = 6 units

11. Circles;:x* +y>—3x+5y—4=0
Circlesy: x> +y>?—x+4y—7=0

Common chordiss; —s, =0

= X+y?—3x+5y—4—-(*+y?—x+4y—7)=0
= X+y’=3x+5y—-4—-x*—y*+x—4y+7=0
= —2x+y+3=0
= 2x—y—3=0
Chord:y=2x—3 N Circle:x?+y>—3x+5y—4=0

= x>+ (2x—3)0—=3x+52x—3)—4=0
= X2+4x>—12x+9—-3x+10x—15—-4=0
= 52 —=5x—10=0
= xX>—x—2=0
= x—=2)x+1)=0
= x=2 or x=—1

= y=22)—3=1 or y=2(-1)—-3=-5

Points = (2, 1) and (—1, —5

~

12. Common tangent:s; —s, =0

= X2+y?+14x— 10y —26 — (x> +y> —4x + 14y + 28) =0

= X2+y’+14x— 10y —26—x>—y?+4x— 14y —28=0

= 18x — 24y — 54 =0

= 3x—4y—9=0

= 3x=4y+9 N xX+y’+14x—-10y—26=0
4y +9 dy +9)2 4y +9 B

= X= 3 3 )+y +14(T)—10y—26—0
2

N 16y +;2y+81+y2+56y-;126_10y_26:0

= 16y>+ 72y + 81 + 9y? + 168y + 378 — 90y — 234 =0

= 25y2 + 150y +225=0

= y2+6y+9=0

= y+3)y+3)=0

= y=-3
4(-3)+9 _ -3

= X=—3  ~3 -1

= Point of intersection = (—1, —3)



Solution

13. Common chord:s; —s, =0
= X2 +y2+4x—2y—5—(2+y>+14x— 12y +65) =0
= Xty +4x—2y—5-x—y’—14x+ 12y —65=0
= —10x+ 10y —70=0
= xX—y+7=0
= X+y?+4x—2y—5=0
XX+ x+72+4x—-2x+7)—5=0
X+x2+14x+49+4x—2x—14—-5=0
2x* 4+ 16x+30=0
xX*+8x+15=0
x+3)x+5 =0
x=-3 or x=-5
y=—-3+7=4 or y=-5+7=2
= Points of intersection = (—3,4) and (-5, 2)

U T

14. Circle: x> + y> +2x — 8y + 4 =0
(i) Centre = (—1,4) = co-ordinates of the Polar star
(i) y=1 N xX*+y>?+2x—8y+4=0
= xX+(1)2+2x—-8(1)+4=0
= xX*+2x—3=0
= x+3)x—1)=0
= x=-3 or x=1
= Rising: (—3, 1); setting (1, 1)

Exercise 11.6
T.spx*+y?—2x—15=0 = centre = (1,0)
and radius = {(—=1)2 + (02 + 15 =16 = 4
X2+ y?—14x—16y +77=0 = centre =(7,8)
and radius = {(=7)? + (—8)? — 77
— 49+ 64—77 =136 =6
Distance between centres = (7 — 1)2 + (8 — 0)?
=1(6)? + (8)> =100 = 10
Sumof2radii=4+6=10
Hence, the circles touch externally.

2, s:xX°+y’+4x—6y+12=0 = centre =(—-2,3)

andradius ={(2)2 + (=32 —12 =41 =1
Syx?+y?—12x+6y—76=0 = centre = (6, —3)

and radius = {(—6)2 + (3)2 + 76

=136 +9+76 =121 =11
Distance between centres = (6 + 2)2 + (—3 — 3)?
=(8)> + (—6)> =100 = 10

Difference between the 2radii =11 —-1=10
Hence, the circles touch internally.




3.5:x*+y?—4x—2y—20=0 = centre=(2,1)

4-

5.

and radius = {(—=2)2 + (—1)2 + 20
e e

SxX?+y?—16x— 18y +120=0 = centre = (8,9)

and radius = {(—8)2 + (—9)2 — 120
=V64+81 —120=v25=5

Distance between centres = {(8 — 2)2 + (9 — 1)2

=1(6)> + (8)> =1100 = 10

Sumofthe2radii=5+5=10
Hence, the circles touch externally.

spx2+y?—16y+32=0 = centre=(0,8)

and radius = {(0)? + (—8)2 — 32
=64 —32 =432 =4/2

Sux2+y?—18x+2y+32=0 = centre=(9, —1)

and radius = {(—=9)2 + (1)2 — 32
=81+ 1—32 =150 =5/2

Distance between centres = \/(9 — 02+ (—1— 8)2

=1(9)2 + (—9)2 =162 = 92

Sum of the 2 radii = 4V2 + 5/2 = 9Y2
Hence, the circles touch externally.

(i)

spxX2+y?—4x—6y+5=0 = centre=(2,3)
and radius = {(—2)> + (=3)>— 5
—F+9-5={8=202
X2 +y?—6x—8y+23=0 = centre=(3,4)
and radius = {(—3)2 + (—4)2 — 23
=/9+16—-23 =12
Distance between centres = {(3 — 2)2 + (4 — 3)2
={(12+(1)? =42
Difference between the radii = 212 — V2 =2
Hence, the circles touch internally.
Common tanget:s; —s, =0
= X+ty’—4x—6y+5—(x*+y?—6x—8y+23)=0
= Xty —4x—6y+5-—x—y’+6x+8y—23=0
= 2x+2y—18=0
= x+y—9=0

(i) y=—x+9Nx2+y?—4x—6y+5=0

= X+ (—x+92—4x—-6(—x+9) +5=0
= xX°+x2—18x+81 —4x+6x—54+5=0
= 2x2—16x+32=0
= xX>—8+16=0
= x—4)x—-4)=0
= x=4
= y=—4+9=5

Point of contact = (4, 5)



6. (i)

(ii)

7. (i)
(i)

(iii)

8. (i)

(ii)

Solution

r2=032+@2=9+16=25
= r=4J25=5
Centre = (3, 0), radius = 5
Equation of circle: (x — 3)? + (y — 0)? = (5)?= 25
= (x—3)2+y?=25

Sketch circle: centre = (2, 3), radius = 4
Equation of circle: (x — 2)? + (y — 3)> = (4)> = 16
= X—4x+4+y?’—6y+9—-16=0
= X+y?—4x—6y—3=0
y-axis= x=0
= (02 +y2—4(0) — 6y —3=0
= y?—6y—3=0
_ 6%1(=6)> — 4(1)(—3)
B 2(1)
_6+y36+12 _6+48 _ 6+4/3
2 2 2
Points on y-axis = (0,3 — 2/3) and (0, 3 + 2/3)

=

=3+2/3

Distance between points = (0 — 0)2 + [3 + 2/3 — (3 — 2/3)]2

=0+ (3 +2/3 — 3+ 2/3)2
={(4/3)2 = 43

x-axis = y=0

= x2+ (002 —4x—6(0)—3=0

= X2—4x—3=0
_4x((=4? - 4(1)(-3)

= X= 20)
_ 416+ 12

2

:412\/%24i22\/7:2iﬁ

Points on x-axis = (2 — {7 ,0)and (2 + V7, 0)
= Length of intercept = (2 + {7) — (2 — V7)
=2+7-2+7=27

X2+ (3)2 = (5)?

= x*+9=25

= xX*=25—-9=16

= x=1V16 =4

= centre = (4,5)

Equation of circle: (x — 4)2 + (y — 5)2 = 52
= x2—8x+16+y>— 10y + 25 =25
= X2 +y?—8x—10y+16=0

x Y

<y



1

= Centre = (% 2)

Equation of circle: (x — %)2"‘ y—27= (%)2

10. (i) A(—1,—4)B(2,0)
= |AB| =1{(2 +1)2+ (0 + 4
=32+ @2 =125=5
Radius = |AP]
= |AP]> =(/5)* + (5)°
=5+25=130
= Radius = |AP| = /30
(i) Equation of circle: (x + 1)2 + (y + 4)> = (/30)? = 30 K

11. (i) X2+ (4)? = (5)?
= x2+16=25
= x2=25—-16=9
= x=19=13
= Centre = (3,4)
(i) Equation of circle: (x — 3)2 + (y — 4)2 = (5)?
— (x—3)2+(y— 42 =25

12, spx> +y> —6x+4y—12=0
= Centre = (3, —2) and radius = {(—3)2 + (2)2 + 12
— 9T AT 12=25=>5

Sy:X2+y?+12x— 20y + k=10

= Centre = (—6, 10) and radius = {(6)2 + (—10)2 — k
=136 —k

Distance between centres = {(—6 — 3)2 + (10 + 2)2

=181+ 144 =225 =15

Circles touch externally = 5+ {136 —k =15

{136 —k=15-5=10

(136 — k)2 = (10)?

136 — k=100

k=36

Pl



Solution

Exercise 11.7
1. Centre = (—g, —f) = (3, —4)
Circle touching the x-axis = r=|—f|=|-4|=4
Equation of circle: (x — 3)2 + (y + 4)? = (4)> = 16

2 Centre =(—g, —f)=(-3,2)
Circle touching the y-axis = r=|—g|=|-3|=3
Equation of circle k: (x + 3)2 + (y — 2)? = (3)>=9

3. Centre = (5,y) = (—g, —f)

(i)

Circle touching the x-axis and y-axis = r=|—g|=|—f| 1%)/

= |5/ =1yl
Centre = (5, 5), radius = 5
Equation of circle: (x — 5)% + (y — 5)> = (5)> = 25
y-axisisatangent = x=0
2"d tangent parallel to the y-axis is: x = 10

4. (i) Sketch of the circle
(ii) Diameter =8 = radius=4
(iii) Circle touching the x-axis
=r=|-f|=4
= —f=4
Centre (—g, —f) lieson the line:2x — 3y =0
= —29—34)=0
= —2g=12
= —g=6
= Centre = (—g, —f) =(6,4)
(iv) Equation of circle: (x — 6)? + (y — 4)> = (4)> = 16
5. (i) Linesx = 0and x = 8 are tangents to the circle
= diameter=8 = radius=4
(i) Circle touching the y-axis
= r=|-g/l=4 = x=4
Centre (4,y) lieson theline:2x —y —3 =0
= 24)—-y—-3=0
= 8-y—3=0
= y=5
= Centre = (4,5)
(iii) Equation of circle: (x — 4)? + (y — 5)> = (4)> = 16
6 x-axisisatangent = radius =|—f|

x-axisisatangentat(4,0) = —-g=4 = g=—4

= g+ —c=|f
= P+P—c=F
= ¢?-c=0 = ¢g’=c

= c=4)?=16

= y=5

) GV SR
x=10
x=0 5 10 x
g
y=38
6,4
.l (6,4)
1
1
1
1
r=4
1
1
! —_
~ 1 =0
0 4 6 8




Point(1,3) = (1)2+ (3)2+2g9(1) +2f(3) +c=0
= 29+ 6f+c=—10
= 2(—4) +6f+16 = —10
= ~8+6f+16=—10
= 6f=—18
= f=-3
= Equation of circle: x> + y? + 2(—4)x + 2(=3)y + 16 =0
= XX +y?—8x—6y+16=0
7. y-axisisatangent = radius =|—g|

= g+ P-c=|-g
= 92_|_f2_C292
= f2—c=0 = f’=c
y-axisisatangentat(0,—3) = —f=-3 = f=3
= c=(3)?%=9

Point(4,1) = (4)?+(1)>+2g(4) +2f(1)+c=0
= 16+1+8g+2f+c=0
= 8g +2f+c=—-17
= 8g+23)+9=—-17
= 8g = —32
= g=—4

= Equation of circle: x> + y> + 2(—=4)x + 2(3)y +9=0

= X+y?—8x+6y+9=0
8. x-axis is a tangent

= radius = |—f]

= f@+P—c=|-

= g*+f2—c=f?

= g’=c

y = 0andy = 10 are tangents to the circle
= diameter =10 = radius=5

= centre (—g, —f)liesonliney =5
= —f=5 = f=-5

Point(1,5) = (1)2+ (5)2+ 2g(1) + 2f(5) +c=10
= 2g+10f+c=—-26
f=-5 = 2g+10(=5 +c=-26
= 2g+c=24
g’=c = 29+9g*—24=0
= ¢g°+29—-24=0
= (@+6)g—4=0
= g=—-6 or g=4
Centre = (6, 5), radius = 5
Equation of circle: (x — 6)? + (y — 5)> = (5)? = 25

OR centre = (—4,5), radius = 5
Equation of circle: (x + 4)? + (y — 5)> = (5)? = 25

Revision Exercise 11 (Core)

1. (i) Point(1,2), centre (—1,5) = length of radius = {(—1 — 1)2 + (5 — 2)?
—4¥9=1T3
(i) Equation of circle: (x + 1)2+ (y — 5)2 = (V13)* = 13



6.

. Circle:x? +y?—2x+4y+4=0

. Centres (8, 5) and (2, —3).

Solution

. Circle:x?2 +y?—2x—4y—-9=0

= Centre = (1,2) and radius = {(—=1)2 + (=2)2 + 9
={1+4+9=414

New circle: centre = (0, 0), radius = V14

Equation of circle: x2 + y2 = ({14)? = 14

. Centre = (2, 3) = circle touches x-axis at (2, 0)

= radius = 3
Equation of circle: (x — 2)2+ (y — 3)2 = (3)2=9

. x>+ y?=25 = centre = (0,0) and radius = V25= 5

Line:3x —4y +25=0
|3(0) — 4(0) + 25|

= Perpendicular distance =

(3)* + (—4)?
2%2%2 = radius
Hence, the line is a tangent to the circle.
. A(—1, —3),B(3, 1) = centre = midpoint = (_12+ 3 _32+ 1

=(1,-1

Radius = {(—1 — 1)2 + (=3 + 1)?
= (2P + (~27 =4 +4=1{8=202
Equation of circle: (x — 1)2 + (y + 1)2 = (2/2)2 =8

Circle: (x — 5)> + y?> = 36

x-axis =y =0= (x —5)% + (0)* = 36
= xX*—10x+25-36=0

X —10x—11=0

x—11)x+1)=0
= x=11 or x=—1

=P=(11,0); Q=(—1,0)

=
=

= Centre = (1, —2)
and radius = {(—12) + (2)> — 4
={1+4-4
={1=1
Line x = kis parallel to the y-axis
=k=0,2

Distance between centres = {(2 — 8)2 + (—3 — 5)2

=(—6)>+ (—8)> =36 + 64 = /100 = 10
Circles touch externally = sum of the two radii = 10
= radius of k; + radius of k, = 10
= 6 + radius of k, = 10
= radiusofk, =10 —6 =4

. Circle: (x — 5)> + (y + 2)> = 30

Point (0,0) = (0 —5)% + (0 + 2)?
=25+4=29<30
= point is inside the circle.



10. A=(1,6) B=(11,0)
1+211,6+21O 6,8
Radius ={(6 — 12+ (8 —6)2 =1(52+ (22 =425 + 4 = {29

Equation of circle: (x — 6)2 + (y — 8)2 = (y29)? = 29

Centre = midpoint =

11. From the equation of the path of the first satellite,

X2+ y?=2250000,

whose centre is (0, 0) and whose radius is r; ={2250000 = 1500, the distance travelled

by the first satellite is
27r, = 27(1500) = 9424.8 km.

The radius of the path of the second satellite is then
r, = 1500 + 200 = 1700,

and so the distance travelled by the second satellite is
27, = 27(1700) = 10681.4 km.

Thus the extra distance travelled by the second satellite is
10681.4 — 9424.8 = 1256.6

or 1257 km, correct to the nearest km.

Revision Exercise 11 (Advanced)
1. Circle:x? +y? —6x—2y—3=0
Centre = (3, 1) and radius = {(—3)2 + (—1)2 + 3

={9+1+3=113
Centre (3, 1), Point (5, 4) = slope radius = % — %
= perpendicular slope = _Tz
= equation of tangent:y — 4 = _Tz (x — 5)
= 3y—12=—-2x+10
= 2x+3y—22=0

2. (i) Centre= (5 —1),linel:3x—4y+11=0
13(5) — 4(—1) + 11

V(3)2 + (—4)?

Perpendicular distance =

(ii) Centre = (5, —1),line:x + py + 1 =0, radius = 6
15 +pn+1]_ o
(1) + (p)?
L 6-pl_
{1+ p?
=16 —p|=6[1+p?
= (6 — p)> = 36(1 + p?)
=36 — 12p + p? = 36 + 36p?
=35p2+12p=0
= p(35p+12) =0
=p=0 or 35p=-12
_ —12

35

Perpendicular distance =




Solution

3. Circle:x* +y> +4x—3y—12=0

= Centre = (—2,%) and radius = \/(2)2 + (_73)2 +12

419415 = 18t
(o 92 ]

Tangent:8x + 3y + k=0

18(=2) + 3(2) + K] 3
= Perpendicular distance = = _
(8) + (3)2 4
_ 9
AR [z
164 + 9 4

_111 _|73.
N 112+k‘ 1/4 73

= —11l+k‘=§

2
= 73 i =73
= 112+k > or 112+k >
=k = > > 25 or k 2+2 48

4. (i) Circlek:x>+y>?+px—2y+5=0
PointA(5,2) = (52 + 2%+ p()—22)+5=0
= 254+4+5p—4+5=0
= 5p+30=0
= 5p=—-30=p=—6
(i) Line:x —y —1=0meetscircle: xX2+y>—6x—2y+5=0
=x=y+1 = y+1)?+y*—6(y+1)—2y+5=0

= Y+2y+1+y’-6y—6-2y+5=0
= 2y —6y=20
= y?—3y=0
= yy—3)=0
=y=0 or y=3

=x=0+1=1 or x=3+1=4
= Points of intersection = (1, 0) and (4, 3)

5. (i) cpx*+y*+2x—2y—23=0
Centre = (—1,1)
Radius = {(1)2 +(—=1)2+ 23 =25 =5
X2 +y*—14x—2y+41=0
Centre = (7, 1)
Radius = {(—=7)2+ (—1)2—41 =9 =3
Distance between centres = \/(7 + 124 (1 —1)?
=4V82+02=164=38
Sum of thetworadii=5+3 =38
Hence, the circle touch externally.
(i) P=(—6,1),Q=(10,1)

Centre of circle k = midpoint [PQ] = (
Diameter ¢, = 10, diameterc, = 6
Diameter of circlek =10+ 6 = 16

= Radius of circle k = % =8

Equation of circle k: (x — 2)2 + (y — 1)2 = (8)2 = 64

—6+10 1+1
22

=(2,1)




6. Circle:x> +y>— 10y +20=10
(i) CentreC=(0,5)
(i) Radius = {(0)* + (—5)>—20 =25 — 20 = /5
(i) y=2xNx2+y>— 10y +20=0
= x>+ (2x)?—-102x) +20=0
X2+ 4x2—20x+20=0
52 —20x+20=0
X —4x+4=0
x=2)x—2)=0
= x=2 = y=22)=4
One point of contact = (2, 4)
= Lineis a tangent to the circle.

i

7. X +y?=4 = centre = (0,0)and radius= V4 = 2
X+y?—8—6y+16=0
= Centre = (4, 3) and radius = {(—4)? + (=3)2 — 16
=16 +9—-16=/9=3
Distance between centres = {(4 — 0)2 + (3 — 0)2
={16+9=4/25=5
Sum of thetworadii=2+3 =5
Hence, the circles touch externally.
Common tangent:s; —s, =0
= X +y —4—-(2+y?—8x—6y+16)=0
= X+y’—4—-x*—y*—8+6y—-16=0
= 8x+6y—20=0
= 4x+3y—10=0

8. Circle:x> + y> + 2gx + 2fy +7 =10

(i) Point(2,5) = (2> + (52 +2g(2) + 2f(5) +7 =10
= 4+25+4g+10f+7=0
= 4g + 10f = —36
= 2g +5f= —18
Point(—2,1) = (=2)2+(1)2+2g(=2)+2f(1)+7=0
= 441 —4g+2f+7=0
= —4g + 2f = —12
= 2g—f=6
(i) 2g +5f= —18
2g—f=6
6f= —24

f=—4 = 29— (-4)=6
2g=2 = g=1
(i) Circle: x> +y?+2(1)x +2(=4)y+7 =0
= x>+y’+2x—8/+7=0
Centre = (—1, 4) and radius = {(1)2 + (—4)2 — 7 = {10

9. Let the equation of the circle be x? + y? +2gx + 2fy + ¢ = 0.
(0, 0): c=0
(4, 2): 16 +4+8g+4f+0=0
8g +4f= —20
2g+f=—5 e 1



Solution

(—g, —f)isonthelinex+y=1:

—g—f=1 e 2
Adding 1 and 2,

g=—4
1 -8+ f=-5

f=3

Thus the equation of the circle is x> + y> — 8x + 6y = 0, or
(x — 4)2 + (y + 3)2 = 25.
10. Circle: (x + 3)2 + (y — 2)> = 25
(i) CentreC=(—3,2)
(i) Radius =125 =5
(iii) PointN (0, =2) = (0 +3)? +(—2—2)?= 25

= 32+ (—42=9+16=25=25 "
P(2,6)

= Point N (0, —2) lies on the circle. N©, —2)
IcP|=V(2+32+(6—22=125+16 = {41
Radius = |CN| =5
=|NP|* + |CNJ* = |CPI?
=[NP|> + (5)° = (/41)
= [NP|?> + 25 = 41
=|NP]*=41-25=16
=|NP]> =116 = 4
11. Centre (—g,—f)onlinex—2y—1=0
= —g—2(-f)—1=0

= —g+2f—1=0

Circle touching the x-axis

=g’=c

y = 0and y = 6 are parallel tangents = equation of diameterisy = 3
= —f=3 = f=-3 6
= —g+2(-3)-1=0

= —g—6—1=0

= —g9g=7=9g=—7

=c=¢g>=(-7?=49
Equation of circle: x2 + y? + 2(=7)x + 2(=3)y + 49 =0 A
=xX+y = 14x— 6y +49=0 N

«

12. (i) The centre of Cis (4, 5) and its radius is 1.

60°) _J




From the triangle,

tan 60° = h

1
h=43

The co-ordinates of the centre of H are then:
x co-ordinate: 4+2=6
y co-ordinate: 54 2h=5+2(3
The radius of His also 1.
The equation of H is then

x—62+(y—(5+2/3)=1
or (x—6)2+(y—5—2/32=1

(ii) Area of one triangle = %(2)(\/?) =

&l

_lapm - m
Area of one sector 2(1)(3) 6

Area of three sectors = 3( %

5 =
|
ISTE |

Area of yellow shaded region = {3 — 72—7 =0.16125

Area of trapped region is 4 times the area of the yellow shaded region, i.e.
4(0.16125) = 0.645

Revision Exercises 11 (Extended Response Questions)
1. (i) Circle:x®?+y?>—8x—7y+12=0

y-axis = x=0 =(02+y>—80) —7y+12=0
= y*=7y+12=0
= y—3)y—4=0
= y=3 or y=4

Points = (0, 3) and (0, 4)

= Length of the intercept =4 —3 =1

(ii) Circle has centre = (4, 3%) and radius = \j(—4)2 + (—3l

‘12
3)

= 1 1= /16L
—\/16+124 12 \/164

Point (9, 2), centre = (4, 3%) = hypotenuse = \](4 - 9)2 + (3% — 2)2

2
= Length of tangent = \/HN%) - (16%)2

_1/ 1 _ 16l =
—274 164 Y11

(iii) The circle has centre (4, %) and radius \/%

Under the translation with components 4 and — %, the co-ordinates of the centre of the
image circle are:

1 1
= N L by Al
25 24 \/27

x co-ordinate:

y co-ordinate:



(ii)

(iii)

(iii)

(ii)

Solution

8, 0) and radius \/%75 Thus its equation is

The image circle has centre (
(-8 +(y—0p=2
or x*+y>— 16x+64=%

or 4x*+ 4y? — 64x + 256 = 65
or 4x2+4y?—64x+ 191 =0

Line:3x-4y+1=0

Equation of parallel line:3x — 4y +¢c=0

Circle:x> +y> —8x+2y—8=0

Centre = (4, —1) and radius = {(—4)2 + (1)2 + 8

{16 +1+8=4/25=5
13(4) —4(=1) +c| _ 5

Perpendicular distance =

(3 + (-4
112 + 4 + ¢
= —— =5
125
116 + ¢l _
= z =5
= [16 + c| = 25
= 16 +c=25 or 16 +c=—25
= c=25—-16=9 or c=-25—-16=—41
Tangents:3x —4y+9=0 or 3x—4y—41=0
C=(1); D=(2,1) A B8 7)
A=(27),C=(1)
o [2487+1
Centre = midpoint ( I ) 6 e [
=(54)
Diameter = |AB| = 6 21 @&
D<——6 —>C
Radiuszgz 0 "

Equation of circle: (x — 52 + (y — 42 = (3)2=9

x-axis a tangent:
r=|—f|
r’=f?
g+ f2—c=f2
g°=c
y-axis a tangent:
r=|-g|
r=g
G +f2—c=g?
f2=c
Thus if both axes are tangents,
g=f=c
Let the equation of the circle be
X2+ y?+2gx+2fy+c=0
[1]1 (=3, 6) is on the circle.
9+36—-6g+12f+c=0
—6g + 12f + c= —45 |



[2] (—6, 3) is on the circle.
36 +9—12g+6f+c=0

—12g + 6f +c= —45 e 2
[3] y-axisis a tangent.

f2=c .. 3
Solving,
1: —6g + 12f + ¢ = —45
2X—1: 12g—6f—c=45

6g + 6f =0

g=—f . b
1: 6f + 12f + f2 = —45

f2+18f+45=0
(f+3)f+15 =0
f=-3 or f=-15
f=-3 g=3,c=9
onecircleisx?> + y>+ 6x —6y + 9 =10
f=-15  g=15c=225
the other circle is x> + y? + 30x — 30y + 225 =0
(iii) As was stated in the beginning of the question, the x-axis is a tangent to both these circles.
(iv) The radius of the first circle is
=132+ (-32-9=3
The radius of the second circle is
r,=1(15)2 + (—=15)2 — 225 = 15
Thus the scale factor of the enlargement is

(v) The circumference of the first circle is 27r, = 27(3) = 6.
The circumference of the second circle is
27ry, = 27(15) = 307
As 30w =5x%(6m) = kx (6m),
the circumference of the larger circle is k x circumference of the smaller circle.

5. Circle: (x —20)2 + (y — 18)2 = 16
= centre A = (20, 18), radius = {16 = 4
|AD + (12)2 = (20)?
= |ADJ2 + 144 = 400
= |ADJ? = 400 — 144 = 256
= |AD| =256 = 16
IAF|=18 = |DF|=18-16=2
centre B = (8, 2), radius = 4
equation of circle: (x — 8)2 + (y — 2)> = (4)> =16

centre C — (32’ 2)’ radlus =4 ;'B’ # - \\\\
4 12+ 12

equation of circle: (x — 32)? + (y — 2)>=(4)*=16

Xy



Solution

6. (i) Theline and the points are shown below.
(ii) The circle is shown opposite.
(iii) Point(3,3) = (3)>+ (3)2+29(3)+2f(3) +c=0 YA
= 6g+6f+tc=-18
Point(4,1) = (4)2+(1)2+294)+2f(1)+c=0

= 8g+2f+c=-17
6g + 6f+c=—18

= 29 — 4f=1
3

Tangent: 3x —y — 6 = 0 = slope = _%: — —3
Perpendicular slope = —%, point (3, 3)

= equation of diameter: y— 3= —%( —3)

=3y —9=-x+3
= x+3y=12
Centre(—g, —f)= —g—3f=12
= —29—6f=24

—2g — 6f=24
2g — 4f =1 (adding)
= —10f =25
—~25_ -5
- F=5 2
:29—4—4=
= 2g+10=1
= 2g = —
-9
9 5§ . 2
= 6[57| +6[ 32| + = 18
= —27—15+c=-18
= c=—18+42=24
Equation of circle: x2 + y? + 2 (_Tg)x + 2(_75)y +24=0
= X2+ y?—9x—5y+24=0
. . _ 9, 5 _
(iv) Forthecircle,g = 5 f= ) and c = 24.
Thus the centre of the circle is
—a—-f=1[253
(~.-N=[23]

and its radius is

R R

The centre of the image circle is then

31 31
95| 333, 3);’%(2 Z) = (h k)

2'2 2'2
The radius of the image circle is also @

The equation of the image circle is then
3y -2p=t0
P 2] TV 2] T
or (x—1.5)2+ (y —3.5)2 =25,



<Y

D

From the diagram:
[FM| = |MC| = 4, |[EM| =3
and so the radius of the circle is r = {32 + 42= 5.The centre of the circle is
E = (3,5) = (h, k). Thus the equation of the circle is
(x —3)2+ (y — 5)? = 25.
(ii) From the diagram, C = (0, 9). Then

_5-9__14
slope of CE = 30 3
slope of DC = %
Equation of DCiis
g =3
y—9 2 x—0)
4y — 36 = 3x
or 3x—4y+36=0. |
D is where this line cuts the x-axis. Let y = 0. Then
3x+36=0
x=-12

ThusD = (=12, 0).
(iii) The equation of a line perpendicular to DC is of the form 4x + 3y + k = 0.
The perpendicular distance from E = (3, 5) to this line is r = 5. Thus
|4(3) + 3(5) + k| _
3
|k + 27| = 25
k+27=250rk+ 27 =—25
k=-2 or k= —-52
As k = —2 gives a tangent near the origin, k = —52.Thus the equation of the tangent at J is
4x + 3y —52=0. e 2
lis where this line intersects the x-axis. Let y = 0. Then
4x —52=0
x=13
Thus|=(13,0).
(iv) To find the co-ordinates of N:
1X3: 9% —12y=—108
2X4: 16x+ 12y =208
25x = 100
x=4
2: 16 + 3y =52
3y =36
y=12

5




Solution

Thus N = (4, 12).

Then |DIj=13+12=25
[DN| = {4 + 122+ (12 — 0)2 = 20
INI| =252 — 202 = 15

Hence the perimeter of the triangle is 25 + 20 + 15 = 60.

8. C(ircle:x? +y?—2ax — 2by +b*>=0

(i)

(ii)

(iii)

(iv)

2g=—2a=9g=—a
2f=—-2b=f=—b
= centre (—g, —f) = (a, b)
and radius = {(—a)> + (—b)> — b?
=Ja?+b2—b2={a®=a
Circle touches the y-axis = f2 = ¢
= (—b)? = b?
=b>=0b% true

Point(1,2) = (1)2+ (2> —2a(1) —2b(2) + 6> =0
= 1+4—-2a—4b+b*=0
= —2a—4b+b>= -5
Point(2,3) = 22+ (3)2—2a(2) —2b(3)+b*>=0
= 44+9—4a—-6b+b>=0
= —4a—6b+b*=—-13
= —2a — 4b + b* = —5 (subtracting)
= —2a—-2b=—8
= a+b=4
= a=4-b>b

= —2(4—-b)—4b+b*>= -5

= —8+2b—4b+b>=-5

= b>—2b—-3=0
b+1b-3)=0

=b=—-1 or b=3

=a=4—(—1)=5 or a=4—-3=1

Centre = (5, —1), radius = 5

Circle:= (x = 52+ (y + 1)2 = (5)> = 25

and centre = (1, 3), radius = 1

Circle:(x — 1)+ (y —3)2=(1)?=1

Distance between centres = {(1 — 5)2 + (3 + 1)?

=16 + 16 + 32 = 4/2




Exercise 12.1

1.

2.

3.

(i)

(iii)

3x—5>x+3
= 2x>8
= Xx>4

(i) 6x—5=<2x—1
= 4x<=4
= x=1
1—3x>10
= —3x>9

(i)

(ii)

(iii)

(ii)

(iii)

= 3x< —9
= x< -3

X12<7,xeN

X
=<
> 5
x<10
1o _n=1,_
6(X 1)/3( 4),xeZ
TMx—1)=2x—4)
X—1=2x—8
—Xx=—7
X7
4—x_2—x
_— >
2 3’
3(4 — x) > 22— x)

12 —3x>4 — 2x

b

P44l

XER

—x> —8
x<8

L

12x — 3(x — 3) < 45,x<€R
12x — 3x + 9 < 45
9x < 36
x<4
xx —4)=x*+2,xcR
=x2—4x=x2+2

4l

=—4x=2
= 4x< -2
1
< ——
= X 5

x—2(5+ 2x) <11
= x—10—4x< 11

= —3x< 21
= 3x> —21
= x> =7

—r—r—r—+ ¢ ¢ ¢+ ¢ ¢+
o1 2 3 4 5 6 7 8 9 10

-10 1 2 3 4 5 6 7 8

< n Q

0123 456 7 89

< 3 €

B S A

< —Q,

-5 -4 -3 -2 —1%10 1 2

Q >

—8-7-6-5-4-3-2-10




Solution

4. (i) —2<x+1=<3,x€R

= —-3=<x=<2 ~4-3-2-10 1
(ii) 13>1—-3x=7,x€R

12> -3x=6
—12<3x<6 Q

444

(iii) 3=4x+ 1> —1
= 2=4x> —2
1

2X>—§

—4<x<?2 -4 -3-2-10 1 2

-3 —2 —1210 11

= —=<Xx= !
2 2

N[—= N[=

N|—

5. () 3>%@—m>o

= 15>3x—6>0
= 21>3x>6
= 7>x>2
= 2<x<7

(ii) —4<§m—3m<1

=—-20<2—-6x<5
=—22< —6x<3
= 22=6x= —3

2, _1
= 33/x/ >
1,32
= 2\X\33
(iii) 3s2—§<4

=21<14 —x=<28
=7<—x<14
=—7=x=—14
=>—14=sx=-7

6. 36— 2)>x—4 and 4x+12>2x+17,x€R

= 3x—6>x—4 = 2x>5
= 2> 2 - x>2%
= x> 1

- ANS:x:>2%

7. (i) 2x—5<x—1,x€R
= x<4
(ii) 7x+1)>23—x,x€eR
= 7x+7>23—x

= 8x>16
= xX>2 ¥ ———0
(iii) 2<x<4,x€R 01 2 3 4 5

8. () 2x—3>2,x€R
= 2x>5

1
>_
:>x22



11.

12.

13.

14.

(ii)

= 5x= 20
= xX=4
(iii) x=4
Width = x, Length=x+1

3x+2)< 12+ x,x€R
= 3X+t6<12+x
2x< 6
x<3

=
=
1

=
=

2§<X<3,X€R

15—x<2(11 — x),xeZ
15 — x<22 — 2x

x<7

583x— 1)>12x+19,x€ Z

= 15x—5>12x+ 19
= 3x> 24

= x> 8

.. Null set

3x+8=<20,xeN
=3x=<12
=>Xx<4

2Bx—7)=x+6,xEN
= 6x—14=x+6

Perimeter = 2(x) + 2(x + 1) < 38

Width = 9m,

=2x+2x+2 <38

=
=

4x < 36
X9

length =10m

100 < 2" < 200

= 26.645 < 2n < 27.645

= 6.645<n<7.645

Hencea = 6.645,b=7.645,n=7

Example 1:

(i
(ii

)
)
(iii)
)

(iv) ifa<b<O0andn
5—-3x<—-10

= —3x< -—15

= 3x>15

= x>5

= X=6

ifa<b<O0andn
ifa<b<0andn
ifa<b<O0andn

(66

1 11 2 21 3 31 4
2 2 2

4>3>0 Thus4?>32
Example2: 4>3>0 Thus42<3 2 as—< %

N 4x+ 6 <32

N
N

N

—_ o~~~

4x < 26
1

< —

X 62
1

X< 6—

7

1
16

odd) > 0, then a" < b".
even) > 0, then a" > b".
odd) < 0, then a" > b".
even) < 0, then a" < b".

xeZ

xe”Z



Solution

Exercise 12.2

1.

2.

3.

(i) Letx?—x—6=0
= (x+2)x—3)=0
= Roots:x = —2,3
Hence xX*—x—6=0 = x<-—-2 or

(i) Letx2+3x—10=0
= +5x—2)=0
= Roots: x = —5, 2
Hence x*+3x—10<0 = —-5s<x<

(iii) Let2x2—5x+2=0
= (2x— Nx—2)=0

= Roots: x = 2l 2

Hence 2x2—5x+2<0 = 2l<x<2

(i) Letb—x—x*=0
= B+x)Q2—x)=0
= Roots: x = —3, 2
Hence 6 —x—x2=0 = —-3<x<2

(i) Let12 —5x—2x2=0
= 4+x)3—2x)=0

= Roots: x = —4, 1%

Hence 12—-5x—2x2>0 = —4<x<I1=

(iii) Let —2x2 —7x=0

= 2X*+7x=0

= x(2x+7)=0
= Roots: x = 0, —3%
Hence —2x2—7x=0 = -3

(i) Let6x2—x—15=0
= (2x+3)3x—5 =0
= 1112
= Roots: x 12,13

Hence 6x2—x—15>0 = x<—12l

YA
x=3 _M/?’ §
YA
~_ ">
YA
1
\2 ./ A
o~ '«
YA
_N/i X
YA
/NG
1 /—'4 6} X
2
YA
_3!
2 O A
/ x
yA
\ | /
5 —1N ER

>1=
or x 3




(i) Let16—x2=0
= @A+xM4—-—x=0
= Roots:x= —4,4
Hence 16 —x*<0 = x<—4 or

(iii) Let2(x* — 6) = 5x

= 2x*—12=5x

= 2*—-5x—12=0

= (2Xx+3)x—4)=0
1
5,4
Hence 2(x2—6)=5x = xs—12l

= Roots:x= —1

4, let(d —x)(1—x)=x+ 11
= 4—5x+x*—x—11=0
= x2—-6x—7=0
= X+ NHx—7)=0
= Roots:x= —1,7

Hence (44— —x<x+11 = —-1<x<7

5. letx2—6x+2=0
6 +1(—6)* — 4(1)(2)
2(1)
_6+{36-8
2

= Roots: x=

_ 6+128
2

2
2

=3—47,3+47

J

6

I+

Hence x2—6x+2<0 = 3—4V7 =sx<3+17

6. 2+ k+1x+1=0
RealRoots = b?>—4ac=0
= *k+1)2—-4MMN=0
= kK+2k+1-4=0
= kX+2k+1—-3=0
Solvek?+2k—3=0
= (k+3)k—1)
= Roots = —3,1

0

Hence k2+2k—3=0 = k=< -3ork=1

7. k® +4x+3+ k=0

RealRoots = b?>—4ac=0
= 4P?—-4KB+k=0
= 16—12k—4k*=0
= kK+3k—-4<0

solvek?+3k—4=0

= (k+4)k—-1)=0

= Roots: k= —4,1

Hence k2+3k—4<0 = —-4<k=1

YA
6} X X
3447
YA
\ /
—-3\_9/1' X
YA




Solution

8. p°>+(p+3)x+p=0
RealRoots = b?—4ac=0
= (p+3)02—4p)p) =0
= p+t6p+9—4p°=0
= —-3p+6p+9=0
= p—2p—3<0
Solvep*—2p—3=0
= (Pp+NHp-3)=0
= Roots: p=-1,3
Hence p>—2p—3<0 = —-1=p=3
xX=-2 = p(=22+pP+3)(-2)+p=0
= 4p—-2p—6+p=0
= 3p=6
= p=2

9. () X+ 3

+2<2,x;::—2
X+ 3
X+ 2
X+3)x+2)<2(x+4x + 4)

X +5x+6<2x2+8x+8

xXX+3x+2>0

Solvex* +3x+2=0

= (X+2)x+1)=0

= Rootsx= —2, —1

Hence ¥ +3x+2>0 = x<-2 or x>—1

x+22<2x+2)2

P4l

X+5

(ii) - >1,x#3

X+

X —

xX+5x—3)>1x*—6x+9)

XX +2x—15>x2—6x+9
8x > 24

xX>3

3
gu—3y>1(—3y
5

R

2x — 1
x+3
2x — 1
X+3
2x—1NKx+3)>3x2+6x+9)

2x2+ 5x —3>3x2+ 18x + 27

X+ 13x+30<0
Solvex? +13x+30=0
= (xX+10)0x+3)=0
= x=-10,-3
Hence x24+ 13x+30<0 = —-10<x<-3

3x+ 4

3x+ 4 2 2
_ > _
Xy sp > 20— 5)

(3x + 4)(x — 5) > 2(x2 — 10x + 25)

3x2 — 11x — 20 > 2x2 — 20x + 50
x2+9%x—70>0

(iii) >3,x#3

(x + 3)2> 3(x + 3)2

R

10. (i)

>2,Xx*+5

S R




11.

(ii)

(iii)

(ii)

Solve x*+9x—70=0

= x+14)x—5 =0

= x=—14,5

Hence x*+9x—70>0 = x<-—14o0rx>5
1—2x
+2>Zx¢—%
1—2x

(4x + 2)2 > 2(4x + 2)2

4x
= 4x + 2
= (1 —2X)(4x + 2)>2(16x%+ 16x + 4)
= 4x+2—8x*—4x>32x*+32x+ 8
= 40x*+32x+6<0

= 20x2+16x+3<0

Solve 20x?+16x+3 =0

= (2x+1N(0x+3)=0

= 1 _3
= Roots: x > 70 1

Hence 20x2+16x+3<0 = —§<x<—%

3+ 4x 1
> —_
sx—1_ XT3

3+ 4x 5 2
_ > _
- (5x — 1) 3(5x — 1)

(3+4x)(5x — 1) > 3(25x2 — 10x + 1)
15x — 3 + 20x*> — 4x>75x> — 30x + 3
55x> —41x+6>0

Solve 55x2 — 41x +6 =0

= GBGx—1(11x—6)=0

=1 6
= Roots: x 5T 1

Hence 55x2—41x+6<0 = §<x<%
3

2

(2x —3)2=<1(2x — 3)?

R

X
2x— 3
X
2x— 3

X2x —3)<1(4x2 — 12x + 9)

2> —3x<4x* —12x+ 9

2> —9%+9=0

Solve 2x>—9x+9=0

= 2x—3)x—3)=0

= Roots:x=1%,3
Hence2x* — 9% +9=0 = xs1%orx>3

<1, x+

L4yl

2X— 4
x—1
2X— 4
x—1
2x—4x—-—1<1p2—2x+1)
22 —6x+4<x2—2x+1

X —4x+3<0

Solve x*—4x+3=0

= X—1TNx—3)=0

= x=1,3

Hence x*—4x+3<0 = 1<x<3

<1, x#1

(x—12<1(x — 1)2

iyl

y A

[~

=y

z/

—_

0

</
“T™~

<Y

<y

o

<Y



12.

(iii)

(ii)

(iii)

Solution

X733 x#1
x—1
- %}%w—1ys3u—1y
= x—5Kx—1<3x—2x+1)
= X2 —6x+5<3x2—6x+3
= 2x2—2=0
= xX—1=0
Solve x*—1=0
= x+Nx—1)=0
= Roots: x=—1,1
Hence x¥*—1=0=x<-1 or x=1
?;;<L X+ —3
2x—7

(x + 3)2< 1(x + 3)2

x+3
2x—7)\x+3)<1(x2+6x+09)
22X —x—21<x*+6x+9
x> —7x—30<0

Solve x*—7x—30=0

= (x+3)x—10=0

=  Roots:x= —3,10

L

Hence x2—7x—30<0 = —-3<x<10
2x—3 _3
<_
Y5 > XF+5
2x — 3 _ 2 i _ 2
= x—S(X 5) <2(x 5)

= Qx—m(—5y<§%—1m+za

3x2 — 30x + 75
2

=  4x2—26x+30<3x*—30x+ 75
= x*+4x—45<0
Solve x*+4x—45=0
= (x+9x—5=0
X

= 22 —-13x+15<

=  x=-95
Hence x2+4x—45<0 = —-9<x<5
Xt2 3 yx#1
x—
o XE24 qp<3— 1)
x—1
= xX+2dx—1D<3x*—2x+1)
= XX+x—2<3x2—6x+3
= 22 —7x+5=0

Solve 2x2—7x+5=0
= xX—-—1)(2x—5=0

= Roots: x =1, 2%

Hence 2x2—7x+5=0 = x=<1 or x

ol 4



13. From graph: —3>x> -2
Using inequality = 2x> + 4x>x>—x—6, x€R
=x2+5x+6>0
Solve x2+5x+6=0
= Kx+3)x+2)=0
= Roots:x = —3, -2
Hence x*+5x+6>0=x<-3 or x> -2

14. No real roots if b2 — 4ac < 0
XX+x+1=0 = bZ—4ac=01)2—-4(1)1)=-3<0
Hence x2+x+1>0

2 1 §>
= x+x+4+42 0
2
= (x+%) +(g) >0 True

15. (i) fli<4=—-11+13t—262<4
= 22—-13t+15=0

Solve 2t — 13t +15=0

= 2t—=3)(t—5) =0

\ /

A2 0|

YA

1
:>t=1§,5
Hence 2t2—13t+15=0 = t<1
(i) iy=7 = —-11+13t—288=7
= 22—-13t+18<0

= ({t—-2)2t—9=0

<Y

= Roots:t=2,4% 0 2\_/41 f
2
Hence 22— 13t+18<0 = 2sts4%
(i) 4< )< 7= (i) (iii) (i) (iii) (i)
1 1 R Q —F Q >
— — 1 1
12<t<2 and 42<t<5 0 1412 3 4405 6
16. (i) x<—-3 or x> ——=
(i) x<1 or x=3
1l <1
(iii) 12\x\2
(iv) —1<x<5
17. Length =x and Width=x—3
Ratio<5 = X <5
xX—3
X —32< _ 22
= x—3( 3)2 < 5(x — 3)
= x(x—3)<5x2—6x+9) y
= x?—3x<5x*—30x + 45
= 4x2—27x+45>0 \ /
Solve4x2 — 27x + 45 =0 -

= (x—3)4x—15)=0
= Roots:x = 3,3.375
Hence 4x?—27x+45>0 = x<3 or x>3.75
Since x < 3is not valid, hence (i) Length > 3.75
(i) Width > 0.75

O| AN_NST5 x



18.

19.

Solution

Positive graphs

= No real roots

= b?
XX=2px+p+6=0 =

—4ac<0

(—2p) —4(N)(p +6) <0
= 4p*—4p—24<0

= p>P—-p—-6<0
Solve pP—p—6=0
= (pP+2)p—-3)=0
= Roots: p=-2,3
Hence p>*—p—-6<0 = —-2<p<3

(i) Perimeter<50 = 2(x+3)+2(x+2)<50
= 2X+6+2x+4<50

= 4x<50-10
= 4x <40
= x<10

<Y

<Y

(i) Area>12 = xX+3)x+2)>12
= X+5x+6>12
= XxX*+5x—-6>0
Solve x*+5x—6=0
= (xX+6)x—1)=0
= x = —6(Notvalid), x=1 (valid)
Hence x*+5x—6>0 = x>1
(iii) 1 <x <10, by combining (i) and (ii) above

20. Use Pythagoras = h*’=x>+32=x2+9

= h=1{x2+9
Perimeter >8 = {x*+9+x+3>8

= x*+9>—-x+5

= x24+9>(—x+5)?

= x*+9>x>—10x+ 25

= 10x>16

= x>16
Perimeter<12 = {xX*+9+x+3<12

= xX¥*+9<—x+9

= xX2+9<(—x+9)?

= x2+9<x?—18x+ 81

= 18x <72

= x<4

N

Hence 16<x<
SincexeZ = x=2m or 3m

Exercise 12.3
1. () x+3=-1 OR x+3=1

= x=-4 OR =-2
(i) x—2=—-4 OR XxX—2=4

= x=-2 OR =6
(iii) 2x—1=-5 OR 2x—1=5

= 2x=—4 OR 2x=6

= x=-2 OR x=3



(iv) 3x—2=—-x OR 3x—2=x
= 4x =2 OR 2x =2
- x=% OR x=1
(v) 2x—3)=-2 OR 2x—3)=2
= x—3=-1 OR x—3=1
= X=2 OR X=4
(vi) x—5=—x+1) OR x—-5=+Kx+1)
= XxX—5=—x—1 OR x—5=x+1
= 2x=4 OR —5 = 41 (Not valid)
= xX=2

. Copy and complete the following table and hence sketch a graph of f(x)

X -3 | -2 —1 0 1 2

fix)=1[3x—2| | 11 8 5 2 1 4

Solve [3x — 2| = 5.

3
3. f(x)=|x|, =|x—4], hXx =|x+ 3|
—2) =|-2| =2 = point (—2,2) € f(x)
9(2)=\ — 4| =|-2| = 2= point (2,2) € g(x)
h(=5) =|—5+ 3| = |—2| = 2 = point (—5, 2) € h(x)
4. 2 pointson f(x) are (—1,0)and (0, 1)
f(—1)=la(=1)+b=0 and f(0)=]a0) +b]=1
= —-a+b=0 = b=1
Hence,—a+1=0
= a=1
Hence, =|x+1|.
2points ong(x)are (—1,0) and (0, 2)
g(—1)=la(=1)+bl=0 and g(0) =|a(0) +b| =2
= —-a+b=0 = b—2
Hence —a+2=0
= a=2
Hence, =[2x + 2|
2points on h(x) are (—1, 0) and (0, 3)
h(—=1)=la(—1) + bl =0 and h(0)=|a(0) + b| =3
= —-a+b=0 = b—3
Hence —a+3=0
= a=3
Hence, h(x) = |3x + 3]
x=—-2=f-2)=|-2+1=1 =(-2,1)¢cfx
x=—-2=9g(-2)=2(-2)+2[=2 =(-2,2) €9k
x=—-2=h(-2=13(-2)+3/=3 =(-2,3)ch(x

= [3x — 2|
y

10t

[3x — 2|

b=
=
Il
N
w \




5.

6.

Solution

fix) = |x — 2|
=f0)=[0—-2/=2 (0,2) €f(x)
=f)=[2-2/=0 (2,0)ef(x)
=f@)=4-2/=2 (4,2 cf(x
gx) = |x — 6|
=9g(0)=[0-6/=6 (0,6)€gx
=g(6) =16 —-6/=0 (6,0) € g
=g@8)=[8-6/=2 (8,2 €gk
Hence, |x—2|=|x—6| at x= 4.
Solve |x—2|=|x— 6
= x—2=—-(x—6) OR x—2=+(x—26)
= X—2=-—x+6 OR x—2=x—-6
= 2x =8 OR —2 = —6 (Not valid)
= X=4
(i x—6/<2

= —-2<x—6<2

=4<x<8
(i) x+2/<4

= —-4=s=x+2=<4
= —6=<x<2
(i) [2x—1[=5
=-5=2%x—1=5
= —4=2x=6 = —4=2x or 2x=6
=2x==—-4 or x=3
=X -2 or x=3
(iv) [2x — 1] =11
=—-11=2x—-1=11
=-10=22x=12 = -10=2x or 2x=12
= 2x=-—10 or x=6
= X=-5 or x=6
() [3x+5/<4
= —4<3x+5<4
= —9<3x< —1
1
:>—3<x<—§
(vi) [x—4/<3
= —-3<x—4<3
=1<x<7

(i [2x—1=7
=—-7=2x—-1=7
= —6=2x=8
= —-3=x=4

(i) 3Bx+ 4| <|x+2|
= (Bx+4)2<(x+2)?
=02+ 24x+16<x*+4x + 4
=8x2+20x+12<0




=2x2+5x+3=<0
Solve2x2 +5x+3 =0
= 2x+3)x+1)=0

= Roots: x = — 1+

Henc

€,

1 _
7!

2x2+5x+3<0:>—1%<x<—1

(iii) 2|x — 1 < |x + 3|
=R2Kx— 1]P<(x+ 3)?
=42 —2x+1)=x2+6x+9
=4x2—-8x+4<x*+6x+9
=3x2—14x—-5<0
Solve 3x> — 14x —5=0

= (Bx+Nx—5=0
= Roots:x = —%,5
Hence, 3x2—14x—5<O:>—%<x$5
fx)=|x — 4 y
f(—4)=|-4—4=4—4=0 (—4,0ecfKx 4 b
fO) =10 —4=—4 0, —4) € f(x) o
fA=4—-4=4-4=0 4,0) € f(x) 2
1 fx)=|x| — 4
g =5x \ . .
1 —4 -2 2 4 6 8 x
g(—4) =3 (~4) = -2 (—4,-2) € g
-2
9(0) = 3(0) = 0 (0,0) € g(x)
g4) = 3(4) =2 (4,2) € g0 -
f(x) < g(x) = |x| —4<%x
Solve |x| =%x+4
:>x2=%x2+4x+16
=4x2 = x>+ 16x + 64
=3x2—16x—64=0
= Bx+8)Kx—8=0
= Roots x = —2%,8
Hence, 3x2—16x—64<0= —2§<x<8
— |1 y
¥ =%+ 3 \ fl
f(—24) = %(—24) + 3‘ =|-6+3|=[-3=3=(-24,3)efx fb) =3
F(—12) = %(—12)+3]= |-3+3]=0=(—12,0) € f(x)
£(0) = l(O)+3‘=\O+3|=3:(0,3)ef(x) Y
4 —24 —-12 X
Hence, Hx+ 3‘ =3=x<—-240rx=0



Solution

10. |1+ 2x| < |x + 2|

= (14 2x)2 < (x + 2)?

=1+4x+42<x*+4x+ 4

=3x2—-3<0

=x>—-1<0

Solvex?—1=0
==xX+Nx—1)=0
= Roots:x = —1, 1

Hence, ¥ —1<0=-1<x<1

11.’ ! ‘=1:>( ! )2=(1)2
1+ 2x 1+ 2x

1 1

Ti ax+ad 1

=1+4x+4x2 =1
=4x>+4x=0
=x2+x=0
=x(x+1)=0

= Roots:x =0, —1

1

1+ 2x

Solve ’ ’ <1

1
1+ 4x + 4x2
=14+4x+4x2>1
=4x2+4x>0
=x2+x>0
=—-1>x>0

Hence, <1

12. () 4<x<2
(i) x<—4orx>2

sy 1 1
mD1Z<X<3§
) 2<x<3
)

1
T—-<x<?2
7 <X

(iv
(v
(vi) 2<x<3

Wii) 3<x< 3%

13. () =X —< -2

2x—1
X —
:>+(2x—1)< 2
X 12 < — 1\
= X x - 12 < 22— 1)

=x2x— 1)< —2(4x>—4x+ 1)
=2 —x<—8x2+8x—2
=102 —9% +2<0
Solve 10x2—9%x+2=0
=0Bx—2)2x—1)=0
21

= Roots: x = G
2 1

Hence, 10x2—9x+2<0:>§<x§



(i) [x—3]=2x—1|
=Kx—-32=R2Kx-1)1
=X —6x+9=4*—2x+1)
=x2—6x+9=4x>—8x+ 4
=32 —-2x—5=0
=xX+13Bx—5=0

= Roots: x = —1, 1%

(i) x—1—[2x+1[>0
=Ix—1>2x+ 1]
=x—1)2>2x+ 1)?
=x2—2X+1>4x2+ 4x + 1
=3x2+6x<0
=x2+2x<0
Solve x>+ 2x=0

=x(x+2)=0
= Roots:x = —2,0
Hence, xX*+2x<0= —-2<x<0

Exercise 12.4
1. Proof: Assume x and y are both positive integers

andx? — y?2 = (x + y)(x — y).

If x>y, then (x + y) and (x — y) are positive integers;
hence, (x + y)(x — y) is a positive integer # 1.

If x <y, then (x + y) is a positive integer
and (x — y) is a negative integer;
hence, (x + y)(x — y) is a negative integer # 1.

Hence, there is a contradiction in both cases.
.. There are no positive integer solutions to x> — y?> = 1.

2. Proof: Assume (a + b) is a rational number.

Hence, (a + b) can be written as%where p,.geZ g +0.

"

. . m
Since“a”is a rational number = there mneZn+0

Then,a+b=e
q
n q
g n
=Mwhich is rational.
gn

This is a contradiction as b is a irrational number;
hence, a + b is an irrational number.



Solution

3. Proof: Assume x and y are both positive integers

5.

6.

andx?2 — y2 = (x + y)(x — y).
If x >y, then (x + y) and (x — y) they are positive integers;
hence, (x + y)(x — y) is a positive integer # 10.
Note: x+y=5 and x+y=10
X—y=2 x—y=1
2x=7 2x =11
:>x=3%¢2 ;sx=5%ez

If x <y, then (x + y) is a positive integer

and (x — y) is a negative integer;

hence, (x + y)(x — y) is a negative integer # 10.
Hence, there is a contradiction in both cases.
.. There are no positive integer solutions to x> — y?> = 10.

. Proof:adividesb = b=k(a),keN

bdividesc = c¢=m{b),meN

= ¢ = mlk(a)]

= c=mk(a),mkeN
Then a divides c.

Proof:adividesb = b=k(a),keN
adividesc = c¢=m(a, meN
hence, (b+ ¢ = k(a) + m(a)
=(k+m)a),kmeN
Then a divides (b + ¢).

Proof: a? + b>= 2ab

= a*—2ab+b>=0

= (@a—ba—-b=0

= (a—b)?*=0,truefora,bcR
Hence, a?+ b?= 2ab.

. Proof: ais a rational number

Hence, a can be written as g wherep,qeZ,q # 0.

b is a rational number.
Hence, b can be written as = % wherem,ne Z,n # 0.
__pn+mgq
gn
= a rational number,asp,q,m,ne Z
gn # 0.

Hence,a+b=£+m
g n

. Proof: xis an odd number = 2a + 1, where a € N.

yis an odd number = 2b + 1, where b € N.
Hence,x +y=2a+1+2b+1
=2a+2b+2
=2a+b+1)
Hence, x + y has a factor of 2.
= x + y must be even.
Hence, the sum of 2 odd numbers is always even.



Exercise 12.5
1. (i) a’+2ab+b>=0
= (a+ba+b=0
= (a+b)2=0,truefora, beRr
(ii) a*+2ab+b*=0
= a*+2ab+b>*+b>*=0
= (a+ b2+ (b)?=0,truefora, becR

2. (a + b)>=4ab
a*+2ab+b*>—4ab=0
a’—2ab+b*=0
(@—b)>=0,truefora,beR

i

3. —(a@*+2ab+ b)) =0
a’z+2ab+b62=0
(a+b)?=0, truefora,becR

4

a. () a+1=2
a

a’+1=2a

a—2a+1=0
(a—1)2=0,truefora>0anda cR
1 1 2

4=
a b a+b

@b)a + b) -1+ (@)b)a + b) - = (@(b)a + b) - —

R

(ii)

= bla+ b)+ ala+ b)=2ab
= ab+ b2+ a*+ ab=2ab
= a*+ b2 =0,truefora>0,b>0anda,beR

5- Gz—6a+9+b220
(@a—3)a—3)+b2=0
(@a—3)2+b2=0, truefora,beR

4

6. (i) xX*+6x+9=0
= (x+3)2=0, trueforxcR
(i) x2—10x+25=0
= (x—52=0, trueforxeR
(iii) XX +4x+6=0
= xX+4x+4+2=0
= (x+22+2=0, trueforxeR
(iv) XX —6x+10=0

= X*—-6x+9+1=0

= x—3)2+1=0, trueforxecR
(v) 4> +12x+11=0

= 2 +3x+1l=0

= x2+3x+%+

2
= (x+1%) +§20, trueforx € R

4
22
4_0
1



Solution

(vi) 452 —4x +2=0
= x2—x+%20
1 1
2 x>
= XxX°—X 7772 0
= (x—l)2+120 trueforx € R
2 4 !

7. (i) —x24+10x—25=0
= x2—10x+25=0

= (x —5)2=0, trueforxeR
(ii) X2 —4x—-7=0
= XX+4x+7=0
= xX*+4x+4+3=0
= (x+2?+3=0, trueforxcR
8. (i) p? + 4q*> = 4pq
=  p*—4pq+4g°=0
= (P—29)(p—29)=0
= (p —29)?=0, trueforp,gcR

(ii) p+a?=2p*+q)
= p’+2pg+ q*=2p*+ 2q¢*
= —p’+2pg—q¢*=<0
= p?—2pq+q*=0
(p —q)?*=0, trueforp,geR

9. @+ b*=(a+ b)a*— ab + b?)
Proof: a* + b3 > a’b + ab?
= a+b—ab—-—ab>>0
= (a+b)a*>—ab+b>—abla+b)>0
= (a+b)a*>—ab+b>—ab)>0
= (a+ba—b?>0, truefora>0,b>0

4

10. Given a®> + b?> = 2ab.

(i) a*+ > =2ac

(i) b2+ 2= 2bc
a*+ b?>=2ab
a?+ c2=2ac
b? + ¢> = 2bc

Add: = 2a%+ 2b%*+ 2c¢> = 2ab + 2bc + 2ac
= a’+b*+c2=ab+bc+ac

. PHI_ g
p+q>2{pq
(p + g)* > (2/pq)?

p*> +2pq + q* > 4pq

p?—2pqg+q*>0
(p—q)?>0...true

A R

12. (ax + by)? = (@ + b)) (x> + y?)

a’x? + 2axby + b%y? = a’x* + a’y? + b’x* + b%y?
—a%y? + 2axby — b>x* =0

a’y? — 2axby + b°x* =0

(ay — bx)>=0, truefora,b,x,yeR

R



13.

14.

15.

16.

17.

a* + b* = 2a%b?
= a*—2a0b2+b*=0
= (@—b)a*—b)=0
= (a®—b’)2=0, truefora,beR
+2b(1+—)>4
1 2b
= a a+2 +=+2b- 2b>4
= 1+ib+—b+124
2b
= 2b =2
= 2ab- 2b+2 ab - za—b>20b 2...sincea>0,b>0
= a?+ 4b2=4ab
= —4ab + 4b62=0
= (a—2b)>=0, truefora, b positive
a _1
(@+1)?% 4
a 21 2
@+ 12=-—a+
= EESIE (@a+1) 4(a 1)
2
:> GSM—GH
4
= da<ag*+2a+1
= —a’+2a—1=0
= a?—2a+1=0
= (@a—1)?%=0, trueforaeR
() a* — b* = (a® + b)(a? — b?)

= (a%? + b?)(a + b)(a — b)
(i) a®—a*b—ab*+b®
= a*a — b) — b*a — b)
= (a — b)(a* — b%)
= ( b)(a* + b»)(a + b)(a — b)
(a2 + b%)(a + b)(a — b)?
(iii) a® + b>>a* + ab*
= a—ab—ab*+b>>0
= (a*+b)a+ b)a—b?>0, trueifaandb

are positive unequal real numbers.

Given: a*+b>’=1 and +d?=1.
a’+b*=2ab=a*—2ab+b>*=0
= (a@a—bF=0

Hence, a—b2+(c—d?*=0
= a?—-2ab+b2+c2—2cd+d*=0
= 1—2ab+1—-2cd=0
= —2ab — 2cd = -2
= 2ab + 2cd =2
= ab+cd=1



18.

19.

20.

21.

Solution

lab > Zabb
(@a+b).Jab > (a+ b)azf_bb if a and b are positive and unequal
= (a + b)ylab > 2ab
2ab
= (a+ b) >=—
{ab
= a-+b>2lab
N (a + b)2 > (2/ab)?
= a*>+ 2ab + b>> 4ab
= a’—2ab+b*>0
= (@ —b)>>0, trueifaand b are positive and unequal.
9
a—+ Tz =4
= dala+2) + 32(a+2)24(a+2),where(a+2)>0
= a*+2a+9=4a+8
= a?—-2a+1=0
= (@—1)2=0, truewhere(a+2)>0
a_c
If b > pl
= %(bd) > %(bd) if a, b, ¢, d are positive numbers
= ad > cd
at+tc_c
Hence, brd d
(a+ o0 ) C . _
6+ d (d)(b + d) > d(d)(b +d) ifa,b,c dare positive numbers
= ad + cd > cb + cd
= ad > cb, true
(@® — b%(a— b) = (a— b)a®>+ ab + b*(a — b)

= (a — b)X(a* + ab + b?)
Ifa>b=(a>b)>0.
Hence, (a — b)? is positive,
anda?+ab+b>*>ag>—2ab+b>*=(@a@—-b)?>>0
Hence, a?+ ab + b?is a positive, true if a, b, ¢, d are positive numbers.
Hence, a*+ b*=a’b + ab?
= a*—a*b—ab’+b*=0
= a*(a — b) — b3(a —-b)= 0
= (@—b)a*—b’) =
= (a—b)a—b)a*>+ ab+ b?) =
= )=

(a — b)%(a*+ ab + b? truefora,bc Randa > b



Exercise 12.6
1. (I) az X a3 — aZ+3 — aS
(ii) x.x.x2=x"1"2=x4
(i) 2x3 X 3x* = 6x°** = 6x°

5
(|V) X_:X5 2:)(3

_ 1 1
(||)32=?=§
(i) o5 =2°=8
v 22 _.32_9
(iv) 32 2 g4

1 1
(V) —=42=2

42

2 2

3 (i) 83:(23)3:22:4

3
(i) 164
2

Il
—
N
<=
w(N Hlw
Il
N
@
Il
(o]

(i) 272 =(33)3=32=9

5
1

125 5 (E)Z 2 9
5 25
1
3); E)ézm)?:i
) (38) 8 T2
1 (8)3
5, X162 #X4 & B _ sy

2 2 5
645 x 43 (@) x 4 VX 4



2 5 1S 12 5 1 1
6 3* X3X3°_3 _3 =31ﬁ*§=31—
: 3 T T
32 32
5 11
=312 p= R}
7 (I) (Xy2)3 X (XZy)72 _ X3y6.X_ y—2 _ X71y4
xy xy x'y'
yrooy
= X =X—
(“) ( p2q )4: p8 q4 _ p8+4 :p_'IZ
p—1q3 p—4 q12 q12—4 q8
1 =5 1.5 1
(i) a*Xa* =ag* *=a! =3
y 2|3 2 2 2
(iv) F) (y—2+3)3 _ (y1)3 _ ys
W @b _ @) a1 1
1a’b (@3b'): abs atbts  ab?
7
N XZ 7_3 1
(vi) —=—§=x4 2=x4

X2x+1) _x+1_x+1
1 1 11X
X2 X2 X2 2

1 1 1 1 1
(i) x+x2)x —x2) =x2—Xx.X2+Xx.X2 — X2

N|—=

=x*—x
13 1
X +HDE  x2xa  x2(1+X)
(iii) = = =T1+x
X 1 1
X2 X2

1 1 1 1

x—1)2+Kx—1) 2

9. ; =

(x—1)2 (x — 13 — 1)

=D+ —=1)° x—1+1_

X

(x—1) x—1
10. 1[32n+1 X 3/373n — (32n+1)% X (373n)%

1 1 1
=3"2x3"=3"2"=32

1
:>3"=35:>k=%
11 1
11. 220.22.2 2.212=220.(24)
= 261.626
=262 Hz
2 2
A, 47TR1 R1
12.—:—2:—2
A, 4mR, R3
2 2 22 .,
[ _liftert g
4 _p3 2. 232 2
V2 §7TR2 (%)3(77)3R2(3) R2
A (V.5
1 ()3
Hence,A2 = (V2
A 3 :
1 [162)3 _ (27 _ 9
Hence, 7= 1384 (64 16

x—1



13. (n)=3" = (i) (n+3)=3"3
and (i) fin+1) =31
=fln+3)—fin+1)= 33— 3
=3",33—-3" 3
= 3"(27 — 3) = 24(3")
= kf(n) = k(3") = 24(3")

= k=24
14. f(n) =3"" "= fin+3) + fin) = kf(n)
:>3n+3—1+3n—1 :k(3n—l)
=371.334+3"71 =k(3"7)
=317+  =k3")
= 28 =k
Exercise 12.7
1. (i) 2¥ =32 = (59)* =53
=2X=2" =x=5 o 5 =53 9y =3 sx=3
(i) 16 =64 W 3] 2
= (42 =43 'V "~ 27
v 1
= 4% =4 = 2x=3 :>x=% =3 =33
(i) 25¢=125 =3=37 =>x=-3
2. (I) x=21_7 :>(22)xf1 =2x+1
, 1 = 2% 2= 9x—2=x+1
=3 )X:¥ 1 =Xx=3
iv — =27
— 3%=33 5 x=-3 :>x=—% () X
; 1 = = 3
x— | 34
(ii) 4 35 ( 1)
= (=1 - ¥
5
2 s 53 %=3 o =3
= 2¥=27 =>2x=-5 >xX=—3 3
= x=-2
(iii) gt = X 2
. 2 1
X:_ —
3. () 2 > (iii) Y 2
1 1 1
2 _ 2
#ZX:% :>(23)x 2
1
—2x=22 =2 2
-3 2
| = 27¥%=2
2 1
.. 125 = —3x==
ii 25% = — 2
(ii) 5 1
3 = = ——
:>(52)X=5—1 T
52 (iv) 7XZL
;21 5 V7
2X — 2 _ 2
= 5X—§ =5 :>7X=ﬁ
— =2 3
= 2 > 1
5 =7X=773
= X:Z 1
= X = _§



4.

7.

9.

Solution

1 5
V32 = (25)? = 22
= 16 1=2/32

5
= () 1=2".22

= 2%t=22=2
4
= 4x—4 >
7,415
= 4x —2+4 >
_15
= x =7
27*=9 and 2V =64
= (3% = 32 = 2 =2°
= 3¥*=32 = X-y=26
= 3x=2
= x—3 = 3 y=26
y—g_2
y=6-3
__16
= y=-3
(i) 22F2=2x.22=4 2%
(i) 2+ 2x=2.2¥
Hence, 2 + 2¥ = 2X72(¢c — 2)
= 2.22=4.2%c— 2)
= 2=4c—8
= 4c=2+8=10
_10_5
- ‘772
2

3x=y = 32x=(3x) =y2
Solve 3% — 12(3) + 27 =0
Lety=3* = y?—12y+27=0
= (y—3)y—9=0
= y=3,y=9
Hence, 3¥*=3,3*=9
= 3¥=31 3¥=32
= x=1,x=2

. Solve 2% —3(2X) — 4 =

0
Lety=2*=y?—3y—4=0
=y -4y +1)=

= y=4y=-1

Hence, 2*=4=22 2= —1 (Notvalid)

=x=2

(i) Solve 2% —92)+8=0
Lety=2= (y’—9 +8=0
= (y—Nly—8=0
=y=1y=8
Hence, 2x=1=20 2x=8=23
=x=0, x=3



(ii) Solve 3—-103+9=0
Lety=3*=y2— 10y +9=0
=y—-Ty—-9=0
=y=1y=9
Hence, 3*=1=3° 3*=9=3?
=x=0, X=2
10. y = 2= (i) 22 = (22 =2
(i) 221 = (202.21 = 2}/2
(iil) 223 = 2. 22 =gy
Hence, solve 2T _x¥3 _ x4 4=
let y=2* = 2y’—8/—y+4=0
= 2’-9+4=0
=Q2y—-Ny—4=0
=2y=1y=4
1

= y:E

Hence 2=2=27,2"=4=2
= x=-1,x=2
11. Solve 3.3*+37*=4
Lety=3":3y+%=4
=3y +1 =4y
=3y’ —4+1=0
=QBy-—Ny—-1=0
B -
:>y—3,y 1

Hence, 3*=—-=3713*=1=30

w|—

= x=-1,x=0
12. Solve 2(4¥) + 4% =3
Lety = &4 :>2y+%=3

=2y’ +1=3y
=22 —-3y+1=0
=Qy-Ny—-1=0

=y=5y=1
X:l X =
Hence, 4 > 4 1
:>(22)x:2—1, (22))(:1:20
= 2x=2" 2% = 0
= 2X= - =2x=0

1
= xz—% = x=0

13. Solve 3*—28+27(3 =0
Lety=3X:>y—28+27(%)=0

=2 — 28y +27=0
=y—-—Nly—-27)=0
—=y=1y=27
Hence, 3*=1=30 3*=27 =33
=x=0, x=3



Solution

14. Solve 21 +2(2% —5=0
Let2*=y = 2y+2(%)_5:0

=22+2—-5y=0
=22 —5y+2=0
=QR2y—Ny—-2=0

Hence, 2X=

15. Solve 3*+81(3) — 30 =0
lety =3¢ = y+81(%)—30=0
=y*+81—-30y=0
—y2—30y+81=0
—(y—3)y—27)=0
=y=3 y=27
=31, 3}=27=33

= x=1, x=3

Hence,

Exercise 12.8
1. () B (i) A

2. A(n) = 1000 X 202"
(i) A(0) = 1000 X 2020
= 1000 X 2°
= 1000 X 1 = 1000 ha
(i) (a) A(10) = 1000 X 202010
= 1000 X 22
= 1000 X 4 = 4000 ha
(b) A(12) = 1000 X 202012
= 1000 X 224
= 1000(5.278) = 5278 ha

(iii) D (iv) C

(iii)

n=

0

2

10

A(n) =

1000

1320

1741

2297

3031

4000

(iv) 5 weeks

A(n)

4000

3000 1

2000 A

A(n) = 1000 X 2°2"




Chapter 12

(0.6)(1) = 0.6

3279 =3(1)=3

(i) x=0 = y=1(06)2°
(i) x=0 = y=281%=28(1)=8

(i) Decreasing
(ii) Decreasing
(iii) Increasing
(iv) Decreasing
(i) x=0 = vy

3.
4.

6(47° = 6(1)

(iv x=0 = vy

16

—|o

81

27

y=3
y=2"

X

1_2

2X

601
401
201

=

— | T |oo
— —
(o] (28]
< @)
Il Il
x x
| |
N oM

5.

(ii)

X

y=37"
y=27"



Solution

(iii)
x= -2 -1 0 1 2 3 4
X — El 1 3 6 12 24 48
3.2 2 I
_ 2 2 2 2
3x= 1 2 2 2 2 2
23 8 6 3 9 27 81

y=1237"%

(iv) —2=x<0
(v) 0<x<4
(vi) x=0

(vii) 0<x<4

6. D =18(0.72)"
(i) Decay: Graph is decreasing
(i) @ T=5C = D=18(0.72)° = 3.48 = 3 days
(b) T=2°C = D =18(0.72)> = 9.33 = 9days
(0 T=0°C = D=18(0.72)° = 18 days
(iii) 18(0.72)"=5

5
T=_2
= (0.72) 13
= 1og(0.72)" = log %
= T(log0.72) = log %
log %
>__ - °
= T 159072
= T=3.899
= T=39C
7. P =100(0.99988)"
(@ (i) n=200 = P =100(0.99988)?° = 97.628 = 97.6%
(i) =500 = P =100(0.99988)°° = 94.176 = 94.2%
(b) n= 5000 = P =100(0.99988)>°° = 54,879 = 54.9%
n = 6000 = P =100(0.99988)%0% = 48.673 = 48.7%
Hence, 100(0.99988)" = 50
= (0.99988)" = 0.5
= 10g(0.99988)" = log(0.5)
= n1og(0.99988) = log(0.5)
log(0.5
= n= 10905 _ o0 es— 5780 years

~ 10g(0.99988)




() 100(0.99988)" = 79
= (0.99988)" = 0.79
= 10g(0.99988)" = log(0.79)
= nlog(0.99988) = log(0.79)

- log (0.79)
log (0.99988)

=

8. A(n) = 1000 X 202
(i) A(0) = 1000 X 2020
= 1000 X 2°
= 1000 X 1 = 1000 ha
(i) (@ A(5) = 1000 x 2026)
= 1000 X 2! = 2000 ha
(b) A(10) = 1000 X 202010
= 1000 X 22 = 4000 ha
(c) A(12) = 1000 X 202012
= 1000 X 224
= 1000(5.278) = 5278 ha

9. P(t) = 90 X 3702t + 50

= 1964.2 = 1964 years

A(n)

5000 ¢

4000 T

3000 T

2000 t

1000 1

0 = 0 2

10

90 X 37925+ 50 | 140 102

80

67

60

56

(i) P(0) =90 x 379250 4 50

=90 X 3°+ 50

=90 + 50 = 140 beats/min
(iii) (a) 90 X 379»t 4+ 50 =70

= 90 X 379»t=20

—025t — 20
= 3 %

_2
9

—0.25t — 2
= log 3 = Iog§

= —0.25t(log 3) = log

= —0.25t = oa3 —1.369

—1.369
—0.25
(b) 90 X 37025 4 50 = 55

= 90X30%Bt=5

= t=

o2t o _ 1
= 3 0 18

O

—0.25t — 1
= log 3 log 18
1
18
log 11—8
log 3

= —0.25t(log 3) = log

= —0.25t =

= =——=7 = 10.52 = 10.5 minutes

(iv) 50 beats/min because P(t) = 50 as t gets larger using graph of P(t).

= —2.63

P(®)

150+

100+

50+

1§ n

= 5.476 = 5.5 minutes

10



Solution

10. E= 1Q15M+48
M=7 = E=10"""t48 = 10153
M=5 = E= 101.5(5)+4.8 — 1012,3

X 1015.3
= No. of times = = 10337123 = 103 = 1000
1012.3

11. P(t) = 40b!
(i) t=0 = P(0) =40b°= 40
(i) t=1 = P(1)=40b'=48
48

= —=1. >
= b 20 1.2>1
= No. of flies is increasing
(i) Fe= 0 1 2 3 4 5
P(t) = 40(1.2)! 40 48 57.6 69.1 829 99.5
P(1)
100
50..
0 1 2 3 4 5 t

Exercise 12.9
1. (i) log,4=2

(i) log;81 =4
(i) log,, 1000 = 3
(iv) log,64 =6

2. (i) logg16=x = 8 =16

= (23 =2*

— 2% =4

= 3x=4 = x= %
(i) logg27 =x = ox =27

= (32))( — 33

= 3*x=33

= 2x=3 = x= %

(ii) logg32=x = 16*=32
= (24)x — 25
= 2% =23
= 4x=5 = x=

EN[S




(ii)

(iii)

(ii)

(iii)

(iv)

5. (i)

(ii)

log, 8 = 1\ _
c9,8=x = [3f =
= (271))(:23
= 2 x =23
log,. 81 =x = (%)X:BT
= (37 Ty=34
= 3 =34
= —Xx=4 = x=-4
'IX
= (3 =33
= 37X=33
= —x=3 = x=-3
log 4=x = (ﬁ]) =4
= (=22
o ¥ =22
loggx =2
= 82=x
= Xx=64
1
|0964)1(—2
= 647 =x
= x=8
log, x = —1
= 271=x
_1
= x_2
log; V27 = x 3
= 3X:m:(33)2:3§
_3
= x_2
log,2=2 = x*=2
—~ x=2=1{2
log, (0.5) =x = 2¥X= % =91
= x=—1

log,2 + log, 32 = log, (2) . (32)

= log, 64 = x
=S4 =64=43
= x=3
1095 9 + l0gs 8 — logs 2 = logs (9()2()8)
= loge 36 = x
:>6X:36:62

= x=2



Solution

(iii) logg4 + 2logs 3 = log ¢4 + logg 32
=logs 4 + logs 9 = log, 36 = 2
6. (i) log;2+ 2log;3 —log;18
= log; 2 + log; 32 — log; 18
=log;2 + log;9 — log; 18

= Iog3%= log;1=0

(i) logg72 — logg (%)
= logg 72 — (logg 9 — logs 8)
=logg 72 — logg 9 + logs 8

= Iogg% =logg 64 = 2

7. log;5=a
(i) logz15=1log;5.3 =1log;5 +log;3=a+ 1

(i) logs; (%) =log;5 —log;3=a—1

(i) logs (8%) = Iog3(23—5) = log; 25 — log;3
=log; 52— 1
=2log;5—1=2a—1

) = log; 25 — log; 27

= log; (5)% — log; (3)°
=2log;5 —3log;3=2a—3

(v) log; 75 = log; (25).(3) = log; 25 + log; 3

25

(iv) logs (f

=log;5% + 1
=2log;5+ 1
=2a+1
8. (i) 2¢ =200
= log 2¥ = log 200
= xlog 2 = log 200
log 200
= X = =7.643 =7.64
log 2
(ii) 5% =500
= log5* =log500
= xlog5 = log 500
log 500
= = = 3.861 = 3.86
log5
(i) 31 =25
= log 3**" = log 25
= (x + T)log 3 = log 25
log 25
x4+ 1=-22 599
log3
= x=1.929 =1.93
(iv) 52+3 =51
= log 5®*3  =]og 51
= (2x + 3) log5 = log 51
log51
=2x+3=——-=24429
log5

= 2x = —0.5571
= x = —0.2785 = —0.279



9. () y=2"+3
=21=y-3

= log (2°") = log (y — 3)
= (x—1)log2=log(y—3)

| —
= X_1:—og(y 3)
log 2
| —
= X:—og(y 3
log 2
o _log (8 —3)
(“)}/—8 = —W

10. log,px=1+a=10"9=x
|Og1oy= 1 —dad= 10170 =y

= Xy: 101+a. 101—0 — 101+a+1—a
=102=100

11. p= |090%71 =log,21 — log, 4
=log,7.3 — log,4

+1

_log5

lo

=log,7 + log,3 — log, 4

g= Ioga% =log,7 —log,3

g2

+1=2321928 + 1

= 3.321928
= 3.3219

= p+qg=log,7 +log,3 —log,4 + log,7 — log, 3

=2log,7 — log, 4

2r=2 Ioga% = 2[log, 7 — log, 2]

=2log,7 — 2log, 2
=2log,7 — log,2%?=2log,7 — log, 4

Hence, p+qg=2r

12. Iflog,x=4 and log,y=

(i) logyx’y =log,x* + log, y

= 2log,x + log,y = 2(4) + 5

(i) log,axy =log,a + log,y
=1+4+5=10

(iii) Iogag = log, VX — log,y
= Iogax% B |09ay

= % log,x — log, y

13. Provelog,s x = % logs x

logs x

Proof log,s x = Iog:25

_logsx 1

== = Elogsx

14. (i) log,y4 = 0.60205999 = 0.602

(i) log,o27 = 1.43136 = 1.43
(iii) log,y356 = 2.5514 = 2.55
(iv) log,,5600 = 3.748 = 3.75

13



Solution

(v) 10g,29000 = 4.462 = 4.46
(vi) 10g,,350000 = 5.544 = 5.54
(vii) log,,3870000 = 6.5877 = 6.59

15. Minimum = 103 = 1000
Maximum = 10%* = 10000

logio15 _ 1.17609
log,,3 047712

log,o5 _ 069897 _
log,,2 030103 23219

Hence, log; 15 — log, 5 = 2.464977 — 2.3219
= 0.143077 = 0.143

= 2.464977

16. log; 15 =

log,5 =

17. (i) log,, 81 = :ggzil :%
(i) logs, 8 = |Iooggzz382 -3

18. Show:log,a = |o<_;73
Proof: log,a = :23:79 N Iog1ab

1 T, 1

19.
log,x logsx logsx

=log,2 + log, 3 + log, 5
= log, (2)3)(5)

= log, 30
_ 1
logso x
20. log,p = log,2 + 3log,q
= log,p =log,2 + log, ¢
= log,p = log, 2¢>
= p =29
_3
21. Iog3a+logga—z
log;a 3
+ ==
= log;a 09,9 4
log;a
= log;a +—2 =%
= 2logsza + log;a :%
_3
= 3log;a = >
=1
= log;a = >
= Ji=g=a=13

22. 3In41.5 — In 250 = 3(3.7256934) — 5.52146
= 11.17708 — 5.52146
= 5.6556
= 5.66



23.

24.

25.

26.

27.

28.

29.

Solve log, (x — 2) + log, x = 3

= log, (x — 2)(x) =3
= x2—2x=23-8
= xXX—2x—8=0
= x—4)x+2)=0
= X =4, x = —2 (Not valid)
log;o (x> + 6) — log;o (x> — 1) =1
24+ 6
= Iog1°§2T1:1
2
= X+6_q01=10
xc—1
= 102 —10=x2+6
= 9% —16=0
= (Bx+4)3x—4)=0
__4,_4 _+4
= X 3,x 3 = X *3
log2x —log(x — 7) = log 3

2xX
= Iogx_7—log3
2x
= X_7—3
= 3x — 21 =2x
= x =21

log(2x + 3) + log(x — 2) = 2 log x
= log(2x + 3)(x — 2) = log x?

= 2X2 —x— 6 = X2
= XX—x—6=0
= x=3)x+2)=0
= x=3,x=—2 (Notvalid)

109:0(17 — 3x) + logox = 1
= 109;0(17 — 3x)(x) = 1

= 10" = 17x — 3x2
= 3x2—17x+10=0
N Bx—2)x—5)=0 $x=%5

log,o(x* —4x —11) =0
= 10°=x2—4x — 11
= xXX—4x—-11=1

= x>—4x—-12=0

= x—6)x+2)=0

= X=6,—2

2log,x=y and log,(2x) =y + 4
log, x> =y 24 = 2x
2 =x? .24 = 2x
x2.16 = 2x
16x> —2x=0
8x2—x=0
x8x—1)=0

X = %, x =0 (Notvalid)

44

L 2



Solution

30. loggx + loggy =1

= loggx.y=1 = 6=xy
= x=8
y
Solveloggx +loggy=1 N 5x+y=17
:>x=§ = 5§)+y=17
y y
30
= Z+y=17
y y
= 30+y2=17y
= y2—=17y+30=0
(y—2y—15 =0
= y=2, y=15
—6_3,-6_2
:>x—2 3,x 155
31. (i) Solve4log,2 —log,x —3 =0
~  alog,2 - 29X _3_y
9x log, 2
S
= 4log,2 l0g, 2 3=0

Lety = log,2 = 4y—%—3=0
= 4y?—1-3y=0
= 4y?2—-3y—1=0
= (@y+T)y—-1=0

=

y=—gy=1
Hence, log,2 = —%, log,2 =1
= xF=2,x"=2
= x=2"%= L,x =2

1
(ii) Solve2log,x + 1 =log, 4

log, 4
—+ =
= 2log,x + 1 09, X
1
+ =
= 2log;x +1 logs x
Lety =log,x = 2y + 1 =%

=
= 2y2+y—1=0
= y-Ny+1=0
=

y=3y="-1
Hence, Iog4x=%, log,x = —1
= 4%=x, 471 =x
= x=14=2, x =%



Exercise 12.10

Chapter 12

1. Property1 = log,1=0 =a%=1,true
Property2 = log,2=1 =2"=2,true
= log,e=1 =¢' =e true
= log;,,10=1 = 10" = 10, true
Property5 = log,0=y = @ = 0= No solution here
2, y
X = 0 1 2 100 +
y=10"= 1 10 100 80+ y =10
y =log;ox = | undef. 0 0.3 604
40+
N R :
2071 é y = log,px
/? 15 2 x
3. (i) 1 1 y
y = X = 9 Bl 1 3 9 51
y=logsx= | -2 | —-1| O 1 2 14
(ii) Graphy = log; x s
(iii) log; 2.5 = 0.8, using graph 12253 4 6 8 9x
-1
) logq02.5
log;2.5 = ——
(iv) log;2.5 l09,,3 ]
_ 0.39794 _
= 047712 0834
4, (i A
. o1 | 2 ]
e 1|5 |25 ol [y=5
(if)
X = 0 1 5 10 | 25 151
y=logsx= | undef. | 0 1 14 | 2 104
(iii) One graph is the inverse of the other. 5]
) y =logsx
i e 4 >
5 10 15 2 25«




Text & Tests 4 Solution

y =log, 2x

y =log,x

ofﬁ

y= |0910(X+ 2) y= |Og1oX

X
y= |°91o§

7. (i) F*2=y+5
= log 3*"2 = log (y + 5)
= (x+2)log3=log(y+5)
X+2:Iog(y+5)
log 3
_log(y +5)
= X—W 2 or |Og3(y+5) 2
o log(y+5)
(II) X—W 2
B _log(30+5) _ log35
wheny = 30 #x—W “Tog3
_ 1.544068 _
0.47712
=3.2362 — 2

x=1.2362 = 1.236

<y



8. (i) Graphofy=log,ox +2

5 10 x

(i) Graph ofy = log;y(x + 2)

y
2..
y=log,,(x+ 2)
1../‘/
Va i i
r 5 10 x

(iii) Graphofy =log,ox — 2
y

é 1'0 X
y =log;ox + 2

(iv) Graphofy = 2log;ox

9. Graphsof (i) y=log;,(2x)

y =log,,(2x)




10. Graphs for:

Solution

(i) y=2+1
y
4..
y=2+1
/
—2 -1 12 3x
(i) y=1-—2%
y
2..
—2 -1 12 3x
y=1-2"
_2..
_4-.
(iii) y = 2¢*1
y
4..
y=2"+1
//2
—2 - 12 3x
. 1
=|=].2"
iv) y (2)
1 X
v=(3)2
4.
2.
-2 -1 1 2 3 X




Exercise 12.11

1
1. () @ A=5000+ 5000(% — 5000(1 + 0.006)
— 5000(1.006) = €5030
0.6 |2

(b) A =5000 + 5000( = 5000(1.006)> = €5060.18

100
3
(©) A = 5000 + 5000(% — 5000(1.006)> = €5090.54

(i) 5000(1.006)
(i) 5000(1.006)' = 10000

¢ 10000 _
= (1.006) = poo" =2
= In(1.006)' = In 2

= tIn(1.006) =In2

St= In'1”'0206 = 115.87 = 116 months
2, y = Ae%
t=0 = 100 = Aeb@ = Ae® = A .1
= A=100

Hence, y = 100e%
t=6 = 100e’® = 450

6b — 450 _
¢ 700
= Ine® =1In45

= 4.5

= 6blne=6b(1)=In45

'”2'5 — 0.2507 = 0.25

3. T=15+ 30x 10002
() t=0=T=15+ 30x 1070020
=154+30x10°= 15+ 30(1) = 45°C
(i) T=35°C= 15+ 30x 107902t = 35
= 30x 107092t =35 — 15 =20

= b=

—o002t — 20 _ 2
= 10 30" 3
= logq, 107002t = Iogm%

= —0.02t(logy, 10) = —0.02t(1) = Iog%

log %
—0.02
_ —0.17609
—0.02
= 8.8 minutes
(iii) Ast gets larger, 30 x 107992t gets smaller.
Hence, smallest value for 30 x 107992 = Q.
= Room temperature = 15°C

= t =




Solution

4, L=10 Iogm(i) =10 |0910(TIO_12
(i) L=100 =100 = 10[log;q/—l0g;q(1x 1072)]
=10 =log;,/ + 12
=logg /= —2
I=10"2=0.01 Wm™?2
L=110 = 110 = 10[log,o/ — 10g;(1 x 10~ 12)]
11 =log,, !/ + 12
=log, /= —-1=/=10""=0.1 Wm2
= Range is between 0.01 Wm= and 0.1 Wm-2
(i) I=10Wm2 =  L=10 logm(#
= 10log,,10"
=10.13log;,10
=10.13(1) =130dB

5. A=10" and E=10'5M*48
— 101.5M . 104.8
— (—IoM)].S - 1048
— A1.5 . 104.8 — 10aAb
Hence, a=48andb=1.5

6. Value =€100 in 2000

t
(i) tyears later = Value = 100(1 +%)

= 100(1.045)*
(i) 10yearslater = t = 10 = Value = 100(1.045)'°
= 155.2969 = €155.30
(iii) 5years earlier= t= —5= Value = 100(1.045)>
= 80.2451 = €80.25

7. W=0.6x1.15¢
i) t=0 = W=06x1.15°
=0.6x1=0.6kg
) 115 = 45
(i) 1.15=1+0.15=1+ 100
= growth constant = 15%
(iii) W=206)=12 = =06x1.15t=1.2
1.2 _
06 2
=1In1.15t=1n2
=tIn1.15=1In2

In2
In1.15

= 1.15'=

=t= = 4959 = 5 months

8. M = Moe—kt
(i) M=10whent=0 = Mye <0 = 10
= Moe® =10
= Mo(1) = My =10



Hence, M = 10e Xt

M =5whent= 140 10.e k140 = 5

_ 5
e~ 140k = 0 0.5
Ine "% =1n 0.5
—140k(Ine) = In 0.5
—140k(1) = —0.693147

k= —0.693147
—140
= 0.00495

L

(i) M = 10e—0-00495t
t=70 = M = 10 e—0.00495(70)

— 'IO e—0.3465
= 10(0.7071)
=7.071=7g
i) M=2g = 10000495t = 2
000495t — 2 _

= e 10 0.2

= [ne 000495t = |n 0.2

= —0.00495t(Ine) = In 0.2
—0.00495¢(1) = —1.609438
_ —1.609438 _ _

= t= ~0.00495 325.1 = 325 days

Exercise 12.12(A)
1. Proof:
i n=1?2 =2M=11+1)=2=2,truen=1
(ii) Assume true forn = k.
=2+4+6+8+...2k=kk+1)
(iii) Alsotrueforn=k+ 1?
= 24+4+6+8+...+2k+2k+1)
= 2+4+6+8+...+2k+2kk+1)
= 24+4+6+8+...+2k+2k+1)
cltistrueforn =k + 1.
(iv) Butsinceitistrue forn =1, it now must be trueforn=1+1= 2,
And ifitistrueforn = 2,itistrueforn=2+1=3 ... etc.
(v) Therefore, it is true for all positive integer values of n.

2. Proof:

ktk +1) + 2k + 1)
k(k + 1)k + 2)
k(k + Dtk + 1) + 1]

i n=1? ;»1=%[3(1)—1] :>1=%(2)=1,truen=1,
(ii) Assume true for n = k.
:>1+4+7+1o+...(3k—2)=§(3k—1)

(iii) Alsotrueforn=k+ 1?
14447 4+104 .. CBk—2+Ck+1)=XK3k=1)+Gk+1)

2
k(3k — 1) + 23k + 1)

=1+4+7+10+...3k—2)+@Bk+1)= 5




Solution

_ 3K — k + 6k + 2
2
_ 3K+ 5k +2
2
(k + )3k + 2)
2

=1+4+7+10+...3k—2)+(3Bk+1)
=1+4+7+10+...3k—2)+(3Bk+ 1)

=1+4+7+10+...3k—2)+Bk+1)=

(k+ NDBKk+1)—1]
2

=14+4+7+10+...3k—2)+Bk+1)=

stistrueforn =k + 1.
(iv) Butsinceitistrue forn =1, it now must be trueforn=1+1= 2,
And ifitis trueforn = 2,itistrueforn=2+1=3 ... etc.
(v) Therefore, it is true for all positive integer values of n.

3. Proof:
i) n=1? :1.2=%(1+1)(1+2) :>2=%(2)(3) —2=2truen=1.
(ii) Assume true forn = k.
:12+23+3A+45+“km+m=§m+nw+m
(iii) Alsotrueforn=k+ 1?
:>1.2+2.3+3.4+4.5+...k(k+1)+(k+1)(k+2)=§(k+1)(k+2)+(k+1)(k+2)

o 1.242.343.444.54 . ktk+1)+k+Nk+2 =Kk Nkt 2+ 3kt Tk+2)

3
:4.z+z3+34+45+anmw+n+m+nm+2th+”“§”“+m
:4.2+23+3.4+45+m”Hk+U+4k+UM+2%=M+1mk+”;1mk+”+2]

- Itistrueforn =k + 1.
(iv) Butsinceitistrue forn = 1, it now must be trueforn=1+1= 2.
Andifitis true forn = 2,itistrueforn=2+1=3 ... etc.
(v) Therefore, it is true for all positive integer values of n.

4, Proof:

1 1 _ 1 _
53 31+2 2.3 2.3 tuen=i

(ii) Assume true for n = k.

:1+1+1+1+ 1 k

23732725 56 kI NkT2) 2K
(iii) Alsotrueforn=k+ 1?

SN N I I

2.3 3.4 4.5 5.6 “T(k+1k+2

i n=1 =

1 N 1 __ k. 1
) k+2k+3) 2k+2)  Kk+2k+3)

k(k + 3) + 2(1)

2k + 2)(k + 3)

_ k+3k+2
2(k + 2)(k + 3)
(k+ 1)k + 2)

"2k + 2)(k + 3)

_ k+1 _ k+1
2k+2) 20k+1)+2l

ctistrueforn =k + 1



(iv) Butsinceitistrue forn =1, it now must be trueforn=1+1= 2,
And if itis true forn = 2,itistrueforn =2+ 1 =3 ... etc.
(v) Therefore, it is true for all positive integer values of n.

5. Proof:
1 1 _ _
75 a0+4 7.5 ggtruen=i

(ii) Assume true for n = k.

i n=1 =

=

=

1

1 k

4.5
(iii) Alsotrueforn=k+ 1?

1

L E =

"5 T e 7t kT IkT D Ak +a)

1 1 k 1

4.

1 :
5756 6.7 KkE3k+4

T kT kTS dk+d)  krDKkFD)

_ k(k +5) +4(1)
4k + 4)(k +5)

_ k*+5k+4
4(k + 4)(k + 5)
_ (k+ )k +4)
4k + 4)(k + 5)
_ k+1 _ k+1

4k +5) 4k + 1)+ 4]

ctistrueforn =k + 1.

(iv) Butsinceitistrue forn = 1,itnow mustbetrueforn=1+1=2.
Andifitistrueforn = 2,itistrueforn=2+1=3 ... etc.

(v) Therefore, it is true for all positive integer values of n.

6. Proof:
2
i) n=1? :43=g%m—+n2:¢1=% —~1=1, truen=1.
2
(i) Assumetrueforn=k =13+23+33+.. k= kz(k +1)2

(iii) Alsotrueforn=k+ 1?
=K1+ wry
_ Kk + 12+ 4k +1)3
4
(k+ 1)2[k% + 4k + 1)]
4
(k+ D2k +2)k+2)
4

= PH+2+3B+. B+ k+1)

(k+ 12k +2)?  (k+ 1)2[(k+ 1)+ 1]?

4 4
cltistrueforn =k + 1.
(iv) Butsinceitistrue forn = 1, it now must be trueforn=1+1= 2.
Andifitis trueforn = 2,itistrueforn=2+1=3 ... etc.
(v) Therefore, it is true for all positive integer values of n.

nin+ 1)2n+7)
6

n
7.§}m+2hﬂ.3+z4+&5+“mm+m=
n=1

Proof:

10+NR+7) 5 2.9

i = 7 = — = =
i n=1? =1.3 5 3 =3=3, truen=1.



Solution

ktk + 1)(2k + 7)

(ii) Assumetrueforn=k=1.3+2.4+3.5+ ... kik+2) = 3

(iii) Alsotrueforn=k+ 1?

= 1.3+2.4+3.5+. .. kk+2)+(k+1)k+3)=

(k + 1)k + 3)
ktk + 1)2k + 7) + 6(k + 1)(k + 3)

k(k + 1)(2k + 7) n
6

6
_ (k+ 12K + 7k + 6k + 18]
6
_ (k+ D2k + 13k + 18]
6
_(k+ Dk +2)2k +9) _ (k+ DIk + 1) + TI[2(k + 1) + 7]
6 6

s tistrueforn =k + 1
(iv) Butsinceitistrue forn = 1,it now must be trueforn=1+1= 2,
And ifitistrueforn = 2,itistrueforn=2+1=3 ... etc.
(v) Therefore, it is true for all positive integer values of n.

8. Proof:
11
(i) n=17? :>x=M =x=x, truen=1.
X—1
k
(ii) Assumetrueforn=k:>x+x2+x3+x4+...+x’<=%
(iii) Alsotrueforn=k+ 1?
Kk _
=X+ X2+ 3+ ...+ xk+ xk =—X()):_ 11) + xk+1
_x(x"—1)+x"“(x—1)
x—1
X. x5 — x + x . xktT — xk
B X — 1
Xk x xkT — x ke
x—1
:X(XkH—'I)
xX—1

ctistrueforn =k + 1.

(iv) Butsinceitistrue forn = 1,it now must be trueforn=1+1= 2,
And ifitistrueforn = 2,itistrueforn=2+1=3 ... etc.

(v) Therefore, it is true for all positive integer values of n.

Exercise 12.12(B)
1. Proof:
(i) Trueforn=1? = 5isafactorof6’ —1=5, truen=1.
(i) Assumetrueforn=k = 5isafactorofé6k—1, ke&N.
(iii) Alsotrueforn=k+ 1?
=61 —1=6K.6"—1
=6K5+1)—1
=5.6¢K+ (6FK—1)
Since 5. 6 is divisible by 5 and (6X — 1) is assumed divisible by 5,
.5.654 (65 — 1) is divisible by 5.
cltistrueforn =k + 1.
(iv) Butsinceitistrue forn = 1, it now must be trueforn=1+1= 2.
Andifitistrueforn = 2,itistrueforn=2+1=3 ... etc.
(v) Therefore, it is true for all positive integer values of n.



2. Proof:
(i) Trueforn=1? =4isafactorof5'—1=4, truen=1.
(i) Assumetrueforn =k = 4isafactorof5%— 1.
(iii) Alsotrueforn=k+ 1?
= 5kt1 — 1 =5k 51 —1
=54 +1)—1
=4 5k+ (5k—1)
Since 4. 5is divisible by 4 and (5 — 1) is assumed divisible by 4,
. 4.5k + (5 — 1) is divisible by 4.
s tistrueforn =k + 1.
(iv) Butsinceitistrue forn = 1, it now must be trueforn=1+ 1= 2.
Andifitistrueforn = 2,itistrueforn=2+1=3 ... etc.
(v) Therefore, it is true for all positive integer values of n.

3. Proof:
(i) Trueforn=1? = 4isafactorof9' —5' =4, truen=1.
(i) Assume true forn =k = 4isafactor of 9k — 5k,
(iii) Alsotrueforn=k+ 1?
= 9k+1 _ 5k+1 — 9k.91 _ 5k_51
=98 + 1) —5K4 + 1)
= 8.9k + 9k — 4 5k — 5k
= 8.9k — 4, 5k + (9k — 5k
Since 8.9% — 4. 5%is divisible by 4 and 9 — 5 is assumed divisible by 4,
.8.9F— 4,5k + (9K — 5K is divisible by 4.
ctistrueforn =k + 1.
(iv) Butsinceitistrue forn =1, itnow mustbetrueforn=1+1= 2.
Andifitistrueforn = 2,itistrueforn=2+1=3 ... etc.
(v) Therefore, it is true for all positive integer values of n.

4. Proof:
(i) Trueforn=1? = 8isafactorof3?” —1=9—-1=8, truen=1.
(i) Assumetrueforn =k = 8isafactorof3% — 1.
(iii) Alsotrueforn=k+ 1?
= 32(k+1) — 1= 32k+2 -1

=3%.32— 1
=3%.9—1
=3%@8+ 1) — 1

=8.3%+ (3% —1)
Since 8. 3% s divisible by 8 and (3% — 1) is assumed divisible by 8,
.8.3% + (3% — 1) is divisible by 8.
(iv) Butsinceitistrue forn = 1,it now must be trueforn=1+1= 2,
And ifitistrueforn = 2,itistrueforn=2+1=3 ... etc.
(v) Therefore, it is true for all positive integer values of n.

5. Proof:

(i) Trueforn=1? = 5isafactorof7' —2'=5,truen=1

(i) Assume true forn =k = 5isafactor of 7k — 2k,

(iii) Alsotrueforn=k+ 1?

:>7k+1 _ 2k+1 — 7k.71 _ 2k_21

=7K5+2)—2.2k
=5.7k+2.7k—2 2k
=5.7k+2(7k— 24



Solution

Since 5.7 is divisible by 5 and (7¥ — 2¥) is assumed divisible by 5,
o575 4 2(7F = 29 is divisible by 5.
ctistrueforn =k + 1.
(iv) Butsinceitistrue forn =1, it now mustbetrueforn=1+1=2.
And if itis true forn = 2,itistrueforn =2+ 1= 3 ... etc.
(v) Therefore, it is true for all positive integer values of n.

. Proof:
(i) Trueforn=1? = 8isafactorof 720" +1=73+1=344=8.43 =truen=1.
(i) Assumetrueforn =k = 721+ 1isdivisible by 8.
(iii) Alsotrueforn=k+ 1?
— 721+ 4 1 = 72k+2+1 4
= 7% 72 4 1
= 7241 .49 + 1
=7%1(48 + 1) +1
= 48, 7%k+1 4 (72k+1 4 1)
Since 48 . 71 is divisible by 8 and (7% 4 1) is assumed divisible by 8,
.48 . 72T + (727 + 1) is divisible by 8.
s tistrueforn =k + 1.
(iv) Butsinceitistrueforn =1, it now mustbetrueforn=1+1=2.
And if itis true forn = 2,itistrueforn =2+ 1 =3 ... etc.
(v) Therefore, it is true for all positive integer values of n.

. Proof:
(i) Trueforn=1? = 7Zisafactorof2’W='+3=22+3=7, truen=1.
(i) Assumetrueforn=k = 7isafactorof23*'+ 3, keN.
(iii) Alsotrueforn=k+ 1?
= 23(k+1)71 +3 = 23k+371 +3
=23%1.25+3
=2%1.8+3
=277+ 1)+3
=7.2%1+ (237 +3)
Since 7. 23k is divisible by 7 and 23k~ + 3 is assumed divisible by 7,
oL 7.23k0 4+ (23K1 + 3) s divisible by 7.
cltistrueforn =k + 1.
(iv) Butsince itis true forn = 1, it must now be trueforn=1+1= 2.
Andifitistrueforn = 2,itistrueforn=2+1=3 ... etc.
(v) Therefore, it is true for all positive integer values of n.

. Proof:
(i) Trueforn=1? = 4isafactorof5'—4(1)+3 =4, truen=1.
(i) Assumetrueforn=k = 4isafactorof5“—4k+ 3, ke N.
(iii) Alsotrueforn=k+ 1?
=51 —4k+1)+3=5.5—-4k—-4+3
=54 +1)—4k—4+3
=4 .5k+5k—4k—-4+3
=4 .5k— 4+ (5k— 4k + 3)
Since 4. 5 — 4 is divisible by 4 and (5 — 4k + 3) is assumed divisible by 4,
4.5k — 4 4+ (5% — 4k + 3) is divisible by 4.
sltistrueforn =k + 1.



(iv) Butsinceitistrue forn =1, it must now be trueforn=1+1= 2,
And if itis true forn = 2,itistrueforn =2+ 1 =3 ... etc.
(v) Therefore, it is true for all positive integer values of n.

9. Proof:
(i) Trueforn=1? =6isafactorof 7' +4'+1=12 =truen=1.
(i) Assumetrueforn=k = 6isafactorof 7+ 4+ 1, ke N.
(iii) Alsotrueforn=k+ 1?
= 7k 4 4k 1 =Tk 71+ 4k 41 4+
=76+ 1)+ 43+ 1)+1
=6.7+ 7+ 3.4+ 4k+1
=6.7K+ 3.4+ (7k+ 4+ 1)
4kis an even number = 3. 4kis divisible by 6 and
7% + 4% + 1 is assumed divisible by 6;
o.6.7K+ 3.4k + (75 4 4K + 1) is divisible by 6.
cltistrueforn =k + 1.
(iv) Butsinceitistrue forn = 1, it now must be trueforn=1+ 1= 2.
Andifitis trueforn = 2,itistrueforn=2+1=3 ... etc.
(v) Therefore, it is true for all positive integer values of n.

10. Proof:
(i) Trueforn=1? =10+1DR2M +1]1=MQ2)3)=6 = truen=1.
(ii) Assumetrueforn =k = 3isafactorofk(k+ 1)k + 1)=2k*>+3k>+ k, kc N.
(iii) Alsotrueforn=k+ 1?
=+ NDik+1)+1]12k+1)+1]=(k+ 1)k + 2)(2k + 3)
=(k+ 1)2k*+ 7k + 6)
=2k¥+9k*+13k+ 6
=2k +6k>+3k*+12k+k+6
=6k?*+ 12k + 6 + 2k + 3k + k)
Since 6k? + 12k + 6 is divisible by 3, and (2k® + 3k? +k) is assumed divisible by 3,
.6k% + 12k + 6 + (2k3 + 3k* + k) is divisible by 3.
(iv) Butsinceitistrue forn = 1,itnow mustbetrueforn=1+1=2.
And ifitistrueforn = 2,itistrueforn=2+1=3 ... etc.
(v) Therefore, it is true for all positive integer values of n.

11. Prove n® — nis divisible by 3 for n € N.
Proof:
(i) Trueforn=1? =3isafactorof1*—1=1—-1=0 =truen=1.
(i) Assumetrueforn =k = k3 — kis divisible by 3.
(iii) Alsotrueforn=k+ 1?
=k+12—-Gk+1)=K+3k+3k+1—-k—1
=3k*+3k+ (k¥ — k)
Since 3k? + 3k is divisible by 3, and (k> —k) is assumed divisible by 3,
. 3k? + 3k + (k3 — k) is divisible by 3.
ctistrueforn =k + 1.
(iv) Butsinceitistrue forn =1, itnow mustbetrueforn=1+1= 2.
And ifitistrueforn = 2,itistrueforn=2+1=3 ... etc.
(v) Therefore, it is true for all positive integer values of n.



Solution

12. Prove 13" — 6" 2is divisible by 7 forn € N.
Proof:
(i) Trueforn=2? = 7isafactorof13?2—622=169—-1=168=7.24 = truen=2.
(i) Assumetrueforn =k = 13k— 6 2isdivisible by 7.
(iii) Alsotrueforn=k+ 1?
= 13k+1 _ 6(k+1)—2 — 13k. 131 _ 6k—2 . 61
=13K7 +6) —6K2.6
=7.13k+6.13k—6.6K2
=7.13k+ 6(13k — 6¢72)
Since 7 . 13 is divisible by 7, and (13 — 6¢72) is assumed divisible by 7,
.7 .13k 4+ 6(13K — 6K72) is divisible by 7.
cltistrueforn =k + 1.
(iv) Butsinceitistrue forn = 1, it now must be trueforn=1+1= 2.
Andifitistrueforn = 2,itistrueforn=2+1=3 ... etc.
(v) Therefore, it is true for all positive integer values of n excluding 1.

Exercise 12.12(C)
1. Proof:
(i) Trueforn=3? =23>23)+1 =8>7 = truen=3.
(i) Assumetrueforn=k =2¥>2k+1, keN, k=3.
(iii) Alsotrueforn=k+ 1?
= 2kt =2 2k

> 202k + 1) since 2K > 2k + 1 (assumed)
=4k + 2

=2k+2k+2

>2k+3 since 2k + 2> 3,fork=3
=2k+1)+1

stistrue forn =k + 1.

(iv) Butsince itis true for n = 3, it now must be trueforn=3 + 1 = 4.
Andifitistrue forn =4, itistrueforn=4+1=5... etc.

(v) Therefore, it is true for all values of n, n=3, ne N.

2. Proof:
(i) Trueforn=2? =32>22 =9>4 = truen=2.
(i) Assumetrueforn=k =3*>k% ke N,andk=2.
(iii) Alsotrueforn=k+ 1?
= 3k+1 — 31 . 3k
>3 .k since 3k > k2 (assumed)
=k+KkK+kK
> k24 2k + 1 since 2k? > 2k + 1,fork= 2
=k+1)k+1)
= (k+ 1)?
sotistrue forn =k + 1.
(iv) Butsinceitis true forn = 2, it now must be trueforn=2 + 1 = 3.
And ifitis trueforn = 3,itistrueforn=3+1=4 ... etc.
(v) Therefore, itis true for all valuesof n, n=2, neN.



3. Proof:
(i) Trueforn=2? =32>22)+2 =9>6 = truen=2.
(i) Assumetrueforn=k =3k>2k+2,keN,k=2.
(iii) Alsotrueforn=k+ 1?
= 3kt =3 3k
> 3(2k + 2) since 3k > 2k +2 (assumed)
=6k+6
=2k+4k+2+4
=2k+4+4k+ 2
>2k+ 4 since4k +2>0,fork=2
=2k+1)+2
stistrue forn =k + 1.
(iv) Butsinceitistrue forn = 2, it now must be trueforn =2 +1 = 3,
And ifitistrueforn = 3,itistrueforn=3+1=4 ... etc.
(v) Therefore, itis true for all valuesof n, n=2, n&N.

4. Proof:
(i) Trueforn=3? =31>23"1" =6>4 = truen=3.
(i) Assumetrueforn=k =kl >2"1 keN, k= 3.
(iii) Alsotrueforn=k+ 1?
= (k+ 1) =(k+ 1k

> (k+1).27  since k! > 2k~ (assumed)
> +1).2"  sincek+1>2,fork=3
=2, 2k

= Dk

— lk+1)-1

stistrue forn =k + 1.

(iv) Butsince itistrue forn = 3, it now must be trueforn =3 + 1 = 4.
And ifitistrueforn =4, itistrueforn=4+1=5 ... etc.

(v) Therefore, it is true for all valuesof n, n=3, ne N.

5. Proof:
(i) Trueforn=2? =2+ 1)>22 =6>4 = truen=2.
(i) Assumetrueforn=k = (k+ 1)!> 2k
(iii) Alsotrueforn=k+ 1?
=k+1+1)=(k+2)
=(k+ 2)(k+ 1)!

> (k +2).2k since (k + 1)! > 2k (assumed)
> 2.2k since (k +2) > 2,fork=2
e

ctistrueforn =k + 1.
(iv) Butsinceitistrue forn = 2, it now must be trueforn=2+ 1= 3.
Andifitistrue forn = 3,itistrueforn=3 +1=4... etc.
(v) Therefore, it is true for all valuesof n, n=2, ne N.

6. Proof:
(i) Trueforn=1? =00+2)"=1+2(1)x =1+2x=14+2x =truen=1.
(i) Assumetrueforn=k = (1+2x) =1+ 2kx for x>0, ke N.



Solution

(iii) Alsotrueforn=k+ 1?
= (1+ 207" = (1 + 2x)(1 + 2x)k

= (1 + 2x)(1 + 2kx) since (1 + 2x)k =1 + 2kx (assumed)
=1+ 2kx + 2x + 4kx?

=1+ 2kx + 2x since 4kx? = 0,forx >0,k =1
=14+ 2(k+1)x

stistrueforn =k + 1.

(iv) Butsinceitistrue forn = 1, it now must be trueforn=1+1= 2.
Andifitis trueforn = 2,itistrueforn=2+1=3 ... etc.

(v) Therefore, it is true for all valuesof n, n=1, neN.

7. Prove (1 +ax)"=1+anx for a>0, x>0, neN.
Proof:
(i) Trueforn=1? =004+ax)'=1+a(l)x =1+ax=1+ax, truen=1.
(i) Assumetrueforn=k = (1+ ax)k=1+ akx.
(iii) Alsotrueforn=k+1?
= (14 ax)*" = (1 + ax)(1 + ax)k

= (1 + ax)(1 + akx) since (1 + ax)* =1 + akx (assumed)
=1+ akx + ax + a*kx?

=1 + akx + ax since a’kx? =0, fora>0,x>0
=1+alk+ 1)x

stistrue forn =k + 1.

(iv) Butsinceitistrue forn =1, it now mustbetrueforn=1+1= 2.
And ifitistrueforn = 2,itistrueforn=2+1=3 ... etc.

(v) Therefore, itis true for all valuesofn, n=1, n&N.

Revision Exercise12 (Core)

1. —1 sZXB—”L“sz,xeR
= —-3=2x+4<6
= —7<2x<2
= —-35=sx<1
2. (@ (i) 103 =3162.278 = 3162
(i) log;4.5 = 0.6532 = 0.65
(iii) t=0.04 = 10% = 1030 =10%12 = 1318 = 1.32
(iv) n=100=log 5n = log 5(100) = log 500 = 2.69897 = 2.7

(b) (i) e3*=29.964 =30
(i) In589 = 6.378 = 6.38
(iii) t = 40 = e 002t—4 — o—002(40)—4 — o—08-4 — o—48
= 0.0082297 = 0.00823

(iv) k=37= In(%) = In(%) = 0.994 = 0.99

3. (i) fix) =3 X4
Point(a,6) = fla)=3X49=6

= 47=2
= (29)9=2
= 2%=2
= 2a=1:>a=%



_1
(i) Point|—3,b]=f|—3|=3x4 =b
1 _
:>3><2—b
_3
:>b—2
4, x—8=—-3 or x—8=
=x=5 or x=11
5. (i) 52n  252n—1 = 625

= 52n X (52)2n—1 — 54
= 52n X 54n—2 — 54
= 52n+4n72 = 56n—2 — 54
=6n—2=4
=6n=6=>n=1
(“) 27n72 — 93n+2

= (33)n—2 — (32)3n+2

= 33n76 — 36n+4

= 3n—6=6n+4

= “3n=10=n=-2

6. y=a2+b
(i) Point(0,2.5) = 25=a.2°+b=a.1+ b=
Point(2,4) = 4=a.22+b=4a+b =
(ii) da+b=4
a+b=25
1.5

= 3a =15 :>G:T:0.5

and05+b=25 =b=25-05=2

7. (i) CurveC=
(ii) CurveB =

In (x) = Point (1,0) = In 1 = 0, true
In

(x + 1) = Point(0,0) = In(0 + 1) =

at+b=25
4a+b=24

In1 =0, true

(iii) Curve A=In(x) +1=Point(1,1)=In1T+1=0+1=1, true

8. Solveln(x — 1) + In(x + 2) = In(6x — 8)
) =

= In(x — 1)(x + 2) = In(6x — 8)

= x—NMx+2)=6x—28

= X>+x—2=6x—38

= XX —5x+6=0

= x—2x—3)=0

= X=2,Xx=3

9. y = Ae

y=6whent=1 =6=Ae") = Aeb=6= e =

y=8whent=2 =8=Ae"? = Ae?*=8
= A(eb? =38
g3

.36 _36_

=A A2 A

6

A

:>8A=36:>A=%



b—nd
=lIne In3
4

:>b(lne)=b=In§

10. y =alog, (x — b)
(5,2)=2=alog, (5 —b)
= 2=log,(5—-b)0=(5—-b0=22=4
1
=5-b=47
1
= b=5—47
(7,4) =4 =alog,(7 — b)
=4 =log,(7 —b)= (7 —b)=2*=16
1 1 2
=7—-b=167= (427 =47
2
=>b=7-47
1 2
Hence, 5—49=7—49
2 1
=49 — 49 =2
1 1
= (492 —49-2=0
1
lety=4= y>—y—2=0
=y—-2)y+1)=0
=y=2y=-1
1 1
=49=2 or 49= —1(Notvalid)
= 4= 20
=2=2=qg=2 :
=b=5-42=5-2=3
11. Solve 32" = 28
=In32x1"=|n28
=x—1)1In32=1In28
_1In28 _

=x—1 N3 0.96147
= x = 1.96147
=x=1.96
12. Proof: 301)
(i) n=1? :>3=T(1+1) =3 =3,truen=1.
(ii) Assume true forn = k :>3+6+9+...+3k=37k(k+1).

(iii) Alsotrueforn=k+ 1?

:>3+6+9+...+3k+(3k+3)=37k(k+1)+3(k+1)
53+ 6+9+.+3k+ 3+ 1) = 2 DE23A T
:>3+6+9+...+3k+3(k+1):%(k+1)(k+2)
:»3+6+9+...+3k+3(k+1)=%(k+1)[(k+1)+1]

stistrueforn =k + 1.
(iv) Butsinceitistrue forn = 1, it now must be trueforn=1+ 1= 2.
Andifitistrueforn = 2,itistrueforn=2+ 1= 3 ..etc
(v) Therefore, it is true for all positive integer values of n.



13. Proof:
(i) Trueforn=1? =7isafactorof8 +6=14 = truen=1.
(i) Assumetrueforn =k = 8%+ 6isdivisible by 7.
(iii) Alsotrueforn=k+ 1?
=8 +6=28.8"+6
=87 +1)+6
=7.8+ (8k+6)
Since 7 . 8 is divisible by 7, and (8 + 6) is assumed divisible by 7,
.7 .8+ (8K + 6) is divisible by 7.
(iv) Butsinceitistrue forn = 1, it now must be trueforn =1+ 1= 2.
And ifitis trueforn = 2,itistrueforn=2+ 1 =3 ... etc.
(v) Therefore, it is true for all positive integer values of n.

14. Prove by induction thatn?>4n + 3forn=5,n€cN.
Proof:
(i) Trueforn=5? =52>4(5)+3 =25>23 = truen=>5.
(ii) Assumetrueforn=k = k*>4k+ 3fork=5kecN.
(iii) Alsotrueforn=k+ 1?
=k+1)2=k+2k+1
>4k + 3+ 2k+ 1 since k2> 4k + 3 (assumed)
=4k + 4 + 2k
>4k +1)+3 since 2k > 3,fork =5
stistrueforn =k + 1.
(iv) Butsinceitistrue forn = 5, it now must be trueforn=5+1 = 6.
And if itis trueforn =6, itistrueforn=6+1=7 .. etc.
(v) Therefore, it is true for all values of n,n=5,n € N.

Revision Exercise12 (Advanced)
1. () 3x+4<x*2—6
x*—3x—10>0
Let xX2?—3x—10=0
x—=5Kx+2=0
xX=5 or x=-2
Solution: x<-—=2 or x<5
(i) x* —6<9—2x
x>+ 2x—15<0
let x24+2x—15=0
x+5Kx—-3)=0
x=-5 or x=3
Solution: —5<x<3
(iii) The solution of
IX+4<x2—-6<9— 2
is then the intersection of the above solution sets, i.e.

—5<x< -2
part (i)
“ O o—>
N ) L
T\ 1 T T T T T T T >
-5 -2 0 3 5
@, O

part (ii)



Solution

2. M = 30 x 20001t
(i t=0 = M=30X20010=30x20=30X%X1=30g
(i

i) M=10 = 30 X 270001t =10
—0.001t — 10 _1
- 2 30 3
= log 270001t = Iog%
—~  —0001t.log2 = Iog%
[ 1
0og 3
= —0.001t = = —1.5849625
log 2
_ —1.5849625 _
= t= — 0001 1584.9625
= t = 1585 years
(iii) 1% of 30 =0.3
= 30Xx27001t=03
- 2-0.001t — 03 _ 0.01
= log 279901t = |og 0.01
= —0.001t.log 2 = log 0.01
log 0.01
= —0.001t = = —6.643856
log 2
_ —6.643856 _ _
= t= 0001 6643.856 = 6644 years

3. =y X 10915
(i) S=30=>1=lyx 100160
=1, X 10°=1000/ = Answer = 1000
(i) S=28 =1=1,X10%108 = | x 1028
S=15 =1=1,X10%109 =/ x 10">

= No. of times = lyX10% _ 10"3 = 19.95 = 20 Times
’ Iy X 101° ’
4. Solve logsx — 1 = 6logy 5.
logs5
=logsx—1=6 92 6.1 =6
logsx logsx logsx
Lety =logsx = y—1=§
= y2—y=26
= y—y—6=0
= (y—-3)y+2=0
= y=3y=-2
Hence, logsx=3orlogsx= —2
= 3 = = -2 = —
= x=5=125 or x=5 35
5. Solve (0.7=0.3
= 1og(0.7)* = log(0.3)
= x.log(0.7) = log(0.3)
= x(—0.1549) = —0.5228787
= x(0.1549) =< 0.5228787
0.5228787
= S efRlRl = 3
- 0.1549  >37%3
= x=3.38



Chapter 12

6. ) [x= 3| —2[-1Jo]1]2]3 g0 =M +2
@ | fo) = |x| = 2 |10 |1 ]2]3 44
gx) =|x|+2 4 3|2 |3]4]5 fo) = M 5
(i) x4 2= 1o 1]2]3|4a]|5s N
hoo=|x+2| |1 lo]1|2]3]4a]s htd = bx + 21
fix)Nh = =—1 L —
(iv) ) ) X -3 -2 -1 1 2 3x
(v) g)>hx) = —-3=x<0 y
7 Tx= 4 | s 7 9 1
x—3= 12| 3| 4 j o3
Inx—3)=| 0 | 07 | 11|14 |16 |18 ;
In(x —3) =log.(x —3) =y 1
5 y=x
e =x-3 44
=>x=e&+3
34
24 y=In(x—3)
1 /
y| 1 2 3 4 5 6 7 8 9«
8. _ fx)
x=1 —30{—24|—18|—12| —6| 0 | 6
54
= —7.5| —6 |-45 —3|-15/ 0 |15
1
X+3= ~45/—3|-15/ 0 [ 15| 3 |45 i) =[x+ 3] N
_ 1 _ 5
fg=|gx+3[=]45] 3 [15] 0 [15| 3 |45 Ao
Solve’%x+3’>3 2t
= —24=x=0 14
-30 —-24 -18 —12 -6 6 x
3 -1
X2 — X 2
9. 1 ——
X2 — X 2
1
Ty (y2 — —
:x21(x 1):(x+1§x1 1)=x+1
X2(x—1) X
10. Proof:
: 1 1 1 1
= 1? = = = 1.
(i) Trueforn 1':>(1+r)1 TTar T+ T truen 1
i = 1 < 1 = >
(i) Assume true forn k:>(1+r)’< 1Jrkrfork 1, r>0, keN.
(iii) Alsotrueforn=k+ 1?
T 1 _ 1 . 1 _ 1
TUET AN AFkFA T s T g essumed)

_ 1
1+ kr+r+ kr?




Solution

- 1

T4 kr+r

_ 1
1+ (k+ NDr

sincekr?>0 fork=1, r>0

ctistrueforn =k + 1.
(iv) Butsinceitistrue forn = 1,it now must be trueforn=1+1= 2,
And ifitis trueforn = 2,itistrueforn=2+1=3 ... etc.
(v) Therefore, it is true for all positive integer values of n.

11. Prove (Xix1)2<1 forallxc R, x# —1.
Proof: x j—X1)2 S 1D2<1(x + 1)2

= 4dx=x>+2x+1
= —xX2+2Xx—1<0
= xX—-2x+1<0

= x—1)2<0 trueforallxeR, x# —1
ax
Hence, e

12. (1 +2kx*—10x+(k—2)=0
(i) Real Roots b>—4ac=0
(—10)%2— 41 +2k)k—2)=0
100 —4(2k* —3k—2)=0
100 —8k*+ 12k+8=0
—8k*+ 12k +108=0
8k?—12k— 108 <0
2k —3k—27<0

Factors: (k+3)2k—9)=0

Roots: k= -3, k= 4l

R R R

2
Hence, —3<k< 4%.
" 10
(i) Sum ofroots >5 = 3 +2k>5
10 5 5
= 3 +2k(1 + 2k)?2 > 5(1 + 2k)
= 10(1 + 2k) > 5(1 + 2k)?
= 2(1 + 2k) > (1 + 2k)?
= 2 + 4k > 1+ 4k + 4K
= —4k2+1>0
= 4k —1<0
Factors: (2k+ 1)2k—1)=0
: 1,1
Roots: k > k >
Hence —l< k<l.
! 2 2

13. Proof:
(i) Trueforn=1? =1=1-12'"+41 =1=0+1 =1=1 =truen=1.
(i) Assumetrueforn=k =1+2.2+3.22+4 - k.21 =(k—1).2k+ 1.



(iii) Alsotrueforn=k+ 1?
= 1+2.2+3.22+4 - + k.26 4 (k+ 1) 2k
=(k— 125+ 1+ (k + 1)2k+0
=(k—1)2k+ 14 (k+ 1)2k
=k.2k— 2K+ 14+ k. 2K+ 2K
=2k.2k+1
=k. 2V 1 =[(k+1)—1].2 + 1
ctistrueforn =k + 1.
(iv) Butsinceitistrue forn = 1,itis now mustbetrueforn=1+1=2,
And ifitis trueforn = 2,itistrueforn=2+1=3--- etc.
(v) Therefore, it is true for all positive integer values of n.

14. u, =(n—20).2"
= Uy, =MN+1-20).2"""=(n—19).2.2"
= U.,=((N+2-20).2""2=(n—18).22.2"=(n—18).4.2"
Hence, u,.,, —4u,., + 4u,
=(n-—18).4.2"—4(n—19).2.2" +4.(n — 20)2"
=2"4n — 72 — 8n + 152 + 4n — 80]
=2"8n —8n+ 152 —152] =0
15. 2logy=1log2 +logx and 2’=4 fory>0

= logy? = log 2x = X =(2%
= y? = 2x = X =2%
= yr=y = y=2
= y’-y=0

= yy-1=0

=y =0 (NotValid) or y=1é2x=1éx=%

16. (i) Anexponential function:P = 40000(1.03)"
(i) n=12= P =40000(1.03)"?
= 40000(1.42576)
= 57030.43 = 57030
(iii) n=0= P =40000(1.03)°
= 40000(1) = 40000
(iv) P=280000 = 40000(1.03)" = 80000

80000
= (1.03)”=40000 =2
= log(1.03)" = log 2
= nlog(1.03) =log 2
log 2
= n =————= 23449 = 23.5 years

~ log 1.03

17. (i) P = AeX, where A = 8000, P = 15000, t = 8; find k.
= 15000 = 8000¢e*®

ook _ 15000
8000

= Ine =1In1.875
= 8k(In e) = 8k(1) = 8k = 0.62860865

k= 0.628860865
Hence, P = Ae, where k = 0.078576, t = number of years

and A = 8000.

=

= 1.875

= 0.078576



Solution

(i) t=10= P = 8000 e 7857610
= 8000 €273576 = 8000(2.1940738)
= 17552.59 = 17553
(iii) P =30000 = 15000 e978576t = 30000

30000

0.078576t — _
= € 15000
- In 0978576t — | 2

= 0.078576tIne = 0.69314718
= 0.078576t(1) = 0.69314718

= t= 069314718 _ 8.82 = 9 years

0.078576
Ans = 2016

Revision Exercise 12 (Extended-Response Questions)
1. N = 5000e~ 013t
(i) t=0 = N=5000e °">© = 5000e° = 5000(1) = 5000
t=5 = N =5000e %'°0) = 5000e 7>
= 5000(0.47236655)
= 2361.83 = 2362
= Claim is justified.
(i) t=10= N = 5000e°1>010
= 5000e '
= 5000(0.23313)
= 1115.65
(iii) t=0 = N=5000e %> = 5000.e° = 5000.1 = 5000
(iv) N=100=- 5000e %'t =100

—oast — 100 _

= e 2000 0.02

= |ne %13t =|n(0.02)

=  —0.15t(In e) = In(0.02)

= —0.15t(1) = —0.15t = —3.912

_ —3.912 _ _
= t= 015 26.08 = 26.1 days
(v)

t= 0 2 4 6 8 10 12 14 16 18 20
N = 5000 %13t | 5000 | 3704 | 2744 | 2033 | 1506 | 1116 | 826 | 612 | 454 | 336 | 249

w Z
g
[

4000
3000
2000
1000

No. of bacteria

Of 2 4 6 8 101214 16 18 20x=t
Days

2. () A=0.02(0.92)1
(i) Length = % = 1.66667
1.
—  A=002(0.92) 10 =0.02(0.92)0166667
= 0.01972 = 0.0197




(iii) S = (0.92)10~3
W=SXA ;
= 0.02(0.92)10. (0.92)10~3x
= 0.02(0.92)0-1x+10-3x
= 0.02(0.92)10-2
(iv) W < (0.02)(0.92)%°
= 0.02(0.92)"0729% < (0.02)(0.92)%>

= 10 —2.9x <25
= —29x<25—-10=-75
= 29x>7.5
7.5
> 12 =
= X 39 = 2.586
= Xx>259
3. (i) A=(0.83)"I; B =(0.66)(0.89)" |
(ii) (0.83)"1 = (0.66)(0.89)" |
= log(0.83)" = Iog(O 66)(0.89)"
= nlog(0.83) = log(0.66) + log(0.89)"
= nlog(0.83) = log(0.66) + n log(0.89)
= n[log(0.83) — log(0.89)] = log(0.66)
= n[—0.0809219 + 0.05061] = —0.180456
= n(—0.0303119) = —0.180456
_ _—0.180456 _
= = 00303119 >33
= n = 6 stations
4. (i) P =A(1 +l)r=A(1.11)’
g 100
i p = 5 )2 t
(i) P, 10A(1 1 00) 10A(0.95)
(iii) A(1.11)¢ = 10A(0.95)!
.y _
(0.95) - 10
1.11 _
- (0.95) =10
= (1.168421)! =10
= log(1.168421)! =log 10
= tlog(1.168421) =1
= t= SR E— 14.793 = 14.8 years

log(1.168421)
(iv) A(1.11)" = 100A(0.95)" ... [Note: P, = 10P, when proportions are reversed.]
1.11) _
~ 0.95) =100
= (1.168421)* =100
= log(1.168421)" =log 100
= tlog(1.168421) = 2
_ 2 _
= t= {ogi168a21) 286
= t = 29.6 years



Solution

V) [¢= 0 5 10 | 15

20

25

30

P =10(0.95)" 10 7.7 6.0 4.6

3.6

2.8

2.1

P=(1.11)¢ 1 1.7 2.8 4.8

8.1

13.6

23.9

(i) P = 10(0.95)"

(iv)

P 5 10 15 20 25 30t

5. n=A(1 —e™®)
(i) Growth; as tincreases, n also increases.
(i) t=2whenn=10000= 10000 = A(1 — e %)
N 10,000 _ N

N|—

A
3 _ 4 _ 10000
= e 1 A
t =4whenn=15000= 15000 = A(1 — e~
:>15200::1__e_%
4 _ 1 _ 15000
= e 1 A
Hence, 2e % — 3e20 + 1
_ [+ _15000) (. _ 10000
_41 A ) 41 A )+1
_ 30000 ., 30000 , . _
=2 A 3+ A +1=0
(iii) a=e 2= e % = ()2 =¢g?
Hence, 2e % —3e2+1=0
becomes 20°—3a+1=0
(iv) Factors: (a— 1)(a—1)=0
Roots: a=1,a=%

(v) e72b =1 or e 2=
= e 2b=¢g0 = Ine 2 = In%
= —-2b=0 =
= b=0(Notvalid) =

=

—2b(lne)=In1—-1In2
—2b=—In2

b=%m2




1
i) n=A(1 —e 2" 1
t = 2when n = 10000 = 10000 = A(1 — e 22"

(
= 10000 = A(1 — e"'"?)
= 10000 = A(1 — 0.5)
= 10000 = A(0.5)
= 20000 = A(1)

.= A = 20000
(vii) n =20000(1 — e "2

t= 0 1 2 3 4 5
n= 0 5858 10000 12929 15000 16464
15000 1
n=20000(1 — &3
10000 1
5000

1 2 3 4 5t

_t
(viii) n =18000 = 20000(1 — e t2|n2) = 18000

~_—tlm2, _ 18000 _
= (1—e 2 =55000
= —e“”2 09—1=—0.1
= e T2 — 0
= In e_r'flnz =1In0.1
= —t- —In 2(lne) = —2.3
2.3
= =
1n2
2
23 _
= t=——""— =6.636 = 6.64 hours

0.34657
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