Exercise 1.1
1 L]

3.

4.

5.

) V18 =19 X2 =32

(||)\/_—wl4>< =2{3

(iii) V45 =V9 X 5 = 3{5

(iv) V28 =V4 X7 =207
(i) V18 +V50 =V9 X2 + 25X 2
=3Y2 +5/2 =82

(ii) V48 + V147 =16 X 3 + /49 X 3
=43 +7/3 =113

(i) {—8, —4}€e2\WN
w [} -f)eoe
(i) {2, 7 €R\Q

(i) Zisthe set of integers; whole positive and negative numbers, including zero.
(ii) Q\Zis the set of rational numbers that are not integers (positive and negative fractions).
(iii) QW is the set of rational numbers not including natural numbers (the set of all fractions
excluding whole positive numbers).
(iv) R\Zis the set of real numbers not including the integers (irrational numbers and positive and
negative fractions).
(v) R\Qis the set of irrational numbers.

) V125 — {20 =25 X5 — {4 X 5
=5/5 — 2/5 =3/5
(i) V32 =18 — V8 ={16 X2 —V9X 2 — V4 X 2
=42 —-32 -212 = -2
(i) 3V8 + 5V2 = 3Y4 X 2 + 5/2
=6V2 +5/2 =112

(iv) 4/18 — 227 + 3Y3 — /288

=4/9X2 —2{9 X3 +3/3 — 144 X2
=127 — 63 + 3/3 — 127

=33
(i) 3 (i) V2
—»perpendicular line
/T-
—»perpendicular line 0
/,’:“ V2, .
/o S 2/5
4 |
2/ 3 fmmme — !
>/ ! 1 3
/
/ : V3
AARLEE S :
0 1 2 3




Solution

7. (18 =9 X 2 = 3Y2

/T-
7z |
a2,
s [
,/’1 V2 V2 3V2=418
e # : #: l# t
0 1 2 3 4 5
{
8. (12 =/4%X3=2(3
N
//I
/ |
s
/ "
2,/ 3
// !
; [}
P | NE) 23 =12
=== o= ! — — J :
0 1 2 3 4 5
{

9. e Given line segment with 1 and V2 marked
e Draw a perpendicular line at B.
e Mark 1 unit along perpendicular.
. Hypotenuse = {3
e Draw an arc, centre A, length V3 to line segment.

10. Perimeter = V45 + V80 + V20
=Jy9X5+V16 X5+ {4 X5
= 3{5 + 4/5 + 2|5
=9/5

11. The irrational numbers are /3, m, e, 32

12, @?=12+12=2
=a=12
b2 =12+ (/2)2=3
=b=13




13.

14.

A=12+(32=4

=c=V4=2
d>=12+22=5
=d=15
e2=12+({50=6
=e=16
f2=12+(/6)2=7
=f=17
g?=12+([7)2=38
=g=18=22

The length of “c”is a rational number.

Since the length of the carpet equals the sum of the height
and width of the stairs, we need to find the opposite and
adjacent sides of the triangle.

o_ _h

tan 45 _ﬁ

= h = 2/2 tan 45°
=2Y2(1)
=212m

.. The length of carpet needed = (2/2 + 2/2) m

45°

45°\] B

=4/2 m 22m
Angle of stairs increased to 60°
o__h
tan 60° = bl
= h=2/2tan60° [tan 60° = V3]
=2/2./3
=26
.. The length of carpet needed = (2/6 + 2/2)m
.. The extra length of carpet needed = 2/6 + 2/2 — 4/2
=2(6 —2/2
=206 —12)

(i) V3 — x isrational ifx = —1
(ii) Any value of x for which 3 — x is a perfect square.

Exercise 1.2

1.

2.

(i) [—4=Vax{=1=2i

(i) V=36 =36 X{—1 =6i

(iiiy V=27 =427 X{—=1=/9 X3 X i=3{3i
(iv) V=20 =20 X V=1 =V4 X5 X j=2/5j

() x*+9=0
X2 = -9
X ={=9 =19 X =1 ==3j
(i) *+12=0
X2 =—12
X ={=12=V12 X{=1=V4 X3 X|

= +2(3i

Zﬁm

60°

Zﬁm



(i)

(iii)

(iv)

(ii)

(iii)

(iv)

(i)
(ii)

(iii)

Solution

B+2)+G5—-N=3+5+2i—i

=8+i
(7-2)+(B3—4)=7+3—2i—4i
=10 — 6i
(—3+4)+(6—4)=-3+6+4i—4
=3+0i
(—3—N+(—2+6)=-3-2—i+6i
= —5+5j
(5-3)+(-5+6)=5—5—3i+6i
=0+3i
(I+N)+Q=3)=1+2+i—3i
=3-2i
(2+6)—(1+4)=2—1+6i—4i
=1+2i
(3—5)—(2+4)=3—2—5—4i
=1-09i
4=7)—(-1+30)=4+1-7i—3i
=5—10i
3—(1+4)=3—1—4i
=24
(3—6i)—4i=3—6i—4i
=3—10i
(—3-2)—(4—7)=-3-2—4+7i
=—7+5i
(3+20)(2 +30) =6+ 9i + 4 + 62
=6+9i+4i— 6
=0+ 13i

(4 + (3 —5i) =12 — 20i + 3i — 5/
=12—-20i+3i+5
=17 —17i

(5 —2i)(3 — 5i) = 15 — 25i — 6i + 10/
=15—-25[—6i—10
=5-—31i

(3+4)(3 —4i)=9—12i + 12i — 16/

=9—-12i+12i+ 16
=25+0i

(5—=0(+i)=25+5—5i— i
=25+5i—5i+1
=26+ 0i

(3 =22 =9 + 2(3)(—2i) + (—2i)?

=9 — 12 + 4/
=9—-12i—4
=5—-12i

z;=2+4i, z,=3—j and z3;=4-2i

32, =3+ 4i) =6+ 12i

Z,+z;=3—i)+ (4 — 2i)
=7-3i

2z, +2z,=2(2+4)) + (3 —1)
=4+8 +3—i
=7+7i



(iv) —3z,=—3(3—1)
= -9+ 3i

V) z.z2=2+4).3—1)
=6—2i+12i — 472
=6+ 10i + 4
=10+ 10i

(Vi) z,.z3=(3 —i)(4 — 2i)
=12 —6i —4i + 2/

=12—10i—2
=10 —10i
(vil) i(z5) = i(4 — 2i)
= 4j — 22
=4j+ 2
=2+4
(Vill) zy(z, — 2,) = (3 — N2 + 4i) — (3 — )]
=B —=0)[—1+5i]
=—-3+4+15i+i— 57
=—-3+16i+5
=2+ 16/
(i) x2—2x+ 17 =0.

= a=1,b=-2,c=17
_2+4(=22—4(1)(17)
X= 201)

_2+{—64
2
:2i\/64x(—1)=2¢8,'=
2 2
(ii) x> —4x+13=0.

= a=1,b=—-4c=13
- ((—4)2 — 4(1)(13)
2(1)
_4=*{-36
2

_ 436X (1) _4+6i_
2

2
(iif) X2 —10x + 26 = 0.
= a=1,b=—-10,c=26
‘= 10 = 4(—10)2 — 4(1)(26)
2(1)

_10*+{-4
2
_10*{4X(=1) _10+2i
2 2

(iv) x> —8x+52=0.
= a=1b=-8,c=52
= 8 (=87 —4()(52)
2(1)
_8*+{-144
2

_ 84144 X (=1) _8+12i _

1*=4i

2=*3i

=5=*i

4 = 6i

2 2



Solution

8. 222—-8z+9=0.
= a=2,b=—-8,c=9

_ 8x4(—=8)*—4(2)09)
L z=

2(2)
_8x/-8
4
_8=* 84><(—1)_8+42@=2igi
9. i =i

iXi =i2=—1
PXiXi =P =ij—1)=—i
PXiPXiXi =if=j-)=—-P=—(—1)=1
IXiIXiXixXi =pP=il)=i

PXPXPXPXiXi=©=i{i)=—1
The pattern consists of four elements (i, —1, —i, 1) repeated.
Given i", divide n by 4 and find the remainder R (if there is one),

i.e. % = k + remainder (ke N)

n = 4k + remainder.

Since *=@=i%._.etc=1

=1

I'4k+Remainder — I'4k . I'R — I‘R

ifR=0: "="=1

ifR=1: i"=i"=j

ifR=2: "=i2=—1

ifR=3: "=pP=—i

Given 32 = 4810 =0 =1
29 = jAXTHl = I =

10. (I) I‘30 — I'4><7+2 — i2 = —1
(i) M=#2B=p=—j
(iii) 19 = j4xX4+3 = 3 = —j
(IV) i21 — I'5><4+1 — I'1 =
(v) i = 1.1—4 = % =1

11. (i) M+ 10+ — 1

— jAX4+0 4 jAX2+2 4 X142 _ j4X3+0
=P+i2+i2—0
=1—-1-1-1
= -2
(i) B—i" 47—
— I'3 — I'4><2+3 + I'4><4+1 _ I‘4><7+1
=A—F+l-7
=0
12. () 2.0.P=B=/3 ==
(i) 33.25. 412 = 24/1° = 24422 = 242
=24
(i) (2i7)® = 821 = j**>*1 = §j
13, 43 + 719 = 4(—1i) + 7i4%2*1
= —4i+7i
= +3i



Exercise 1.3
1. () z=3+4i=z=3—4i
(i) z=2—-—6i=zZ=2+6i

i) z=2+5i=z=2—05i

ii) z=-3—-4i=z=—-3+4i
i) z=1+7i=z=1-7i

) z=—-5+i=z=—-5—i

Q) 2+3i_2+3i 4+

4—0  4—i 4+
_ 8+ 2i+12i + 372

3.

16 + 4i — 4i — i2
_5+14i_ 5 14,
17 177

4+3i _4+3i,5-i

5+i 547 5-i
_ 20 — 4i + 15/ — 372
25— Bi+ Bi — 12

_23+11i _ 23

26 _§€+_'

(ii)

4.z2=2+6i=7=2—6i
() z.z= (2 + 62 — 6i)
=4 —12i + 12i — 36/
=4+ 36 =40+ 0i
(i) z+z=Q2+60)+ (2 — 6i)
=4+ 0j

5. () BTN _5+5 4t

4—j C4—i 4+

_ 20+ 5i + 20i + 52
16 + 4 — 4 — 2

15 + 25j

17

15 | 25.

17 7
m)Q—6D—Q+2n:—1—§L2—y
2+ 2i 2+2i 2—2i

—2 +2i — 16i + 1672

4 — 4+ 4 — 472

_ 18- 14i
8
__9_7,
4 4
mD3Qf4D:6+jmJ—ﬂ
5i 5i (—5i)
_ —30i — 607
—25/2
_ —30i + 60
25
12 6

(iii) z=—-5—-2i=z=—-5+ 2|
(iv) z=—-8+3i=z=-8—-3i

8—i _ 8—i 2—3i
2+3i 2+3i 2-3i

_ 16 — 24i — 2i + 372

4—6i+6i— o

(iii)

_13—26i Y

13 =1—2i

(iv) 2+5i _ 2+5  —3—-2i
—3+2i —-3+2i —-3-2i

_ —6—4i— 15/ — 10/
9+ @i — Bi — 4i?

(i) z—z=(2 + 6i) — (2 — 6i)
=2+6i—2+6i
=0+ 12i

(iv) z22= (2 + 6i)?

= 4 + 2(2)(6i) + (6i)?
=4+ 24i — 36
= —32+ 24i



Solution

+0N+@B-2) 5—j
@+nN—0CB+2) 1—i

(iv)

_5—i 1+
1= 1+
_545i—i—7
T+1—— 7
=8t 34
) G200 =0 _3-3i+2i -0
2+ 4i 2+ 4i
_5—i 2-4
2+4i 2—4i

_ 10 — 20i — 2 + 4/

 4—gi+ 8 — 16/

_6-22i
20

_3 .1,

10 10
iy BHDR=D_6—3i+2i-Pp
@+N2+0) 8Fai+2i+7
_7—i 76
7+6i 7—6i

49 — 42i — 7i + 6/

T 49 — 421 + 421 — 367

_ 43— 49i
85
85 85

(i) x+tyi=4-—2i
=x=4 and y=-2
(i) x+yi=@Q2+H3-—2i)
=6—4i+3i— 2P
=8—i
=x=8 and y=-—1
(iii)x+yi=—l_
_7+i 2+
2—i 2+
_14+7i+2i+#?
4+7i—2i — i?
_13+9i_13 9

5 5 35

9
5

= X and y=

13
5
(iv) x+yi= (2 — 3i)?

=22 4 2(2)(—3i) + (—3i)?
=4 —12i + 97
=—-5-—-12i

= x=-5 and y=-12

3

(i) a+bi+3—2i=4(—-2+5i)
= atbi+3—2i=-8+20i

a+bi=—8+20i—3+2i

= =114 22j
= a=-11 and b=22



(i) a(1 +2i)—b(3+4i)=5
a+2ai—3b—4bi=5
a—3b+ (2a —4b)i=5+ 0i

a—3b=5
and 2a—4b=0
2a — 6b = 10 (multiplying 1% line by 2)
2b = —10 (subtracting)
b= -5
. a—3(-5=0
a =5-—15
=-10
s.a=-10, b= -5

8.z=x+yi and 3(@z—1)=iB3+1i)
=3x+yi—1)=3i+7?
=3x—3+3yi=3i—1

..3x—3=-1 and 3y=3

3x =+2 y=1

-2

X 73

9.2z,=—-34+4i,2z=1+2i
z,+(p+iqz; =0
= (pt+iq)z, = —z

. T4
_ —(=3 +4i)
1+ 2i
_3—4i 1—2i
1+2i 1—2i
_3—6i—4i+ 8P
1 — 20+ 21— 42
- =5 10i
5
=—1-2i
= p=-1 and g= -2
10. z=+V3+4i
= a+bi=4v3+4i
= (a+ bi)*=3+4i

= a?+ 2abi+ (b)2=3+4i
= a’—b2+2abi=3+4i
La*—b2=3 and 2ab=4

ab=2
b=2
a
2
a—f2) =3
4
02_?:
at— 4 =3a°



Solution

= (@)?*—-3@)—-4=0
(@ — &)@+ 1)=0
a=4 or a*=-1
= a==*2 a={—-1=i
butacR=a+#i
2 2 _

Since b=== ifa=+4+2, b===1
a 2

|fa=—2,b=%2=—1
ca+bi=24+i0) or (—2-—1)
11. (x +iy)> =8 —6i
= x>+ 2xyi + (iy)> = 8 — 6i
X2 —y?+ 2xyi = 8 — 6i
“x2—y?=8 and 2xy= —6

xy=—3
12
xz—% =
x*—9 = 8x?

(x)?2—8x>—9=0
=902+ 1)=0
L x2=9 or x> =-1
x=19==3 x=V=1=ij
butxeR=x+#1i
3_ -3

‘. |fX=+3,y:7:T=_1
TV _—3_-3_
ifx=-3,y PR 1

T xy)=G,—-1) or (=31
12. () V—=12—16i=a + bi
—12 — 16i = (a + bi)?2 = a* + 2abi + (bi)?

—12 — 16i =ag?— b?+ 2abi
2ab=—16 and at—b*=—-12
ab= -8 az—(_—8)2=—12
a
b=—2 @-%%- 1
a a

(aY? + 1242 — 64 =0
(@*+16)(a*—4)=0

at=-16 or a*=4
a=vy—16 or a= =*2
=4
Since ae€R a+#4i
if a=+2 b=—8= -4
2
i - _ _—8_
if a=-2,0b -

V=12 —16i =2 —4i or =2+ 4i



(i) v=15+8i=a + bi
—15 + 8i = (a + bi)?
= a% + 2abi + (bi)?

=a?— b%+ 2abi
2ab=8 and a?—b%2=—15
ab=4 - az—(ﬂ)zz—w
a
b=2 . @2-16__15
a a

@)+ 15a2—16=0
(@>+16)a*—1)=0

at=-16 or a’*=1
a=v—16 or a= =1
a=4i

Sincea e R, a # 4i
if a=+1,b=%=4
if a=-1,b="-=—4
V=15+8i=(1+4i) or (—1-— 4i

(iii) VO — 40i = a + bi
9 — 40i = (a + bi)?
= a2 + 2abi + (bi)?

= a2 — b?2+ 2abi
s 2ab = —40 and a?—b>=9
ab = —20 .,.az_(—TZO)2:9
a a?
(a?)? — 400 = 9g2
(@?)? —9a?> — 400 =0
(a*>—25)a*+16) =0
a’=25 or a*=-—16
a==5 or a=V1—-16=4i
Sincea € R,a + 4i
L if a=+5b="20=—4
if a=-5b="2=4

19 —40i =(5—4i) or (—5+ 4
13. 21:2+3i,22:_1_5i

(i) z7+z,=2+3i)+ (=15
=1—-2i

=1+ 2i

(i) z;z,= (2 + 3i)(—=1—5i)

= —2—10i — 3i — 15/
=13—-13i
=13+ 13i



Solution

Exercise 1.4 5¢Im oz,
1. () z=3+5i N\,
(i) zy=—=3+1i 3
(iii) z, = 5i 2
(iv) z,=—1-3i oz, 1
“5-4-3-2-11 123 45 Re
-2
Z0—3
—4
-5
2. () zy=2+i
(i) z,=—4+3i
(i) zy=2—1
(iv) zZ,=—4—-3i
V) z, +z, =2 +1i)+ (=4 + 3i)
=—-2+4i
(i) z, —z,=Q2+i) — (=4 + 3i)
=6-—2i
(vii) z,z, = (2 +i)(—4 + 3i)
= —8 + 6i — 4i + 3/
=—-8+2i—3
=—-11+2i
I 2+i  —4-3i
R TR
_ _—8—6i—4i—3/°
16 + 121 — 127 — 9/
=5 10i _=5-10i _ 1 _2;
16 +9 25 5 5
Im
10
9
8
7
6
(z1+zz)5
e 4
Zye 3
©z.27 2
1 ez,
11109 8 7 46 5 -4-3-2-19 1 2.3 4 5 6 7 8 Re

ez



3. z,=3—i Im(z)
22=2+4i 11
(i) Z1.21 =B3-=NB+ 10 A 0z,.2
=9+ 3/ —3i— 2 94
=10 8 4
(i) z,+Z,=B-N+@B+i 7
=6 61
I I - 51
) 2 =3=7 357 "
_ 3+ 3 1
9+,3/i—,37_12 2 1
34 1. _ _
N 10 ° Z1+Z-| 21.21
_3 .1 —'6—'5—'4—'3.—'2—'11 1 2 3 4 6 8 9 10
70 10 -
(iv) z,z, = (3 — N2+ 4i) X
=6+ 12/ — 2i — 472 .
=10+ 10i
_5.
—6 1
_7.
-8
_9.
_‘|0.
4. (a) z,=3+i Im(2)
z,=—1+3i 5 4
z,+z,=2+4i z,+z,
4 4
z, 3
2.
Z
-1 1 2 3 4 5 6 Rel®
(b) z,=2-2i Im(2)
z,=—1—4i ' ' ' . .
z,+2z,=1-6i -4 -3 -2 - 2 3 4 5 Re(2)
2 1 Z3
—3
z,4_—4+
-5
—61 z;+z,
—74

(c) The points 0, z,, z,, z, + z, when joined, form a parallelogram.

Re(2)



7.

(ii)

(iii)

(ii)

(iii)

Solution

z=1+3i 7] 1m@)
2+z=2+1+3i -
=3+3j o1 1777
3i+z=3i+1+3i 5
=1+6i 4 1+i+z
1T+i+z=1+i+1+3i
=244 3¢43i 2+z
—2-i+tz=-2—i+1+3i —2-itz
=—1+2i
1 .
1T+
2
-4 -3 -7 —1 12 4 Re(2)
—2—i -
-2
-3
When the same complex number is added to several different complex numbers, they all
move the same distance in the same direction, i.e. it causes a translation.
z=3+2i Im(2)
iz =i(3 + 2i) >
_a 5
3i+ 2i . 4
=—2+3j
i’z = (—1)(3 + 2i) ez 3
=—-3-2i
i*z = (=3 + 2i) 2 oz
= —3i—2/?
—2-3j ’
-4 -3 -2 -1 2 3 Re(2)
-1
o2z -2
-3 o i’z
—4
-5

542 = |5+ 2i| =152+ 22
=129

4—2i = |4—2i =4+ (-2
=120 = 2/5

—2—4i = [=2—4i=(-2)?+ (—4)?

=120 =2/5

—34i= |-3+i=1{(=32+0)?
=10




8. 21=2+5i
|z,| = |2 + 5
|z,| = [2 — 5
|z,| = [-2 + 5i
|z,| = [—2 — 5il
34 34+ —2+3i
9 (')‘ 2—3:“_ 231 —2+13i
_ —6+9i + 2i + 37
4 —6f + 61 — 972
_|=9+7i|_|-9., 7
NEEE ‘1 + "
— J[=9) (L)Z
(13) 73
- /130 _ /10
169 13
(ii) |4+ 2B =0 =12 — 4i+ 6i — 212
=[14 + 2il
=(14)2 + 22
=4200 = 10V2
(m)‘ 1 ‘Z 1 ,3—5/"
3+ 5 3+5i 3—5i
_ 3 —5j
9 — 15/ + 15/ — 25/
Ry
34 34
(ﬁ)*(ﬁ)
3% _ 03
342 34
10. z, = —2 — 3i
22=3+I
Z_ —2-3i 3—i
7z, 3+i 3-i
_ —6+2i— 9i+ 3
9—3+3—i?
_—9-7i
10
-9 _7;
10 10
2, = =2 = 3il = (=27 + (=3)?

=13

.6__Im(z)
=—-2+5j
) 5t
A
A}
vo41
A ’
‘\ 34 :’
A ’
b
21
AY ’
A} ’
1\..l’
A} Kd
’I\‘ .I
l..\
’ AY
’ A
’ A
’ - A
’ A}
’ A
’ A}
’ T A
’
’
’
’
’
h
=—2-05i

23456

Re(2)



Solution

| =13 +i=132+12

=10
V4 _ _
|-~ R
z, 10 10 10 10
_ [130 _ {130
100 10
lz| i3 _ {13 _ [130 _ {130
z] V0 0 1100~ 10
lz,| 1z .
— = |—| IS true.
|z, 2
11. v=3+4i
124.3—4")
v 3+4i 3-4i
_ 34
9 — 127+ 121 — 16i2
_3-4i_3 4.
25 25 25
w=4-—3j
1_ 1 ‘“+3q
w 4—30 |a+3f
_ 4+ 3
16+ 127— 127 — 97
_4+3i_4 3.
=725 35 T33!
1_1,1_3 4, 4.3,
v oviwT s s Tas s
1 :l_L,‘:7_"
u 5 25 25
25 (74
Y _7—i(7+J
_ 257 +1)
49+71—71— 12
_25(7+i)_z 1.
~~ 50 2772

12 z=4-2i
27=2(4—2i)=8—4i
32=3(4—2)=12—6i
Izl =4—2] ={4+(-2? =V20 =25
22l = |8 —4i] =8+ (—4) =180 =45

132l = |12 — 6i =122 + (—6)2 =180 = 6/5
|2z| = 2|z].



13. Is |zl =|z| Forallze C?
let z=a+ib
= Z=a—ib
lzZl =Va2+b> =1a®+ b2
2l =Va? + (=b) = a> + b
|zl = |z| forallzeC.

14. z,=s+8i,z,=t+8i

(i) |zl =|s+ 8l =/s2+ 8 =10

s24+ 64 =100
s? =36
S ==+6

(i) lz,| = [t + 8i = {2 + 8 = 2|z,
s o2 +82=2(100=20
t> + 82 = 400
t2 =336
t =336
= +4/21
i i 1+
15. Modulusof1_i— T 1+iH
i+ i
1+7/—i—P
i—1
2
1,1

2 2"

- (—_1)2+(1)2:PZL:(Q)
2 2 2 2 2
16. Solutionsof |z —1||lz— 1] =1.
let z=x+iy=|x+iy— 12> =1
= |x—1)+iy*=1
x—=12+y>=1
x—=12+y2=1=(1?
which is the equation of a circle centre (1, 0), radius = 1.

17. Im(2)
. Z, + 2z,
Z _—-"'"_--\'_ - S
e -
s\|zz‘ X’I:’); 1z, \~s
ST2NIA - 1 _--Yz,
~ 27 ==
N, - 1 1 1
0 Re(2)

1z, + z,| = |z,| + |z,] if0,z, and z, are collinear.



Solution

Exercise 1.5
1.z,=1+i = 3z, =3+3i
z,=3+2 = 32,=9+6i
z,=4—i = 3z,=12-3i

Im(2)
74
6 ,»37,
5t I
4.. ,¢’
3 "321 /,
2 'I ’,/
4 »
l' /’ 22
l' ”
11 Cele
/"’
-3 -2 -1 ~~'I‘~.2 3 4 5 6 7 8 9 12 Re(2)
—1 5"*~‘~~
z, BTN
-2 ~"*~_~~~
-34 ~e3z,

2. z,=2—i
32, =32 —-i)=6—3i
4Z1=4(2—i)=8—4i
—2z,=-2Q—i)=—4+2i
Im(2)

[ Y
~
_221‘~

N

~

<
_’I ‘\
7~
\N
24 ~.
<
<
~
\\
31 S e
~
3z,7~0
...
44 °

4z,

Multiplication by a real number stretches the number along a line from the origin.

3. A—>1+5j
B—1+2i
C—2+2i
D——2+i
E——1-—2i
F——2-—2i
N— —1+



(i) ABC — DEF results from the translation —3 — 4i.

Im(2)
5+t [
n
1\
4__ [ Y
1\ ABC
"
3+ ! \
1 \
1 \
ABC(i) .-41 2 ---
-7 .
[ Y 1
5 —4 -3 -2 -1 1 2 3 4 Red

(i) (ABQO)(i) =
A() = (1 + 50)i = i + 5i?

=—5+i
B() = (1 + 2i)i =i + 27

=-2+i
Cli) = (2 + 20)i = 2i + 272

=-2+2i

(iii) ABC — DEN

3 4 5Re(?

DNE = ABC(i?) + 3 ie., a rotation of i followed by a translation of +3.



Solution

4. z, =4+, z,=7+2i, zZz=5+5i
w=—-3—4j
ztw=@4+i)+(-3—-4)=1-3i
z,tw=(7+2)+(-3—-4)=4—-2i
zZ,+w=05+5)+(=3-4)=2+i

51 °Z3

41 )

A translation.

5. () z,=6—2i

(i) (z,)i= (6 — 2i)i
= 6i — 212

=2+6i
(iii) (z)i2 = (6 — 2i)(—1)
=—6+2i

A rotation.



6. () z,=3+6i

z,=1+2i
z,=az,= 3+ 6i=a(l+2i
3+61)_
1+ 2i
a=3

(ii) 23:—2+I
z,=bz, = —2+i=0b(1+2i)

eZ— W
-

—2+i_
7 Tta2
b=—2+i_1—m)
1T+2i \1—=2i
_—Z+4it+i="_5i_,
1—-2i+2i—47 5
S b=i
(i) z,=—1-2i
zy=cz, = —1-=2=c+2i)
—1—-2i _
1+2i ¢
—(1+2i) _
1+ 2i
c=—1.
7. z,+w=3+6i 6 Im(z)
z =4+ 2j 1
= w=—1+4i 5%
—w=1-4i w
= z—w=4+2+(1— 4 14"
=5-—-2i L34
‘214
i
2 :
_'I +
-24
73.. ‘\
—44 \y’
—Ww
8. () z—z+ k ke C atranslation of the plane.
(i) z—kz, keR a stretching or contraction away from or towards the origin.
(iii) z— kz, ke C a combination of stretching and rotation occurs.
9.z, =2+i
z,=2+3i
z,=1+3i
z,=1+i
() z—2z2=2, —22, =22+ i) =4+ 2i
zz—>222= (2+3i)=4+6i
z,—2z,=2(1+3i) =2+ 6i
z,—22,=2(1+)=2+2i



Solution

(i) z—()z=>2z, —iz,=iQR+)=2i+7=—1+2i
z,— iz, =02+ 3i)=2i + 3= -3 +2i
z,—iz,=i(1+3)=i+3°P=—-3+]i

z,— iz, =i+ =i+P2=—1+i

1
1+
(i) z—=Q2+Nz=2,—-Q2+iz,=2+N2+)=4+2i+2i+i°

=344
2, — (24 )z, = 2+ )2 + 3i) = 4+ 6i + 2i + 37
=1+ 8j
Z,— 2+ i)z, = 2+ (1 +30) =2 + 6 + i + 302
=147
2, = Q2+ 0z,=Q+ DA +)=2+20+i+0P
=1+ 3j
Im(2)
-3 -2 -1 1 2 3 4 5 6 7 Rel@
10 () z=1+2 ; 1422+
Z=-3+2; —3+2— 13+
Z,=-2-2; —2-2——1—i

*. Contraction by a factor of %

(i) z,=1+2i ; 1+2i—3+6i
z,=—-3+2; —3+2i——-9+6i
z,=—2—-2i; —2—-2i——6—6i|

3
.. Stretching by a factor of 3.

Exercise 1.6

1. -2+ 4 arootofz22+4z+20=0
— (=2 + 42+ 4(—2 + 4i) + 20 =0
= 4+ 2(—2)4i)+ (4i)2—8+16i+20=0
= 4-16/—16—8+ 167+ 20 =0

—24 + 24 =0 True
—2+4j isarootof2Z2+4z+20=0
= secondroot = —2 — 4i.



4.

(ii)

(ii)

(iii)

(iv)

=
=

z 201)
_2+1{—64
2
=228 124
Z2+4z+7=0
a=1, b=4 c=
L —4 = (@2 =40

2(1)
—4£4—12
2

:i%ﬁi:_Zi@y
z7=1+3i,z,=1-3i
= The sum of theroots =1 +37 + 1 —3i =2
also, the product of the roots = (1 + 3i)(1 — 3/)
=1 =31+ 31— (3
=10
equation =22 — 2z + 10 = 0.
zZi=—2+i, z,=—2—i
= The sum of theroots = =2 +7/—2 —f= —4
also, the product of the roots = (=2 + i)(—2 — i)
=4+ 2i—2i—1
=5
equation =22+ 4z+5=0.
z1=4+ 2, z,=4—-2i
= The sum of the roots =4 + 2"+ 4 — 2/ =8
also, the product of the roots = (4 + 2i)(4 — 2i)
=16 — 8f + 87 — 4i>
=20
equation = z2 — 8z + 20 = 0.
z, = +5i, zy=—5i

= The sum of the roots =5/ — 5i =0
also, the product of the roots = (5i/)(—5I)
= —25j2
=25
. equation=2>—(0)z+25=0
= 722+ 25=0.

z=4—jisarootof22—8z+17=0

Z=4 + | isalso aroot

@4+i2—-84+i)+17=0

16+2@4)/)+i2—32—8+17=0

16+ 87—1—-32—8+17=0
+33-33=0

.4+ isalsoaroot.



Solution

5. —2+2jisarootof22+322+4z—8=0
= (=2+2)P+3(—-2+2)2+4(-2+2)—8=0
(=22 + 3(—2)2(21) + 3(—2)2N2 + 3[+4 + 2(—2)2) + 2)))1— 8+ 8 —8=0

—8+ Ui +24—-8+12—24i—12—-8+8—8=0

+36 -36=0
Since the coefficients of f(z) are real = the conjugate —2 —2jis also a root.
z;=—-2+2i
z,=—2—2i

= sumofroots = (—2+2)) + (-2 —-2)=—4
also, the product of the roots = (—2 + 2i)(—2 — 2i) = 4 + 41 — Al — 4i2
=8
.. the quadratic formed from two roots =22+ 4z +8 =0
z—1
Z2+4z+8|22+322+4z—-8
22+ 47 + 8z
—z2— 47— 8
—22—4z—-8

..z— lisafactor = z = 1is the third root

6. Root1 =2+ 3j
Root2 =2 —3i
= sum of theroots = (=2 +3) +(2—-3/) =4
also, the product of the roots = (2 + 3i)(2 — 3i) = 4 — 61 + 61 — 9i?
=13
.. the quadratic equation formed from roots = z>2 — 4z + 13 = 0.
2z—1
22— 47+ 13|22 — 92> + 30z — 13
27> — 82> + 26z
—22+4z—-13
—22+4z—-13

. 2z—1lisafactor=2z—1=0

=1 is a root.

2
1
2
7. 2 =22+ (—1+5)z+14—7i=0.
f(1+2)=01+22+(—=1+5)1+2)+14—7i=0
=1+21)2)+ Q)2 —1-2i+5+10i2+14—7i=0
=1+4—4-1-21+5—10+14—H

15—-15=0

. rootsare 2 * 3j,

=1+ 2i isaroot.
(1—20=01-2+(=1+5)(1—-2)+14—-7i=0
=14+2(1)(=2i) + (=2)* =1+ 2+ 5/ —10i?+14—-7i=0
=¥Y—4i—4—- X+ 20(+5+10+ 14— =0
20—4i#0
=1 — 2i isnotaroot.
This is not a root because the conjugate of a root is only a root of polynomials with
real coefficients.



1+2i _1+2i 1+2i)
"T—2i T-2i\T+2i
_ 142+ 2i + 4P

1+ 21— 21— 412

_—3+4i_-3_4..
——5 5 +51 IS a root

_3_4 .
= z 51 is also a root.

.. the equation f(z) = 22 + %z +1=0

=5224+6z+5=0.

=a=5 b=6
9. Z2—1=Z—- 1)+ az+ b)
2 -1 2
= =——=2+az+b.
z—1
Z24+z+1
z— 1|23 —1
P
+ 22 —1
+z2—z
+z—1
+z—1

2= 1=-NZ2+z+1)
=a=1b=1.
solvingz2+z+1=0:
a=1,b=1,c=1

—1 =412 = 4(1)(1)

= z= 5T0)
_ —1*(=3 _ —1+43i
2 2
—1+43i —1—43i

. therootsare 1,

2 2
10. roots = —2 £
= sumofroots=(—2+/)+(—-2—/)=—4
product of roots = (—2 + ) (—2 — i) = 4 + 21 — 21 — i?

=5
*. the quadratic equation f(z) = 22 + 4z + 5 = 0.
z—3
22+4z+5\2+2—-7z—15
22+ 422 + 57
—322—-12z—-15
—322—-12z—15

= the other two rootsare —2 — i, 3.



Solution

11. roots = =3 + 2/, =3 — 2i
sum of roots = (=3 + 2/) + (=3 — 2i) = —6
also, product of roots = (=3 + 2i)(=3 — 2i) = 9 + 6/ — 61 — 4i? = 13

.". the quadratic equation: f(z) = 22 + 6z + 13 = 0.

Given a third rootz = 2 = (z — 2)isafactor

.. the cubic equation is: () = (z — 2)(z*> + 6z + 13)
=7224+62+132—222—-122—26
=22 +4272+2z—-26=0.

12, z; = —1+iisaroot =z,= —1—i isalsoaroot

z3=2.

.. sum of roots =(—1+H+(—1-i)=-2

also, product of theroots = (=1 +i)(—=1 —i)=1+i/—4F— i’ =2

.. the quadratic equation: f(2) =z2+2z+2=0
.. the cubic equationis: fiz) = (z — 2)(z> + 2z+ 2) =0

=2+ +22-27—4z—4

=22-22—4=0
13. z=1°
=2z2=1
=2-1=0
=z-NZ2+z+1)=0
2 =1 or ZZZ%@ or 23:—1%@
o =1+93i =1 —43i
B 2  B= 2
N o[ =1 B (=12 2(=1)30) + ((30)?
(i) a?= =
2 4
_1-2(3i—3
4
:—2—2@:—1—@23
4 2

(i) 1+a+B=1+(_1—2H/§i)+(_1;\/§i)

_E-A+JBi— ) Bi
2

_0_
_2 0

Exercise 1.7

1. () 4(cosﬂ+ i sin 757) =40 +i(1)) =0+ 4i

(ii) 2(cos—+lsm5?77)—2(7\/§+,(2)) —3 +i
(iii) ﬁ(cos%%—/sm ( ‘/—+,£)

=2+ 2= 14
(iv) 2(cosg+ iisin %T) = 2(%+i§)

=1+ 3i



2.

() z=2+2i
2| =22+ 22
=8 =22

arg: 0 = tan™' %

T radians

4
Im(z)
3 +
51 gbl‘ (2 +2i)

|zl =10+ (—3)?
=3

arg: 6 = tan™’ (%3) = tan~' ()
=_T
=5 (rads)

Im(2)

4/9:: __ﬂ: + + Re(z)
2

=3

Mod

—3i

(i) z=14+i
r=lz=V12+12=142
—an-11] =@
6 = tan (1 2
z=r(cos 0+ isin 0)

= z=\/7(cos—+lsm—)

(ii) z=1\3+i
=B +12=2
f=tan~ ‘( ):%

z=r(cos 0 + isin 0)=2(cos%+isin T

(iii) z=—-2+42j

r=lz ={(-22+ (22 =6
0 =tan~ (\/_) —35.3°

= 6=144.7° (180° — 35.3°)

(iii) z=4+0i

2 =4
arg: 6 = tan™! 9
4
= 0 (rads)
Tim@

(iv) z=—y3+i
2| = (=37 + 12
=2

arg: 6 =tan! —L\/?

= (—%) from calculator

5 . T
= = Radians ( — —)
= 0 3 ™%
Im(2)
— B+
*~.Mod =[2, 5z
AR
' Y Re@
6 S.o
1+
r
0
B+
I,
[Z)
Im(2)
-2 +42i
(from calculator) r 9

= z=r(cos 6 + isin 0) = {6 (cos (144.7°) + isin (144.7°)) N

Re(2)



(vi)

(vii)

(viii)

z=-2—12i
Im(2)
r=lz| ={(—2)2 + (—V2)2 R
= i/—6_ + '§35'§0 +
: 2 1. A ph 1 2R
- -1 V£ r 14
6 = tan ( — )
= 35.3° (from calculator) -2 —2i
= —180° + 35.3° = —144.7° 21
z=r(cos 0+ isin 6) = V6 (cos(—144.7°) + i sin(—144.7°))
z=4i Im(z)
r=lzl=102+42 =4 4
— tan-1 i) _m :
0= tan (0 > :
=r(cos€+isin6)=4(cosg+ising r
Y,
Re(2)
z=-—5 Im(z)
4..
= |z =1(= =5 N
0 =tan™! (—LS) =tan'0 21
_ _ ‘I..
= 0 (from calculator) ?S_T__:_r_:__#ﬁ{ e
=180°—0°=180°= = —5-4-3-2-1] 1 2 3 4 5Rel@
z=r(cos 0 + isin 6) = 5(cos 7 + i sin m) _2
_3..
—44
—5..
z=—3j Im(z)
= |z] =40 + ( =3 21
0 =tan™' (T‘?’) = tan~" () 1'
__m —3-2 -1 :4{91' 2 3 Re(?
2 -1
z=r(cos 6 + isin 6) o
= —T) +jsin[—Z —3%-3;
3(cos( 2)+/S|n( 2))
—l_E' Im(2)
z=5— =i
1P —E)Z :
r=|z = \Hz) + (—2 -1 /er Re(2)
=1 =1 \.1_\/_5‘
7_5 a1l 2 2
6=tan'|—2—| =tan"'(—V3)
2
= —60°= -2

3
= rlcos 0+ isin 6) = 1.|cos~Z| + isin( T



4.

(i) z=(1+3i)?

(ii)

()
(ii)
(iii)

=14 2M3i) + (V3i)?

=1+4+2/3i—3
= -2+ 2(3i
r=lz =122+ (2037 =4
0=tan*‘(£)
-2
=tan~'(—3)
= —g (from calculator)
_ o _ T _2m
3 3 5 5
.'.z=r(cost9+isin0)=4(cosT7T+isin?77)
,__ =2 __ =2 (—w/?—l)
—3+i —V3+il—-V3—i
_ 4203 +2i
3+ 37— 37— i2
_ 2(3 +2i
4
V3 1.
=2 4 2
2 2

~.z=r(cos 6+ isin 6) = 1(cos%+isin%

z=1+43i
iz=i1+V3i)=i+V32=—3 +i
i2Zz= (=01 +3i)=—1—-13i
Pz=(=N1+13i)= =i =32 =13 —i

z=1+43i : 6 =tan"! ?)
—ee =T
=60 3
, 1
z,=—{3+i: 6 =tan 1(—_\5)
= —30° = —% (calculator)
T _5T
6 6

=60° = g (calculator)
— T _ _2m[_A4m
=TT 3 3

Im(2)

Re(2)

Re(2)




(iii)

Solution

z, =13 —i: 9=tan1(—3)
o_ al_ 1w
=30 =g |= 17
m_m Sm_m_m
3 6 ' 6 3 2
St —2m_ 5w 4m ar_5m_m
6 3 6 3 3 6 2
~2m T 4m  Nm Nm_dm_m
3 6 3 6 6 3 2

z=2i
=2 ®2i
_m ]
0= > :
z=r(c050+isin0)=2cosg+ising ’E
1\0
z=-3—13i
r=lel = {37 +(~BF =12
0 =tan™"' _—E) =tan™' E) L K/g
_3 3 ’¢' r
v ¢’
=30° (E (calculator result) 33
S -
=-7m+e -

z=r(cos 6+ isin ) =V12 cos(—%'r +isin(—%"))

2 2 (—1—i
Z_—1+i_—1+i(—1—i)
__ —2-2i
T+i—j7— P
_ —2—2i

2
=—1—i
r=lz =V(=12+ (=12 =42 K
6= tan*‘(:—:) =tan "1
=45°(

B | - s
4

z=r(cos 0 + isin 0) = E(COS(_%TW) + isin(—%))




7. (i) 22

—2z+2=0
a=1,b=-2,c¢c=2
_ t2+ (—2)2 —4(M)(Q)

z 201)
_2+{=4 _2+2i
2 2
=1+
r=lzl=V12+12=42

0=tan*1(T) 45°( )

%)

= r(cos 6 + i sin 6) =\/_(cos—~l—lsm—)

—\/f(cos 4)+/sm( 4))
8. z,=t+8i
/8 3
arg(z,) = tan 1(?) = TW
j%:tan(ﬁ):
=t=-8
Exercise 1.8
1. Z; 4(COS%TW+ISIH3W)ZZ_ZCOS—+ISIn—)
. 3
(i) 2122—4><2(cos +4)+15|n(T7T+ ))
= 8(cos 7 + i sin )
i =% (3_77_2) i (3_77_2)
(ii) Z 2 0s + isin 7 7

2(cosg + i sin 757)

2, z= 2(cos—+/sm—)

=2722=2 cos—+ isin ) 2(cos—+lsm—)

| 3
:4(c E) +isin(§+§))
= 4(cos— +i smz—Tr
3
3. z, = 3(cos§ + i sin g) z, = 4(cosg + ising
) |z;| =3, arg(z) = g
(i) |z| =4, arglz) = %
(iii) |z,2,| =3 X 4, arg(z;z) = (g + g)
=12 - 5?
w25 ol -5

o
6




Solution

4. 4(cos% + i sin 6) X 3(cos— iisin —)
= 12[cos E + g) + i sin (E + g)]

= 12(cos— + i sm—)

5. 9(c055—77 + isin 5—77) - 6(cosE + isin E)

6 6 3 3
57 57
= cos( )+lsm(6 3)]
_2 K C T
—2(c052+/sm2)
6. 2(cosg + isin 737) X %(cosg + isin g) X 6(cosg + isin g)
1 ’7T T, T ..
=2X=X6X 4+ 24+ 2 z
2 3 6 [c059+9+9)+15|n(9+ +9)]
4(cos 3 + isin ?)
= ( +I—)—2+2\/—
3 37 2T 2T
7. (cos 7 + isin 7 )(cos 7 + isin 7)
= [cos 3T 37\ cos AT 4w
—(cos 7 + isin 7 )(cos 7 + isin 7

=cosa +isin

8. (a) [2(c057—7+ i sin ﬂ)r

3 3
= [Z(COS%T + isin E)][2(cos% + isin %)]{2(&5% +isin %)]
= 8(cos3?77 +isin 33—77)

= 8(cos 7 + i sin )

) [Z(COS%T + isin %)]4

= 2(cosg + isin %T) . 2(cosg +isin g) . 2(cosg + isin %T) . 2(cosg + ising
41

4
16(cos— + lsm—)
3 3
z = 3(cos 7 + i sin m)
(i)l 1 _ 1 ,(cosw—isinrr
z 3(cosa+isinm) 3(cosm+isina) | cosw—isina
_ cosm —isinm
3(cos? 7 — i cosrsin 7 + i cos-arsin  — i sin? )
Ccos 7 — i sin
3(cos? 7 + sin? )

_cosm—isinm _1 o

T T— 3(cos T — isin )

since cos 7 = cos(—m)

and sin 7= —sin(—m)

12 -

3 3(cos( 77) + sin(—m))
w11 __1 .
(||)Z—3( 1+0) 3+0.l



10. z=—2+ 2/3i

r=lz = {(—27 + (23] 22
=4
6= tan™! (%) = tan"'(—13)
T
= —60°(%) (from calculator)
_ g m_2%
3 3
Z=r(cos O + isin 6) = 4(c052—77 + isin 23—77) KN
@ () z [4(cos—+,sm—)]
4 A
= 16(cos 3 + i sin 3 )
(b) (i) z [4(cos— + sm—)]
= 64(cos— + i sin 63—77)
= 64(cos 27 + i sin 2m)
o = ] o )
(@) (i) z 16(cos 3 + i sin 3 16 2+/ >
= —8 — 8/3i
(b) (ii) 22 = 16(cos 27 + isin2m) = 64(1 + i(0))
=64 + 0j
11. z=cos O + isin 6
1_ 1 _ 1 cosB—isind
z cos O+ isin@ cos @+ isinf cosf—isinf
_ Ccos O —isin 6
cos? 0 —icos¢simo +_icoesHsimd — i2sin? 0
_ Cos@—isinb
cos?Z 0 + sin20
_ cosH;:smB [cos? 6 + sin2 6 = 1]
=cosO—isinf=2z
a . . TT)
12. z. cos4 +lsm4 =1
1 T . . T
=z= = CoS— — i sin—
T oiain ™ 4 4
cos 4 + isin 7
11,
2 2

13. z=cos O+ isinf
1

:>E=c050—isin6

1

:>z+E=c050+isin0+cosH—isinH

=2cos 6

Re(z)



Solution

Exercise 1.9

1. (i) (cos(8)~l—lsm(8))4 (COS%*I—ISIH%

(c055+lsm—)—0+1

(ii) (cos%+isin%) (COS%‘FIS”‘]% __T*/g_%i

)8 (coss—w + 15|n8—7T

(iii) (cos—+/sm— ) )

12 12

21 2w\ _ 1, V3.
(cos?’+15|n3 = 2+2I

. 2 23 67 6
(iv) (cos 3 +isin 3 (cos 3 +isin 3)

=(cos2m+isin2m =1+ 0i

(V) (cos—+lsm—) (cos — 7T)+ism( 2 )

-3
2

6
4

- (cos(_T?”T)+isin( ))=O+i

. 2w 2_77102( 20m 207
(vi) (cos 5 + isin 5 Ccos z +isin B

= (cosdm+isindm) =1+ 0i

i (cos(gf) + isin[7g'||" = (COS(_198WJ +i5'”(_192377)
o] ()
e

= (cos(_TW) - isin(_TW))

=0—i
2. z=ﬁ(cos—+lsm—)
4_ T T\
z [\/fcos3+/sm3)]
(\/_)4(cos—+/smg—77)
_ _1_@.)
4( 2 2!
=—2—23i
3. zZ= 3(cosﬁ + isin ﬁ)
z° = [3(cos— + isin —)]5
10 10
= 35 cos 27 s
3(cos10+lsm10

= 243(cos 5 +isin 5)

=243(0 +i) =0+ 243j



4.

5'

6'

(i) (cosg+i5ing)2 (coszz_;—w+/sm23—77)

= C058W+ISIn8—7T

3 3

rs . . TT\2 2
(cos3+lsm3) (cos 3 + isin = ) ( oS +l$|n

27 | i gin 27|

(i) (cos%+lsm 3

27
3

_( 1077' 1077)

)(cos 8m +isin 8—77

3 3
s—+lsm—

3
B ,

_52

(i) —2(cos—+lsm—)

(i) z —3(cos—+lsm2777

(i) 2, = 2[cos g —isin &) = 2[cos[ ) + isin[ ¥

)+ sl =57

(iv) z, = 3(cos—— lsm23—77 = 3(cos(

V) 22, = 2(cosg + lsm— X 3(cos— + 15|n23—77

_ w27 2m
—6(cos( + 3 +/S|n(6+ 3))

S5
= = + =
6(cos isin 3 )

. . 1Tr

oz 2(COS€+ISII’]€)

W z 3(cos 27 +isin —277)
3 3

(% 2377) isin{g ~ 2_77))
5

A

-1 0= e 2] ¢ 3n( 2]

_ 4 .
(1 =i ( cos( 7 )+15|n(T7T))) r\\
= 4(cos(—m) + isin(—m) A
=4(—1+0)
—4 + 0i
i) z=1+i3 Im(2)
r=|zl =112+ 32 =

B)_m

= tan‘1(

=z= 2(cos§ + i sin §) Re®)

(1+iW3)P= (2(cos% + isin %))3

= 8(cos 7+ isin m)
=8(—1+i0) =—-8+0i




Solution

(i) z=-2-2i
r=lzl = (=22 + (- 2?
=18

0= tan*‘(%) =tan 1

A% 45°
=45°(%) calculator h —
T 1
4 P
_ —3m
4 )
:(—2—2i):\/§(cos( — 77')+isin( _:’WJ -2
C (94 — —377) ..
(=2 =20 ’@(cos(—4 + isin 7
= (V8)*(cos(—3m) + isin(—3m))
=64(—1 + (0))
= —64+0i
7. (140 .
o1+
r=‘2|=\]12+12=\/§ ll
= =1 l): =1 :z r,”
0 = tan 1 tan™'1 7 y
_ NG _ K c o A ’
z=01+1 [\/f(cos4+lsm4)] o
= 4(cos 7 + i sin m)
= 4(—1 + i(0))
= -4
8. z=4-4
r=|z| =4+ (—4)2 =32
=42
— tan—1 __4)
6 = tan (4
= “-T—1)= -7
tan™'(—1) 2
g z—4\/—(cos - +15|n )) /o
—_ 1 a_a4p3 \‘\r
V4 (4_41)3 (4 4’) \\
=[4\/7 cos —%)%—isin —E))]f3 4 — 4

37
=(4V2) (cos 2 +isin 2




9.

10

() (3 —13i)°

r=lz =32+ (—32 =12

= tan‘1( \/—)
-5

z=(3-43i) —[\/_(cos—

=1728(—1+1i.0)
= —1728 + 0i

(i) (2 + 2/3i)°

r=|z =22 + (2/3)
=16 =4

6=tan"’ ?) =tan"'V3
= 6013
z=1(2+2y3i)° [4 cos§+/sm§)]6

= 4%(cos 27 + i sin 27)
= 4096(1 + i(0))
= 4096 + 0i

B+i _3+i 1-43i

7z =

1443 14430 1—13i

_ 3-3i+i—137

1 — 37+ 37 — 312
_203-2i_V3 i
4 2 2
3+i _3_ i
1 +43i

S

1

0 =tan™’ WZ = tan”(—
2

i3
z= 1(cos(—7€7) - isin(—%))

2= 1[1(cos —g)—Hsin(—%))r
= 1(cos(— ) + isin(—m))
= 1((=1) +i(0) = 1.

+ i'sin —(767))]6
= (V12)%(cos (— ) + isin(—

™))




Solution

Exercise 1.10
1. (i) (cos a7 —isin mw)° = (cos (—m) + isin (—m))°
= cos (—=5m) +isin(—5m)
= —14i(0)

i) (cos§ —isin F° = [cos [~F) sin "

)

= cos (—2m) +isin(—
=1+ i(0)

(cos7—T —1 isin 7—7)3 B (cosg S e g)_3

3 3 - s
=(cos(—§)+isin(—§))
=cosmtisin
= —1+i(0)

(iii)

(iv) COS— - lsm—) = (cos(—g) + isin (—g))“

=cos(—2m) +isin(—2m)
=1+i(0)

2. (i) (cos @+ isin 0)? = cos260 + isin 20
= €0s? 0 + 2icos Osin 0 + (isin 0)> = cos 20 + isin 20
= €0s?0 —sin? 0 + 2icos Osin O = cos 20 + isin 20
= sin 20 = 2 cos 6sin 0
(i) (cos® + isin 0)> = cos 30 + isin 30
=-cos® 0 + 3icos? 6sin® + 3 cos O(i sin 6)> + (i sin 6)> = cos 30 + isin 30
cos® 0 — 3 cos 0sin? 0 + 3icos? Osin @ —isin® O = cos 30 + isin 36
= cos 30 = cos® 6§ — 3 cos Osin? 0
= cos® 6 — 3 cos O(1 — cos? 6)
= cos3 0 — 3 cos 6 + 3cos® 0
=4cos®> 0 —3cos 6

3. cos40 + isin460 = (cos 0 + isin 6)*
= cos* 0 + 4 cos3 0(isin 6) + 6 cos? O(i sin 0)> + 4 cos O(i sin 6)* + (isin 6)*
= cos* 0 + 4icos? 0sin @ — 6 cos® 0sin? O — 4icos 6 sin® 0 + sin* 0
= [cos* 0 — 6 cos? O sin? O + sin* 8] + i[4 cos® O sin @ — 4 cos O sin’ ]
(i) Putting Re =Re:
cos 40 = cos*  — 6 cos? §sin? 6 + sin* 0
= cos* 0 — 6 cos? O(1 — cos? 0) + (1 — cos? 0)?
=cos* 0 —6cos’ 0 +6cos* 0+ 1—2cos?0+ cos* 0
=8cos*H —8cos?0+ 1
(ii) PuttingIm=Im:
sin460 = 4 cos’® 6sinf — 4 cos Osin® 0

4. 2=8=8+0i
r=1z| =8

|
6 = 0°(0 rads) m@)
= 8(cos 0 + isin 0)
= 8(cos (0 + 2nm) + isin(0 + 2nm)
z=1[8cos (0 + 2nm) + isin(0 + 2n7-r)]% , g
-5 3n 2]
leth=0:z=2(cos0+isin0)=2(1+0)=2
leth=1: z—2(cos—+lsm2?77 —2( %+Bi) = —1+3i



leth=2:2=2 cosg—w+/sm— —2( % §]=—1—ﬂ

*. therootsare2, —1 + V3i, —1 — y3i

5.22=-8=-8+0i Im(z)
r=1-8=38
0 = 180°(7r rad)
23 = 8(cos 7+ isin m)
= 8(cos(m + 2nm) + isin(7 + 2n)) 1 o )
= z=[8cos(m + 2nm) + isin(m + 2nm]? [
i +2 +2n Re(2)
_ sz[cos (w) +isin (%TH
letn=0:z2=2 (COS3+IS|n—)—2(2+I—)+1+\/_I
leth=1:z=2(cosm+isinm=2(—1+0)=—-2
Ietnz2:2:2(c055?77+lsm53—7'r)—2(1 J_)—1—\/—1
. therootsare —2,1 + V3i,1 — {3i
6. z=2+ 23] 2+ 2430
r=|z =122+ (2/3)2 =4
f=tan™! (?) =tan"'y3 "
o[ TT
_60(3) )
_ Ty i T
z—4(cos3+/sm3)
22=4(cos—+lsm—)
. ks (T 1
z—4(cos(3+2n7r)+/sm(3+2n7-r))
. 3+2nm\ |[F+2nm
= z=4%cos|————| +isin|———
2 2
letn=0: z—2(cos—+lsm— —2(—+l —) V3 +i
6 6
—1:7= /@ I
leth=1:z 2(cos 3 + isin 6)
_ _5_1.)__ .
—2( > 51| = V3 —i
~.therootsareV3 +i, —/3 —|.
7. z=1
lz| =1
6 = Orad

(@) z=1(cos0 + isin 0) = (cos (0 + 2na) + isin(0 + 2nm)
= [1.(cos(0 + 2nm) + isin(0 + 2n7-r))}%

= cos(zgw) + isin(—znw)
leth=0:z=(cos0 +isin0)=1+i0) =1
2T 27 _ _1 B
leth=1: z—cos?+/sm 3 2+ 2/
4 47 _ 1,13,
leth=2: z—cos3+/sm3— 2+21
(b) Thus the sum of the roots is
1 B-) (_1_@):
(1)+( 2+21+ > 21 0



Solution

8. 2=27i=0+27i
7= (0 + 27
r=27

= 90°(g rad)

z= {27(cos (757 + 2n77) + isin (757 + 2n77)H% \ng
+ 2n 3
T 2
letn=0:z= 3(cos (g) + isin (g)) = 3(? n ,%)
_303 1,
2 2

letn =1 :z=3(cos5?77+/sm 577)

-Gl

3
2
=3(0+i(—1) = —3i

.. the cube roots are —3i, —3/3 + 3 303 + 3

T+ 2nm

= 273 cos

+ isin

leth=2: z—3(cos—+/sm

2 2 2 2
9. (i) 22=1+13i 1
= z=(1+43i2
r=lzl =y12+ (32 =2
6 =tan"! (E) =T ,/
1 3 "\0
T 1 ’
3 +2n77)]
T+ 2nmw

3 =
2

o143

SoZ= [2 cos

7§T+2n71-)+isin(

Re(2)
+ 2nar

=12 —

cos + isin

letn=0: z—\/f(congrlsmg \/—(—Jrl l))

2 2’

letn=1 :z=x/7(cos%7+/sm%7)_\/7(_‘/?_1,-)

2 2

(i) 22=2—2V3i
z=(2 - 23} )
r=lz =122+ (23 =4 "o Re(2)

0= tan”(%ﬁ) = tan~"(—3)

= —60°(—7§Trad) v
z= [4(cos(—g+2nw)+isin(—%+2nwm% '
= +2nmw - t2nmw

2 2
Ietn=0:z=2(cos(—7€7) +isin(—7€7))= g—%i}

=2

cos + isin




1= 57 4 i 57| _ 5[ =13 1-)
lethn=1:z= 2|cos 3 ~+ isin 6) 2( > +21
=3+
c.rootsareV3 — i, —V3 +i
(iii) z22=4i= (0 + 4i)
z= (0 + 4i)?
r=4
_m
0=5
_ a cer o [T 3
z—[4(cos(2+2n77)+/sm(2+2n77))]
_, §+2n7-r+” 3+ 2nm
=2|cos| 5| +isin|——5—
tn=0:2=2[cos T+ isin 7| =2 L+ i L]
eth=0:z (cos4 lsm4) 5 1\/7
=2 +42i
57 , .. 57 —1 1.
Ietn=1:z=2(cos—+lsm— =2(———)
4 4 V2 2
= —y2 —2i
s rootsare 2 +V2i, =2 —2i
10. 2521-|-Oi1
z=(1+0i)°
r=1
6=0 1
= z=[1(cos (0 + 2nm) + isin (0 + 2nm))]°
_ 2na . . 2nTT
—(cos(—5 )+lsm—5
leth=0:z=2(cos0 +isin0) =1
Ietn=1:z=c052T7T+isin2?7T=(0.309+0.951i)
letn=2:z= cos%” +isin 4?77 = (—0.809 + 0.588)
letn=3:z= cos65—7T +isin 65—77 = (~0.809 — 0.588)
Ietn=4:z=c058T7T+isin85—7T=(0.309—0.951/)
= c0s 2T 4 jsin 27
let w = cos 5 +isin 5
2 _ 2w 02w AT AT
= W (cos 5 + isin 5 cos 5 + isin 5
3 27 n 2P 6T o 6T
w (cos 5 +isin 5 Ccos 5 + isin 5
4w = cos 47 + cos 87 + 1[sin 47 + 5in &7
we+ w cos 5 + cos 5 + i|sin 5 + sin 5
Note: [sin(180° — 6) = —sin(180 + 6)]
sindT = _gin 67
s.sin z sin z
47 6T

=wl+wl= cos? + cos o a real number

4i

\0




Solution

Revision Exercise 1 (Core)

1. V80 — 20 =16 X5 — {4 X 5
=4(5 — 25 =2(5
2. x—1)+yi=y+4i
=x—1=y and y=4

x—1=4
X =25, y=4
3.22+4z+3=0 OR(z+3)z+1)=0
a=1,b=4c=3 =x=-3 or z=-1
N Z:—4i\/42—4(1)(3) =z=-3+0i or z=—-1+0i

2(1)
_—4*l4_ —4+2
2 2
z=—1+0i,—3+0i

=-1,-3

4, z, =5+, z,=-2+3i
(i) (z)>=(5+02=752+2(50) + ()2
=25+ 10i— 1
=24 + 10i
(i) |z| =52+ 12 =126 = |z,]> = 26
\22]2\/(—2)274—32:\/@
|z* = ((13)? =13
|z,|? =26 = 2|z,|> =2 X 13 = 26 ....True
5. () z=—-1+i3
22=(=1+i3)2=(=1)2 + 2(=1)(i/3) + (i3)>
=1-23i—
=—2-2/3i

6. z=1+i

r=lz =12+ 12=12

0=tan*‘(%) =tan "1
_ pco[ T
_45(4)

=z= E(COS%'F isin%)

(i) 2> + pzisreal.
= —2—2(3i+ p(—1 + i(3) isreal
= —2-2/3i—p+pl3i isreal
= —2—p+i(—2/3 + p/3) isreal
p=2

=74 = {ﬁ(cos% +isin %)]4

= 4(cos 7 + isin )

Re(2)

=4(—1+0.))
=—4+0ij
7.z=—1+13i
r=|z| =1{(—1)? =2 —1+3i
6=tan" (r)—tan*‘(—ﬁ) r
— Mol
= 60(3)(calculator)
- T _2W
3 3
= 2—2(cos—+/sm2—7T

3




9.

10.

11.

12.

13.

fz2)=22—4z+ 13
f2+3)=2+3)>—42+3)+ 13
=4+ 2(2)(3i) + (3)2—8—12i+ 13
=A+121—9—8— 12+ 13
=0
= 2 + 3iisaroot

= 2 — 3jis the second root since the coefficients of f(z) are real.

2,=2+3i =|z|=122+32=1{13
z,=1—4i =|z|={12+(—4)? =117
z2,.2,=(2+3)1 —4)=2—8i+3i—12?
=14 —5ij
z,.2,| = {142 + (=5)2 =221
\z,| . |zo] =13 .17 =221
= |z1] .1z = |z, 2
5-5i _5-5i 2—i
2+ 2+i0 2—i
_ 10— 5i — 10i + 5/2

4 =21+ 21— 2
_5—15i_, _ 4
==z 1—3i

4i3 + 3/
Sincei?2=—1,i = —ji*=1.
=42 j+ 33

=4j— 3j

=i

z,=2+3i,z,=—1+4i

= f(z) = 2> — (sum of roots)z + product of roots

=z,+2,=2+3)+(=1+4)=1+7i

Also,z,.z, = 2+ 3i)(—1+4i) = =2 + 8 — 3i + 12/
=—14+5j

fz)=22— (1 +7)z— 14+ 5i

a=3+3i,b=1-2i
=a+b=3+3)+ (1 -2
=4+
() a—a+b
=at+c=a+b

a+b

= c=b=1-2i
(i) b—a+0b

=b+c=a+b

= c=a=3+3i

(iii) a— b
=at+tc=0b
= c=b-a

=(1-2)—(3+30)
=-2-5i



Solution

14. () R—S
R — R'rotation of ( —%T)

R'"— S stretch by a factor of 1%
(i) S—T
translation (0, 6) — (4, 5)
i.e 0+ 6i—4+5i R

(0+6i)+c=4+5i
= c=4+5i—6i
=4—i
(i) zER=x+iyER
:44=u+me%nes
z1=—1%i
(iv) zeER=x+iyER
= 2z, +z3=(x+iy)(—1%i)+4—iET
= z3=4—|

Revision Exercise 1 (Advanced)

1.z=x+ly
3z—1) =jz+1)
= 3x+iy—1) =ix+iy+1)
= 3x—3+i3y =ix+iy+i

3x—=3+i8y =ix—y+i
Bx—3)+iBy)=—-y+ix+1)

= 3X—3=—-y ... A
and 3y=x+1 ...... B
= %X—9=-3y ... 3A

9% — 9= —(x+ 1) substituting Binto 3A
x+x=—-1+9

10x =8
> et
also, 3y=x+1
=§+1=%

2. 2 +3jisarootof 22> — 922+ 30z—- 13 =0
= 2 — 3jisaalso aroot since polynomial has real coefficients
= Sum of roots =4
Productsof roots = (2 +3)2 —3)=4—6i + 61 — 9> =13
= forming the quadratic from the first two roots, we get
fz) =22—4z+13=0
2z —1
22— 4z+13|222— 922+ 30z— 13
27 — 82> + 26z
—z22+4z-13
—z2+4z—13

= third factor = 2z — 1




= thirdfactor=2z—1=0

zz%
z=2-3i and z= %are the other two roots.
3. z=V3 +i Im(z)
r—|z] \/ 2412
_ 1
also, 6 =tan 1(—) V3t
\/? r
— ano[ T
_30(6) o
= z—2(cos—+/sm—) Re(z)
= zZN= [2(cos—+ i sin —)]”
11 11 .. '|'|_77)
=2 (cos 3 + isin 3
— o g + /(—%)J =213 — j)

4, o) =22+pz+q
Sumofroots=(1+i)+(@4+3)=5+4i=—p
Productsofroots=(1+ )+ 4+ 3)=4+3i+4i— 3

—1+7i=g
p=—5-14ig=1+7i
5.w1=—%+§i
SR
sz—%—gi
.'.w1+W2=—%+gi+(—%—%i)
= 1.
6. p= 2(cos 3 +isin —)
= pzz(cosg—:sm—)
el el
O Ao o e o
ol il =)
4(

cos0 +isin0) =4(1 +i0) =

pp is a real number.



Solution

(14202 _(1+20) 1+
T—1 T—7 1+i
_ (1 +4i—40+))
T+i— i+ 1
_ (34401 +)
2
_—3-3i+4i—4
2

7.

7 1.
:——’——
2 2
“34i_ =340 1—i
T+ ki 1+ki 11—k

_ —3+3kititk
1 — ki + ki + k2
—3 4k iBk+1)
1+ 1+k

real part = —3
—3+k

= = —
1+ k?

-3+ k=—-3—3kK
= 3kX+k =0
k3k+1)=0

_ __1
= k=0 or k 3

9. (cos — tisin —)(cos — +isin ﬁ)z

)(COS 27 +isin 27

_ ki c T
—(COS + isin 12 12

3 3

= [cos[F+§) +isin(3+F])

=cosg+i5ing=0+i=i
10. f(z) =22 — (3 + 3i)z + 5i
1+ 2iisaroot=f(1+2)=(1+2i)?— 3+ 3)(1 + 2i) + 5i
=+ H—-A—-B—61—3+6+5
=0....True
Sum of roots = +(3 + 3J)
z, + z =3+3i
+(1+2)=3+3ij
Z, =2+

4l



T 7_72( 27 . . 277)4
11. (cos3+/sm3) cos 3 + isin 3
27, . . 27T 8m , . . 8
(cos3 lsm3(cos3 lsm3)
= cos |27 £ 87| 4 icin (27 + 87
—cos(3 + 3)+lsm(3 +3)
— c0s 107 | i 10
= CoS 3 + i sin 3
2 2

12. o) =22+ 22+ 4z + p, preal
1—3jisaroot=1f1—-3)=(1-3)+01—-3)>+41-3)+p=0
=1+3(-3)+3(=3)>+(=3)P+1-6—9+4—-12i+p=0
21— —27+271+1—-6(—9+4—12I+p=0
also, —30+p=0

= p = 30.
= 2Yroot=1+ 3j
= quadratic formed from roots = z2 — (1 — 37+ 1 + 3Nz + (1 — 3i)(1 + 3i)
=z2—2z4+10.
z+3

22— 2z+10|22+2 +4z+30
22 —-22+10z

322—6z+ 30

322 —6z+ 30

z + 3isafactor
= z+3=0isaroot

z=-3
Otherrootsare —3, 1 + 3i
13. x+iy=18 —6i

X2+ 2ixy — y> =8 — 6i
2xy=—6 and x>*—y*=8
-3
Y=
—3)\2
= xz—(—3) =8
=8

x)?—8x2—9 =0
=92+ 1)=0
= x*=9 = x==3

when x=-3 : y=—=

We assume x and y are real
= xy)=6,—1) or (=31



14.

15.

Solution

flz) =2 - 222+ 72— 4z+ 10
tiis a solution of f(2)
= f(ti) = (ti)* — 2(ti)* + 7(ti)?> — 4(ti) + 10 =0
=t + 28— 72— 4ti+10=0 + 0i
= t—7t2+10+iRE2—4t)=0+0i
t*—7t2+10=0 and 28 —4t=0
= 2t(t?—2)=0
= t=0 or t==*2
(t)2—-72+10=0
= (—-5{t*—-2=0
= t2=5 or t=2
t=+/5 t==*y2
The only values of t common to both identities are t = =12
whent = +{2 = solution =2j =z,
t=—V2 = solution = —V2i =z,
quadratic formed from two roots = 2> — (z, + z,)z + 2,2,
Since z,+2,=V2i—2i=0
and  zz, = @2i)(—V2i)=2
=f2)=22— (0z+2=22+ 2.

z22—2z+5
2Z2+2(2—-22+72—-4z+10
z* + 272
—2224+52—-4z+10
—27 — 4z
522 +10
5722 + 10

@)=+ 2)(2—2z+5)
s.solvingz2 — 2z + 5
a=1,b=—-2,c=5

L 24— a00)

=

2
=2i\/—16:2i4i=1i2i
2 2
.. Solutions = V2i, —V2i,1 + 2i,1 — 2i.
z=a-+ib

= zZ=a-—ib

Given zz—2iz=7—4i

= (a+ib)(a— ib) — 2i(a + ib) =7 — 4i

= a*—agbi+abi+b>—2ai+2b=7—4i

= a?+b*+2b=7 and —-2a=-4
a=2

44+b6>2+2b=7

b>+2b—-3=0

b+3)b—1)=0

b=-3 or b=1

z=a+ib=2-3i or 2+i

44

by



16. (p +ig)> =15 —8i forrealp, g
= p?>+2pgi—q>=15—8i
= 2pg=-8 and p?>’—qg*=15
—4

p
2 [Z4)P =
el
(p?)? — 16 = 15p?
(p)? —15p? = 16=0
(P> —16)(p*+1)=0
= p’=16=p=*4
also, p>=—-1=p=1{—1=jbutpisreal
SpFi

g=—2

=
=

whenp=—4,q=:—2=1

=(p.q =@ —1or(—41)
fl)2=00+N2+(—2+3)z—3+2i=0.
a=1+ib=—-2+3ic=-3+2i

_2-3i* (=2 + 302 = 4(1 + (=3 + 2i)

2(1 +1)
_2—3ii\/4—12i—9—4(—3+2i—3i—2)
2(1 +i)
:2—3ii\/—5—12i+20+4i
2(1 + i)
=2—3ii\/15—8i
2+ 2i
butV15—8i=4—i or —4-+i
_2—-3i+4—i
2+ 2i
_6—-4i_3—-2i
242 1+
:3—2i.1—i:3—3i—2/:l_§i
1T+i 11— 1+1 2 2
or Z:2—3i—4+i:—2—2i —(2 + 2i)
2+ 2i 2+ 2i 2+ 2i
= —1
- _11_5;
z= 1,2 21

Revision Exercise 1 (Extended-Response Questions)

1. p—3(cos—+/sm—) q=2—2/3i
—3(—+—1)
(i) pq—3(—+—l)( — 2¢3i)
=3[3 = 3i +i— 13/
= 3[2V3 — 2i]

=6Y3 — 6/



2.

Solution

o b= fET oy

=19
=3
ol = 122+ 2037
=J4+12=4
Ipg| = 1(6/3)* + 62
= {144
=12

p+q—£+§l+2 2(3i
—£+2+/( —Z\F)
pea= (P af o]

=¢%+@544+%:M?+u
=425 =5.

1+i3 _1+i3 1+il3
1—-HW3 1-i3 1+i3

(i) z=

_1+iW3+iW3-3
1+ W3 —if3+3
_ —2+2(3i
4
N B EP
-yt
i Im(2)
(ii) LB, m(z
2 2
r
A\O
\‘\_%f Re(z)
- C = _12(Bf
(i) = r=/| ( 2) + >
=1
=1
E]
0=tan"'|-%| = tan"'(—3)
2
— ol T
= 60(3) (calculator)
— g T 2T
= 0= 3 3

z= 1(cos—+lsm2?77)



(iv) 2= [ (cos—+/sm23—77)]

= cos2m +isin 2

= 1 + i(0) =1.
3. () z=0+3)p + qi
=p+qi+3pi —3q (7= -1)
=p—3q+ilg+3p)
=7
argz =+
=7
= 0—4
+
= tan6=1 =9 3P
p—3q
= p—3g=q+3p
= 0=4g+2p
= 0=2g+p
(i) |z| =102
= |zl ={(p — 392 + (g + 3p)? =10V2
= p* —6pq + 997 + q* + 6pq + 9p? = 200
10p? + 10> = 200
p*+q?>=20
also, p+2g=0
= p =—-2q
= p? = 4q®
4’ + q*> =20
5g* =20
g’ =4
g==*2
when g=+2, p=-4
when g=-2, p=+4
but p>0 p=4, g=-—-2
_ K c T _ K c T
4, 7, —3(cos6 +/sm6) z, (cos4 +/sm4)
. _ a c T K c T
(i) 2122—3(cos6 +isin 6) (cos4 +isin 4)
a v
[COS + isin (g + Z)]
[ os—+15m%7 = [r(cos 6 + isin 0)]
2,2, —\j cos? )+ sin? ?727)] (cos? 6 +sin2 0= 1)
=\/_ (Note: r = 3)
=3
.. 5
(ii) arg(z1zz)=1—727 2
(iii) |z,|> = \j9(COSZ A + sin? 76T)) (cos? 6 +sin2 0= 1)
=(V9) (Note: r = 9)

=9



Solution

(iv) |zo)]=r=1
|z|* =1

(v) arg(ZZ) = arg( (cos— + i sin —))2
= arg(9(cos§ + isin g))

=7
3

(vi) arg(z2) = arg(cos % + isin %)2

= arg(cosg +isin g)

=7
2

(vii) |zw| = |Z||w]|
(@ Let z=a+ib, w=c+id
= zw = (a + ib)(c + id) = ac + iad + ibc — bd (i* = —1)
=ac — bd + i(ad + bc)
= |z| =Va? + b?
also, |w| =1+ d?
and |zw| = {(ac — bd)? + (ad + bc)?
|zw| = {a’c® — 2aebd + b°d? + a’d? + 2adbt + b’
=@’ + ’d + A + b’
Z||w| ={a> + b2 . + &P
=1{a?2 + @®d? + b’ + b2d? = |zw|
|z||w| = |zw| is true forall z, w € C.

(b) argz=tan*1(2J
a
_ d)
= 1 —_
argw = tan (c
_ +an-1]ad + bc
argzw = tan (ac—bd
argz +argw = tan' (2) + tan™! (g)
a C
Let m =tan‘1(9) and n =tan‘1(g)
a c
:>tanm=Q and tann= d
a c
t +t et
Consider tan(m +n)=-2anmrtnn _ _a c
1—tanmtann —%-%
bc + ad

_ T ac bc + ad
“abd ac—bd 9V
ac

arg(2) + arg(w) = arg(zw) is true

5.z 2(cos 6 +isin E)

= [2(cos%+ isin%)]2
=4(cos%+isin%) =2+ 2(3j
= [2(cos—+ lsm—)]

—16(COS—+ISII’]2?7T) = —8+ 8/3i



2= [Z(Cosg + isin %)]6

= 64(cos 7 + i sin m) = —64
(i)

1 64
148
- 32
7y 116
Z6 22

—64 -32 32 64

(i) A rotation of% and a stretching by a factor of 4.

6. W3 +i _3+i 1-13i
T+43i 1+43i 1-43i
_ (3 -3i+i—13P

1 — BT+ 37— 372
_203-2i_V3 _i
4 2 2
,oB+i B _i
1+4y3i 2 2
o B)Z 1)
- ’—'Z|—V(7 +(=3)
=1
_-1 1
f=tan ' = |—= =tan“(——
V3
73 V3
- s}
z=1(cos —%T)+ism(—g))
_ _m \\16
—[ cos )+/S|n( 6))]
=1cos( ) + isin(— )
=1((—=1)+i0) = —1.
7.
2] 2,
|z, + z,|
i1 |2,
|z, + z,|

For a triangle to form, |z, + z,| < |z,| + |z,).

If z; and z, lie on the same line through the origin, then |z; + z,| = |z| + |z,



8. zw=1
let z=a+bi
w=c+di
= zw=(a+bic+d)=1
=ac+adi+bci—bd=1 [P?=—1]
ac — bd +i(ad + bc) =1+ 0i

(i)

=

ac—bd=1

Solution

and ad+ bc=0.

(ii) Tofind ain terms of c and d, eliminate b

(iii)

=

ac —

ad +

bd =1
bd =ac —1
p=2ac—1

d
bc=0 becomes

ad+(%)-c=0

ad*+acc—c=0
ad*+c®)—c=0

C

I=Fie
To find b in terms of c and d, eliminate a
ac—bd=1
ac =1+ bd
a _1+bd

(1 + bd)d

C

ad +bc=0 becomes

———+bc=0
d+ bd?+bc2=0
b(d?>+ c») = —d
. —d
b S+
1_ 22’ z=a+bi, z=a—bi
z |7
1__ 1 _ 1 (a—bi):a—bi
z a+bi a+bila—bil a*+b?
__a b .
a+b> a’+b?
2| = > + b2
= |z?=a*+b?
z _a—bi _1
= T True
Im(2)

Re(2)

Nj—

N




9.

-_—b
(v) slopeofz= P

-b

slope of L=tz _ b
z a

a
a’ + b?

Zand % are always collinear with 0 + 0i.

(i) The conjugate of a sum of complex numbers
= the sum of the conjugates
let z=a+ib and w=c+id
= Zz=a-—ib and w=c—id
also,z+w=(a+c¢c —ib+d
Z+w =@+ —ib+ad
and z+w=a—ib+c—id
=(a+c—ib+d=zw ... True
(ii) The conjugate of the difference of complex numbers
= the difference of the conjugates
let z=a+ib and w=c+id
= ZzZ=a—ib and w=c—id
also,z—w=a+ib—(c+id)
=a—c+ib-d
= Z-w=(a—0c—ilb—4d
Z—wW=a—ib— (c—id)
=a—c—ib—d)=z=—w ... True
(iii) The conjugate of a quotient of complex numbers
= the quotient of the conjugates
let z=a+ib and w=c+id
= Zz=a-—ib and w=c—id

z_a+ib_a+ib [c—id
also, = id ~c+id (c—id)

_ ac —iad + ibc + bd

2 —
A+ d? (F=-1

(i)zac+bd—i(ad—bc)

w c+ d?

z\| _ac+ bd+ ilad — bc)
(W)_ 2+ d?
zZ_a—ib_a—ib c+id

W c—id c—id c+id

Z _ac +iad — ibc + bd

w A+ d?

+ + i — Z

(iv) The conjugate of a product of complex numbers
= the product of the conjugates
let z=a+ib and w=c+id
= ZzZ=a—-ib and w=c—id
also, zw = (a + ib)(c + id)
= ac + iad + ibc — bd (2= -1)
zw = ac — bd + i(ad + bc)
= zZw =ac — bd — i(ad + bc)
. Zw = (a — ib)(c — id)
=ac — iad — ibc — bd
=ac—bd—ilad+bc)=zw ... True



Solution

—1+3i

10. (@ w=—1+43i
(i) r=|w ={(=1)2+ ({32
=2
6=tan! _—31 =tan"'(—3)
ool
_m_2m
= 0= 3 3
2T 2T
W= 2(cos 3 + isin 3

(i) 2= —1+3i 1
=z=(-1+3i?

= [eleos 37 s 2]

1
2

_ lz(cos (2_ n 2n77) +isin (23—77 + 2n77))

3
21 ?—i—Znﬂ'_}___ 2777+2n77
= )2
cos > isin 3
1
Ietn=0.=22(cos§+lsm3 ( +l—)
V2 6.
:_+_
2 T 2!
27 2T
letn =1. = 22|cos + isin
2 2
— oHcos[4T) 4+ isi ﬁ)z 1(_1__3)
22(cos(3)+/sm(3) 22 5 12
_ -2 _ s,
2 2
(b) z, =iz
z3=kz,,keR
Zy =27, + 73
(i) Im(z)
z, Ig
Z
4 s
3 el
21 -’
3
—'4 -1 3 6 Re(2)
i) k=1
(i) k >

(iii) zz=kz,,keR

meant that z; and z; were collinear with the origin.

Re(2)



11. @) @(0) 1-i

e
—i= E(COS(—%) + iSi”(_%))

@ (1 =9 = [{2{cos (] + isin[ ]|

- a3 anf 2]

4
201 -1
-3+ {3
2 W2
= 24— 24
=16 — 16i

(b) (i) The points are labelled opposite.
(The reason why is given in part (iii) below.)
(i) Let z =r(cos 0+ isin ).
Then
22 = r’(cos 26 + i sin 26)
and Z% = r3(cos 30 +isin 36).
From the diagram,

39=2m+ 7 =27
_ 2T _ 4500
0= 6 150°.
(iii) As|zl=r>1,
|22 =r>r

and |22 =r>1?,

\Im

N
[/

\
°

22

z, 22 and 23 spiral away from the origin. Thus z is the point nearest the origin,
Z? is the next nearest, and Z3 is the point furthest away from the origin.

(¢ ()z=a+ai a>1, acR.
z2=(a + ai)(a + ai)

=dl+a¥i+aki— g (2= -1)

72 =2a%
Z* = (2a%)(2a3)

= —4qg* (?=-1)
=72

= (—4a*)(2a%)

= —8abi

Re(2)

(ii) The points spiral away from the origin and are restricted to the Real and Imaginary axes.



Solution

12. () z=cosH+isino
zK = (cos 0 + isin )
= cos kO + isin k6
(i) &= L
Z cos kO + i sin kO
_ 1 . cos kO — isin k6
cos kO + isinkf cos kO — isin k6
_ coskf —isinkf
cos? kO — isin? ko
= cos kO — isin k6 (cos? O+ sin20=1)
(iii) zZx=cosk@+ isinkf... A
zk=coskf—isinkd...B
z“+ z7k =2 cos kb .... adding Aand B
zk+ 77k
2
z¢— z7k = 2jsin k6 .... subtracting Band A

=  coskO=

Zk _ Z*k
2i
(iv) sin 260 = 2sin 6 cos 0
sin 260
2
sin 20)2
2

= sinkO =

= sin 6 cos 6 =

sinZ 0 cos? 0 = (

2
letk=2=sin20=2 ZI.Z

2
74— —
22
2i

=sin20 =

sin2 @ cos? 6 = (sin 20)2

2

(v) sin? 6 cos? 6 =—

But cos k

—4
Letk =4, cos40= z +22

= 2cosd40=7+2z*

s.sin2 @ cos? 0= —l(Z cos 46— 2)

16
_ 1 1
= 8cos40+8
_1 4, _1
= a—8, b 3



Exercise 2.1
1. (i) Scalefactor =2

(ii) x=%=6cm

y=2(9)=18cm

(iii) Each small square has length of side = 3 cm
= Area each small square = (3)(3) = 9 cm?
Area object = 5(9) = 45 cm?
Area image = 20(9) = 180 cm? = 4(45) cm?
= Scale factor: k = 2
Area (image) = 22 = 4 times area (object) = k?

2. Scale factor = 2
() [BC| = 4= [B'C'| = 2(4) =8
(i) |AC| = 6= |A'C’| = 2(6) = 2
(i) |A'B'| =10 = |AB| = 2(10) =5

Area AA’B'C’ = 30 sq. units

= Area AABC = % = 7% sg. units

3. (i) Scale factor =2
(ii) Centre of enlargement is found
by joining 2 sets of corresponding
points and continuing the lines
until they meet.
(i) (—2,3)
(iv)  Area ABCD = 30 sq. units
= Area PQRS = (22)(30)
= (4)(30)
= 120 sq. units

4. Scale factor = 1% ¢

(i) |AC| =8 = |AC| = (8)(1%) — 12

C
(i) [B'C’|=9=|BC| =9+ 12 =6 .
(iii) |AB| = x=|AB'| = x + 3 8
AB| _x+3_ .1 . x+3_3
Bl x 27 x "2
=3x=2x+6 A B 3 B
=Xx=6=|AB|=6
1 9

1 1_3_.4,_9
Scale factor k 12 2:>k 2

Area AABC = 20 sqg. units
= Area AAB'C' = (20)(%) = 45 sq. units



Solution

5.

Q/
6. (i) Scalefactor = == =

(i) [XZ| =41cm=|X"Z"| = (4.1)(4) =164 cm
(i) (X2’ =12cm = |x¥| =12 =3cm
(iv) |0Z'| = 4|0Z|
= |Z2Z'| = 3|0Z|
= 10Z|:(2Z'] =1:3
(v) k=4=k*=16
Area AX'Y'Z' = 64 cm?

= Area AXYZ = % =4cm?
. _JAC 20 1
7. (i) Scale factor = W -3~ 25

(ii) [B'C'| = 25=|BC| = 25 = 2%= 10
(i) |AB'| = 27 |AB| = [AB|:|AB'| = 1:27 = 2:5

; . 2 [51)2 _ 1
(v) k=21 =k (22) 61

25

Area AABC = 16 sq. units = Area AAB'C’ = (16)(6%) =100sq.units Ao g c 12 C

_|AB| 3 _ ,_(3”2_9
8. Scalefactor—m—z—k:k = (5) =2
Area AAXY = 4 cm?
= Area AABC = (4)(%) =9m?

9. Scalefactor=k =25 = k?=(2.5)2=6.25
Area design = 176 cm?

= Area completed mosaic = (176)(6.25) = 1100 cm?

10. k2 = 4 = scale factork =4 =2
k? = 2 = scale factor k =2
12 _

11. Scale factor k = g =15 = k? = (1.5)2 = 2.25
Area larger shape = 27 cm?
= Area smaller shape A = 27 _1em?

2.25




12. Scale factor k = %

(i) Original height = 156 mm

= Reduced height = (156)(%) =104 mm
(ii) Reduced label height = 28 mm
= Original label height = 28 + % =42 mm
13. Scale factor k = 300m _ 3000m _ 2000

15cm  15cm
= k? = (2000)? = 4000000
Model Area = 25.5 cm?
= Tower Area = (25.5) (4000000) = 102000000 cm?
= 10200 m?

14. Scale factor k = 25 = k? = (25)2 =625
()  Plan pond area = 24 cm?
= Real pond area = (24)(625) = 15000 cm?

= 1.5 m?

(ii) Real lawn area = 17 m2 = 170000 cm?
_ 170000 _ )
= Plan lawn area 625 272 cm

15. Scale factor = k=2
(i) Map scaleis 1:1000
Enlarged map scale 1:500
(ii) Streetlength = 6cm
Real-life street length = (6)(1000)
=6000cm = 60 m

(iii) Scale factor =k = %

Map scale is 1:1000
Sean’s enlarged map scale is 1:2000
(iv) Distance railway stations = 1 km = 100000 cm

100000 _
2000

Distance on sean’s enlarged map = 50 cm

Exercise 2.2
1. (i) Construct the parallelogram.
(i) Yes, the diagonals bisect each other.
(iii) Given : Parallelogram ABCD with diagonals [AC] and [DB]
meeting at X.
To prove : |DX| = |XB|
Proof : In As DXC, AXB;
|ZXDC| = |£XBA| (alternate angles)
|DC| = |AB| (opposite sides of parallelogram)
|ZXCD| = |£XAB| (alternate angles)
= /AAs are congruent by A.S.A.
= |DX| = |XB|

A



Solution

2. |Z/ABC| = 105°
D \.C

3. C

4.

=

Yes : you get the same result each time.
= Circumcentre is the midpoint of the hypotenuse.

=

5. In an obtuse-angled triangle, the circumcentre is outside the triangle.




DRUM

TUBBER

MOORE

School should be built at the circumcentre of the triangle.

7. z

Draw a line segment [XY].

Set the compass to a radius of [XY]
with X as centre and radius [XY].

60° Draw an arc.
X Y Repeat at Y.

The arcs meet at Z. Join XZ = |£ZXY|= 60°
8.

/ |
9. (i) Area ABOC = %ar
(ii) Area AABC = Area ABOC + Area AAOC + Area ABOA

1 1
+ +
ar 5 br 5 cr

ria+ b+ ¢

N|[—= N|=

10. |£G| + | ZE| = |ZH| + | £F|= 90°
Since |£G| = |ZH| = |ZE| = | £F]

>

In As XKZ, XKY

| ZE| = | £F]|

[XK| = [XK]| X <25
2G| = |2H| S
= /s are congruent by A.S.A.

= |KZ| = |KY]|

Conclusion: Any point on the bisector of an angle is
equidistant from the arms of the angle.

o]



Solution

11. Construct the bisectors of all 4 angles to locate X and Y.

>

12. (i) Using20 m = 1 cm, draw a scaled diagram.

110 m 150 m

’ 170 m \
(ii) Best position to pitch a tent is the incentre.

13. () Radius = 2(10) = 5.cm
(i) Bisthe point of intersection of all 3 altitudes (i.e. the orthocentre) of AABC.

14. Orthocentre P is outside the triangle ABC.
Result will hold for all obtuse-angled triangles.

15. Tangent XT is perpendicular to radius OX.



16. Perpendicular bisector of [AB] C
is equidistant from the end-points A and B.

Point of intersection of the perpendicular
bisectors of the two chords is the centre
of the circle.

17. Draw tangents at both
points X and Y.

The perpendicular lines to both
tangents are diameters which
meet at point O, the centre of
the circle.

18. (i) Construct the perpendicular

bisectors of [AC] and
[BC] to meet at the point
O, the circumcentre.
Hence, |OA| = |0B| = |OC|.

(i) Inan equilateral; triangle, the bisectors of the
angles at A, B, C also meet at the point O.
Hence, |OP| = |0Q| = |OT| = radius of incircle.

Revision Exercise 2 (Core)

1. Area parallelogram = 2 Area AADB = 40 A B
= 2-%]DB| - |AE|= 40
= 15.|AE| = 40
40 _ 52
= |AE| = 15—23cm
_27_h R
2. Tan LG = 15~ 80
= 15h = (60)(2.7) = 162 w h
= h=Q=10.8m <«~15m— 45m >




Solution

(i) Equal angles are marked on the diagram
= the two triangles are equiangular (i.e. all the same size but not necessarily all 60°).
= the two triangles are similar. (Not congruent as the corresponding sides differ in length).

o X _4_6
i 78=2=y §
x _4 4_6 : é1-8 S
18”2 and 2=y y
=2x=17.2 =4y =12
= X=5 36 = vy 4 3

(i) As|DF|= %]DBL the scale factor for EFG is %

As DI| = %\DB], the scale factor for HlJ is %

(i) The area of the triangle ABC is %(3)(4) = 6.

Hence the area of the triangle EFG is (%)2 X 6= %
27
5"

2
Hence the area of the triangle HlJ is (%) X 6=

(i) Cyclic quadrilateral = /x + 45° = 180° C
= /x=180° — 45° = 135° ’
Ly = 2(45° = 90° g \
(ii) Zy =90° = [AC] is the diameter of the circumcircle. o 7

Hence, a circle drawn on [AC] as diameter
must pass through O. A

) False as QT is not parallel to RS.

i) False as PQRS is not a rectangle.

) True as opposite angles of a cyclic quadrilateral add to 180°.
) False as PQRS is not a rectangle.

(i) Point of intersection of the perpendicular
bisectors of [AB] and [BC].

(i) 2Za+ 24b+ 70° = 180°
=2/a+2/b=180°—70°=110°

= za+sb=112

= |LYPZ| + Za+ £b=180°
= |£YPZ| + 55° = 180°
= |£YPZ| = 180° — 55° = 125°
(iii) Yes because P is the point of intersection of the
Bisectors of the angles Z/XYZ and /XZY.

= 55°




8. The construction of the circumcircle is shown below.

20

9. (i) Scale factor = g 2.5 B’
(ii) —‘BC’ =8 = 20|BC| = 120
15 20
~ 120 _ 15
= |BC| 20 6 ;

(iii) |AB|:|AB/| = 2:5

A c

10. Let x be the width of the picture.
Then X is the height of the picture.

3
Area = 192
4x\ _

(x)( . ) =192
x2 =144
xX=12

Thus the width of the picture is 12 cm and its heightis 16 cm.

Revision Exercises 2 (Advanced)
1. Similar Triangles with equal angles marked.

x_18_Y
~9 7 12 18

x_ 18 18_ Y
~9° 12 and 5 =13

— 12x = (9)(18) = 162 — 12y = (18)(18) =
:>X:@2135 jy:ﬁ:27

18

: ; AB| _|DE| _7 _ - -
2. (i) Parallel lines :‘E _‘CD 7 1 = |DE| =|CD| =8cm

(i) AsBCD and ACE are similar = m = @
IAC|  |AE]|
7 _ |BD| _
=1 = 14|BD| = 84
_8_4:
= [BD| = v 6cm

(iii) AACE is an enlargement of ABCD as the triangles are similar and they share
a common vertex.
The centre of enlargement is C, as this point remains fixed.

The scale factor is M =14 _ 2.
[«: o



Solution

3. Area ABIC = %(6)(3) = 9cm?

Area AABC = Area ABIC + Area AAIC + Area AAIB

1 1 1
5(6)(3) + 5(4)(3) + 5(5)(3)
9+6+7.5=225cm?

4.2

4, (i) Scale factor = 35" 1.2
(i) a=1(1.2)4.5) =54cm
_72_
b= 15 6cm

(iii) Let x be the length of a side of the image square.
The area of this square is x?, and its perimeter is 4x. If these are equal, then

X% = 4x
x=4
The given square has a side of length V25 = 5.
Thus the scale factor is g
5. (i) |AB| =2|BD|and|AD| = 3|BD| = 36 A

:\BD\=33—6=12 \

— |AB| = 2(12) = 24 cm 2em

36cm

(i) |AC| = 2|CE| =27

— |cE| =277:13.5

= |AE| = 3|CE| = 3(13.5) = 40.5 cm

6. |AB| = 6 = |BF| = %(6) =3cm

Find radius |OB| using pythagoras’ theorem
=>r=03P2+@42?=9+16=25
=r=1y25=5
|OD| = 5 = |DE|]? + (2)? = 5?

= |DE]2+ 4 =25

= |DE[? =25 — 4 =21

= |DE| =21

= |DC| = 2|DE| = 2/21

7. |OA| = |OT| = = /x=28°
= /[y =28+ /x =28+ 28° = 56°

/w = 28°
= /z+28°+ 118° = 180°
= /z=180°— 146° = 34°




500 _
20
=k=1y25=5
Radius of small ball = rcm
= Radius of large ball = 5rcm
(i) x* + (2x)2 = (25)?
= X2 + 4x* = 5x> = 625
625 _
5

8. (i) Scalefactor=k =k*= 25

=x2=

125 =x=1125 =5/5

= 2x =105
Area rectangle = (2x)(x) = (10V5)(5/5) = 250 cm?

9. (i) Triangles ABC, CDE are equiangular
with equal angles marked,
= Triangles are similar.

. cbl 12 _
(ii) % 4 =$'4’C[)‘—— 72

:>\CD!=%=18cm

10. /x = 40° (standing on the same arc)
Zy = 40° + 40° = 80°
/z =40° + 40° = 80°
Zz+ 130° = 180°
= /z=180° — 130° = 50°

7cm

407

X 40°

y_
100°

50°

N50°

40°

Chapter 2: Revision Exercises 2 (Extended Response)

1. (i) The points are plotted below.
A

Y




(ii)

(iii)

Solution

a, and a, are two of the altitudes of the triangle.
The equation of a, isx = 7.
2_ 5 _ 5

9 -2

The slope of BC is ; —

N

Thus the slope of a, is %

The equation of a, is

y-2=26-2)
5y —-10=2x—4
2x —5y=—6
Solving between a, and a, to find the orthocentre:
2(7) — 5y = —6
—5y=-20
y=4

Thus the orthocentre of the triangle is (7, 4).
A

-,

Y

Py

p, and p, are two of the perpendicular bisectors of the sides of the triangle.
The equation of p, is x = 5.5.
D, the midpoint of [BC], is

(947 2+7)_
D—(z, 2) (8, 4.5).
From before, the slope of a line perpendicular to BC is %

The equation of p, is

a5 =2 —
y—45 5( 8)
5y —225=2x—16
2x — 5y =—6.5

Solving between p, and p,:
2(5.5) — 5y = —6.5
17.5 = 5y
y=35
Thus the circumcentre of the triangle is (5.5, 3.5).
The radius of the circumcircle is then
(55 -2+ (35—2)?2 =145
The equation of the circumcircle is then
(x —5.5)2 + (y — 3.5)2 = 145




(iv) Inthe diagram below, | is the incentre of the triangle.
A

Y

2. (i) Triangles JKM, KML are equiangular with J K
equal angles marked.
= Triangles are similar.

(i) K[ _ [KM|
" TKM] T ML
K
¥ - % = 10[JK| = (7)(7) = 49
49 M 10 cm L
= |JK| = 0 49cm

(iii) Triangles BAT and DCB
are similar and congruent.
= Width of River = |AT| = |DC| = 80m

C 50mm
| B 50mm

80 mm

3. (i) Surface Areas = (2)2:(3)2=4:9
(ii) Edge of smaller cube = 12(%) =8cm

(iii) Total surface area of larger cube = 54(%) =121.5cm?

4. The lengths of two tangents from a point to a circle are equal.
Hence, |PB| = |BQ|, |AP| = |AR|, |CQ| = |CR]
(i) |£ZPRQ| = 180° — (55° + 65°) = 60°
(i) |£BPQ| = 60°
(i) |£PQR| = 180° — (60° + 65°) = 55°




(i)

(ii)

Solution

(a) |ZPRQ| = 105°
|ZPSQ| + |£PRQ| = 180°
= |£PSQ| + 105° = 180°
= |£PSQ| = 180° — 105° = 75°
= [/POQ| = 2(75°) = 150°
(b) POQT is a cyclic quadrilateral
because | ZTPO| + |£TQO| = 180°
(c) |£PTQ| + 150° = 180°
= |ZPTQ| = 180° — 150° = 30°

Let O be the centre of the circle, A be the point
outside the circle, B and C the points of tangency
and D be the nearest point to A on the circle.

As |/BAC| = 120°,

|/BAO| = 60° and

| ZAOB| = 30°.

Let r be the radius of the circle. Then
ro_ o
39~ tan 60
r = 29 tan 60°

r=>50.23m
Also

|OA| = 1292 + 50.232 = 58
and so

|AD| = 58 — 50.23 = 7.77 m
Another method is as follows:

Calculate g, the distance to the nearest point on the circle, and b, the
length of the tangent to the circle. Then, if r is the radius of the circle:
(r+a?=r*>+b?
r’ + 2ar + a*> = r* + b?
2ar = b? — a?
b2 _ aZ
2a

r=




7.

(ii)

(iii)

From the diagram:

|AM| = |MB| = 6.

Then

|OM| =82 — 62 = 2/7 cm
IBC| = 2|OM| = 4/7 cm
|ON| = |[MB| = 6 cm

Area AABC = %|AB] .|BC

1
= 5“2)(‘”7 )

= 24(7 cm?
|OE| + |BE|? = |OB|?

— |02 + (4)° = (6)° N
= |OEP? =36 — 16 = 20 f
= |OE| =20 = 2/5 Aé
|AE|? + |EOJ? = |AO|?
= |AE|2 + (2/5)? = (10)2
= |AE]2 + 20 = 100
= |AE]2 =100 — 20 = 80
= |AE| = {80 = 4/5
Hence, |AB| = |AE| — |BE| = 4/5 — 4 =4(/5 — 1) cm
(i) |CF|=|CD|=ycm C
|CB| = |CD| + |DB| =y + x = 24 1
x+z=10 and z+y=26
x+y=24 (subtracting) z—y = —14 (adding)
=z—y=-14 2z =12
=7z=6 ycm
=6-y=—14 26.cm s
=—-—y=-14—-6=-20 cm
=y=20
x+6=10 = x=10—6=4 rem
Radius = |OD| = [EB| =10 —6 = 4cm F D
o 1
~ /xcm
. ‘ ) ]
Ar——>IE B
zZcam
10cm >

(@) |£COE| = |ZOCB| = 52° (alternate angles)
|ZAOE| = | ZOBC| = 52° (corresponding angles)

(b)

= |ZAOE| = |ZCOE]|
Hence, OD bisects ZAOC
| /COE| = 52°

= |/CAD| =%]4COE\ =%

(52°) = 26°

(©) In AAEO, | ZAEO| + 38° + 52° = 180°

= |ZAEQ| = 180° — 90° = 90°

Hence, OD L AC.




Solution

(i) In AAPQ, |AQJ? + (8)? = (10)?

= |AQP + 64 = 100 p
— |AQ2 = 100 — 64 = 36
= |AQ| = V36 = 6cm

In ABPQ = [BQJ2 + (8)% = (17)2 |
— [BQJ? + 64 = 289

= |BQJ2 = 289 — 64 = 225
= |BQ| =1225 = 15cm Q
Hence, |AB| =6 + 15 =21cm

(iii) (@) In AAPY, |PA| = |PY| (equal tangents)
In AAPX, |[PA| = |PX| (equal tangents)
= |PY| = |PX]
=-Tangent at A bisects the line [XY]

(b) [PA] = |PY| = ZLc= Zc
|PA| = |PX| = Zd = Zd
Hence, AYAX = Zc+ Lc+ 4d+ /Ad=2/c+ 2/d = 180°

= s+ /d=18 = 90°

ie | ZXAY| = 90°




Exercise 3.1

1. () fxdx="§+c

(ii) fxzdx=xg+c

3 2
(iii) f(3x2+4x)dx=3%+47x+c=x3+2xz+c

(iv) f—2x2dx=%x3+ c
(V) f3dx=3x+c

(vi) f(—x2 + 3)dx = —X—3+ 3x + ¢

3
2
(vii) f(4x3+6x)dx=%+67’(+c=x4+3xz+c
3 2
wii) [ -3 - nde=20 -3 i

12y3
(ix) f12y2dy= 3y +c=4y+ ¢

2. 0 forax=XT+e=-Tic
1

-2
@) [d=20 1= Lac
X

-2
. 3 _ _ _ 3X—1 _ 3
(iii) f;dx—ﬁx 2dx—_—1+c— —;+c

. 2 _ _ __2X—2 _1
(iv) I—Fdx—f—2x3dx— - +C—?+c

1
(v) f\/dezfxidxz +c=%\/?+c

Nlw]3s.,

L
o) [3x2de =35 =20 + ¢

N

i L = 1 =f_% =X_% =
(vii) fﬁdx f;dx xz2dx 1+c 22X + ¢

2
1 4

(viii) ff’/)?dx=fx§dx=§+c=%i/ﬁ+c
3

3 3
(0 [4m?dr =210 4 o= 4T
3. 0 f(2X3+%)dx=f(2X3+3x‘2)dx=2§+3§+c
_x_3
—2 X
o [[4 S\ . ,
(i) f(?—2+x)dx—f(4x — 2+ x3)dx
1 4
Z—i—ZX-I-ﬁ—I-c
X 4



Solution

24%—3x+c=%\/F—3x+c
2
L= [l +x3
(iv) f(ﬁ+ﬁ)dx (x2 + x~7) dx
=)§+XTE+c:%\/F+2W+c
2 2
(v) f(ZW - % dx = f(ZX% — 2x72)dx
2 -1
=X X =482
% =1 3 X

_x'_x —__1_2/3
— §+C 3\/X_+C
2
d
4. (i) d—§=x2+3x
3 2
:>y=f(x2+3x)dxzxg+%+c
d
(ii)d—§=6x3—4x2+x—5
:>y=f(6x3—4x2+x—5)dx
_6xt A 2
=2 3 +2 5x + ¢
Y S G G
=5 3 +2 5x + ¢
5. (i) f(x —3)2dx = f(x2 — 6x + 9)dx
_xX _6x
=3 > +9% + ¢
X3
=5 -3¢ +%+c




) f—X4_3X3+4de=f(x3—3x2+4)dx
X

Xt 3%
=773 +4x+c
=X ¥ +ax+c

(ii) f3x3—x2+6dx

=f3x— 14+ 6x72) dx

2 -1
=X+ 6t

(i) f X2 = 2X+ 6 gy

=f(x% — 226 + 6x‘%) dx

(S

. 2% 6:(%+C

R
2 2

+12Vx + ¢

N\w

X2

5

2

25 4,

5773

7. f'(x) = 2x

= f(x) f2xdx x2+c

Point(—1,4)=f—1)=(—1)2+c=4
=1+c=4 =c=3

=fx)=x2+3

8. fx)=2x—5
= fix) = [(2x — 5)dx
=x2—5x+c
Point(1,7)=f(1) = (1) —=5(1) +c=7
=1—-5+c =7
= c =7+4=11
=flx) =x2—5x+ 11
9. y= f6x+5 dx—7+5x+c—3x2+5x+c

Whenx=2=y=3(2)?+52) +c=19
= 12+10+c=19
= c=19—-22=-3
3
10.y=f(6x2—8x+5)dx=6TX—87X+5x+c
=2x*—4x*+5x+ ¢
Whenx=2=y=2(2°—4(2*+5Q2)+c=7
= 16-16+10+c=7

= c=7—-10=-3
d
11. (i) di X2+ 2x
3
:>y=f(x2+2x)dx=%+x2+c

Whenx =0=y=2(0)3+ (0> +c=2
=0+0+c=2=c=2

:>y=x—3+x2+2
3



Solution

Sody o
(||)a—3 X 3
:>y=f(3—x2)dx=3x—xg+c
3
Whenx=3:>y=3(3)—%+c=2

=9—-9+c=2=c=2

13. () fix) =4x+ k
Turning pointat (=2, —=1)=f(=2) =4(—-2) + k=0
=-8+k=0=k=28

(i) fx)=4x+8

= f0) = [(ax + 8 de =25 4 8x + ¢

=fx)=2x*+ 8+ ¢
Point (=2, —1) = (—2) = 2(=2)? + 8(—2) + c = —1
=8—-16+c=—1=c=7
=fix)=2x2+ 8+ 7
On y-axis, x = 0= f(0) = 2(0)> + 8(0) + 7 =7
= point on y-axis = (0, 7)

14. Tangent at (3, 6) passes through the origin (0, 0)

:slopemzuzgzz
3—0 3 dy
(i) Whenx=3:>slope=a=2(3)+k=2

=6+k=2=k=—-4
(ii) %=2x—4
:>y=f(2x—4)dx=x2—4x+c
Point (3,6) =6 =(3)2 —4(3) + ¢
=6=9—-12+c¢
=6=-3+c=c=9
Hencey = x> —4x + 9

Exercise 3.2
. e2x
1. () fezxdx ==—+c

2
(i) [3exdx=3e+c



4x 4x
2.e -8,

_|_
=3

(iii) f2e4x dx =
—3x

e
3

(iv) fe’3x dx = — +c

2. (i) f(e3"+4)dx e?3)(+4x+c

4 eX
1

2
dx = fe“" + e ¥ dx

1 1
(il f4eix dx = tc=8e? +c

(i) f(e4x + ei4

4 —4
=eTX+e_4X+C
4x —4x
=—e4—e4 +c
3 — X’ dy_ x? d 2\ — x?
.y=e :>a—e 'a(x)—ZX.e

d 2 2 2
Since—y = 2xe¥ = f2xe" dx=e"+c¢
dx

4. (i) fcos 3xdx = M+ C

3
(i) [sin axche = <54 . ¢
i) [~sin Sxc = [ ~CO8| 4 ¢ OS5 ¢
(iv) fcos kx dx = Si”kkx +c
5. () fs cosbxdx = 3 - Sin66x o sin26x e
(i) f(cos 2x — sin 5x) dx = Sin22x _ (—cc;s 5x) tc
_sin2x , cos S
> + 5 +c
(iii) f3 cos(—9x) dx =3 - %‘99” L
:_M Iy

6. f3(e" — 4 sin3x + 2) dx
=3

e — 4(—_(:%5 3X) + ZX] +c

=3e¥+4cos3x+6x+c

7. () [(4e? + 4 sin 3x) dx
_ e —Cos 3x
= 47 + 4(—3 ) +c

— e — 4cc;s 3x |

(i) f(3 Ccos x — 2 cos 4x) dx

C

=3$inx—M+c
4
=3sinx—M+c

2



Solution

dy d
— 2 _ — _cj 2, Y 2
8. y = cos4x = O sin 4x ax (4x?)
= —sin4x%.8x = —8x sin 4x2
. dy . .
Smcea = —8xsin 4x? = f—8xsm 4x2dx = cos 4x® + ¢

9. (i fezx_+4 dx = fi + gdx _ f(ex + 4e) dx
eX

eX
—X
=e"+—4_e1 +cC
_ 4
—e"—g+c

(i) fe”;j 3 dx = fexejz + 2 dx

= f(e2 + 3e7¥) dx

— a2 e X
= Xe +3_—1+C

=xe2—%+c

(i) f% dx = fiz + 3 4y
e e

= f(e*Z" + 3e¥) dx

e72x e X
= +
-2 3—1

N P _
—_ X X +
= —2e 3e c

+c

10. () [(e*— e2dx = [[(e9? — 2¢*.e ™ + (e ?] dx
= f(ezx— 2 + e ) dx
-2
=%e2"—2x+e_ .
:l 2X _l —2x
2e 2x 2e +c

(i) [+ e + e dx
= f(6 + 3e™ + 2e* + e . e dx
= f(6 + 3e™ + 2e* + 1) dx
= f(7 + 3e™* + 2e) dx
=7x+ 35—? +2e¥+ ¢

=7x—ix+2e"+c
e

1M.y=7=Iny=In7*
=Iny=xIn7x

y=|n7.y=|n7.7* OR 7¥In7



dy

(iii) Since===7%-In7
dx
xdy — 1%
f7 dx In7+c

dy B
12. —=qge ™™+ 2
dx
d
Whenx=0:>—y=ae*(°)+2=5
dx
=ag.1+2=5 =a=3
dy _
Hence—==3e™* + 2

dx
= y=[Be*+2)dx

e
—1
y=—3whenx=0:>—3=;—§’+2(0)+c

:>—3=_T3+O+c =c=0

= y=

13. Tangent at (1, e?) passes through the origin (0, 0)

2 _
= gradient m—?_g e’
. . dy _ 2
(i) Whenx =1 :>grad|ent=a=e(”=e =k=2
i dy_ 2x — [ax gy — €
(||)a—e =y=le dx—7+c
i 2 e 2 e e
Point (1,e%) = e > +c =c=e 5 5
) I P
= y—ie +§e

14. (i) flx) = 2xe*= productrule:u=2x and v=¢*
du dv

;‘&_2 :>dx:e
dy
dx

) = 9¥ + ,du
=P =ug T Vax

=2x.e"+ e.2 =2xe" + 2e*
(ii) f(2xe" + 2e¥)dx =2xe*+ ¢
= f2xexdx + fZede =2xe*+ ¢
= f2xe"dx+ 2" =2xe*+ ¢

= f2xe"dx= 2xeX—2e¥+ ¢

15. flx) = xsinx= productrule:u=x and v=sinx

du dv
:>dx—1 :>dX—cosx

dy
dx

() = 9v + ,du
=Pl =uge TV

= X.C0sXx + sinx.1=sinx + xcosx



Solution

f(sinx+xcosx)dx=xsinx+c
:>fsinxdx+ fxcosxdxzxsinerc
= —cosx+fxcosxdx=xsinx+c
= fXCOSXdX:XSinX+ cosx + ¢

16. (i) f(x) = 4xe* = product rule:u = 4xand v = e*
% = ﬂ — 2x
= dx 4 = dx 2e
dv du

! = y— MY . 2x 2X .
=f(x) = d +de 4x - 2e¥ + e2¥- 4

= 8x e + 4e¥
(ii) f (8xeX + 4e2)dx = 4xe®* + ¢

dy
dx

= f8x.e2xdx+f4ezxdx=4xe2x+c
e2x

= f8xe2"dx+47=4xe2"+c

= f8x e dx = 4xe? — 2e¥* + ¢

17. y = 2x. e¥ + cos x

d
—y=2x.e3x.3+e3".2—sinx
dx
= 6x e + 2e¥ — sinx
Hence f(6x e* + 2e¥ —sinx)dx = 2xe3* + cosx + ¢

= [exe¥dx + f2e3xdx— [sinxdx = 2xe¥ + cos x + ¢

= f6xe3"dx+ 3 +cosx—2xe3"+cosx+c

= f6xe3"dx=2xe3"—§e3"+ c

Exercise 3.3
. ds
. ==2=5¢t+
1. (i) v dat 5t+4
= s = [(5t + 4)dt
_ 5¢2
=5 +4t+c
s=0whent=0:>%(0)2+4(0)+c=0 —~c=0
51‘2
+
= S§s= > 4t
2
(i) t=4=>s5= 5(;) + 4(4) = 56 metres
:_S: 2 _|_
2. Vv T t 4t + 3
. d?s
(|)G=F=2t—4
t=5 = a=2(5)—4=6m/sec?
(i) s=[(t2 — 4t + 3)dt
_r_ 4 _B_op
=3 > +3t+c¢ 3 2t + 3t + ¢



3
s=4whent=3 :%—2(3)2+3(3)+c=4

=9—-18+9+c=4 =c=4

3
:>s=%—2t2+3t+4
i ()3 5 .
(iii) t=1 = S—T—2(1) +3(1)+4—5§m
3.a=6t—12
2
() v=fiot—12)de = — 12t + ¢
=32 — 12t+c¢
v=9whent=0 = 3(02—-12(00+c=9
=c=9
=v=32—12t+9
(i) s= /@ —12t+ 9)dt
_3 o8
=3 122+9t+c
=t -6+ 9t+c
s=6whent=0 = (02—6(02+90)+c=6
= =6

(iii)

(i)

= s=8—6t2+9t+6
Bodyatrest = v=0
32 —-12t+9=0
?2—4t+3=0
(t—=Nt—3)=0
t=1 OR t=3

4l

(2t — 3) cm/sec?
v=[@t-3)dt=1-3t+c
v=3whent=0 = (02—-3(0)+c=3

=c=3
=v=t2—3t+3
s= (2 — 3t +3)dt
_£_ L
=3 32+3t+c

3 2
s=2whent=0 = %—3(0) +30)+c=2
_£ 3¢

:>s—3 > +3t+2
t=2 = v=(2)2—-3(2)+3=1m/sec
_ _ @22 L7 _ .2
t=2 = s= 3 3 3 +3(2)+2—43m
—10 m/sec?

) v=[—10dt = —10t + ¢

v=25whent=0 = —100)+c=25 =c=25

= v = (—10t + 25) m/sec



Solution

(i) s = [(—10t + 25)dt
2
= 105+ 25t + c= 50 + 25t +

s=0whent=0 = —-5(0)2+250)+c=0 =c=0
=s=(—5t24+25t) m

(iii) Maximum height occurs whenv = 0
= —10t+25=0

— —10t = —25:>t=%sec

V) t=5 5= —55P 4 05/5) =125
(iv) t—2:>s 5(2) +25(2) 7 m

(v) Return to the point of projection = s =0
= —5t2+ 25t =0
= -5 =0
= tt—5) =0
t=0 OR t=5
= Answer: t=5sec

dnN
dt
() N=[(det + 10)dt = 4ef + 10t + ¢
(i) t=0 = N=4e+10(0)+c=10
44+c=10 = c=6
= N=4e'+10t+6
t=5 = N=4e5+10(5)+6=4e5+ 56
= 649.65 = 650

6. =4et+ 10

7. v =06t — 0.004t2
(i) s = [(0.6t — 0.004t2)dt
t? 3
=065 00045 +¢

3
_ _ 2 o2 _ _
s=0whent=0 = 0.3(0) _0'004T+C_0 =c=0

0.004t3
3

(i) t= 2l mins = 150 secs

2
~0.004(150)°
3

=s=03t—

= 5=0.3(150) =2250m

dh
S.E—Zt—3
() h=[Qt—3)dt=1—3t+c
h=4whent=0 = (02—-30+c=4 = c=4
= h=-3t+4
(ii) Height of container = 36 cm >
36=t—3t+4
?2—3t—32=0
_3*+Y9+128
2

t=74 OR t=-44

=
=

= t
=

= t=74 sem o
Hence, t=7.4secs

36cm



Exercise 3.4
2 212
1 [ o= &) =133
1 2 N

=[3022] - [31)}]=12-3=9

N

3 3 213
f(3X2—2X dx = 3X 2% = [x3 — x2]3
1

=[3? = 6P -1 - )]
=[27-91-[1-1=18

w

4 4
. ‘/1. (3x2 — 4)dx = [3?)(3 — 4x] =[x® — 4x]}
1

=[(43 —4@)] - [(1)® — 4]
= (64 —16) — (1 — 4) =51

. ‘£2(X3 + 2x)dx = [X4 2Xz] [X4 + le

:[@ ay
4 4

-

+ (2)2] - + (1)2]

=[2? = 5@)] = [(=1)? = 5(=1)]
=(4-10)-(1+5=-6-6=—12

1

1 1
7. fx2(3—x)dx=f (3x2—x3)dx=[3—x3—ﬁ
0 0 3 4 o
X! l (1m? [ (0)*
= 3 _ 2 | = 3 _ L _ 3 _
[X 7 Pl AU Bl I i
319
9 91 5 319
8 \/de=fx2dx= X; = zx2
1 2, 3N

O
S—
S
><N|_\
o
>
Il
S—
> ES
N
[oX
>
|
| >




Solution

fgdx /9 -3 x% i
ax _ 2dy = |X2| = 9
10. e X dx %4 [2vx]]

=[2/9] - [2/4]=6—-4=2
23 _ 2 2
11. L%dsz(XZ—ZXwL@dX

2 _ [(2)3

0

X3 5
= | — — +
[3 X 4x

3

_[8 _ ]_ _ _e2
[3 4+8|-10-0+0=62

4 1

4 4 1
12. f W—Z)de=f (X—4x/Y+4)dx=f (x — 4x% + 4)dx
1 1 1

3 4
_[X g2 _2 85, 4
= 4§+4X =5~ 3¥ +4x1
2 1
4?2 8,3 ‘_ (1?2 8,3 ]
—[ - 2@ + 4| — |5 - 2002 +40)
64 1.8
_(8 3+16) (2 3+4)
3 6 6
2 :f 34y — [2X72 _1:[_l -
13. f_z x3dX . 2x3dx 1, 2,
O A
- —12 —22
—_q41__3
=—l+7=-73

16 16 16 1
Ix — 4 :f (E_i) :f a2
14.f1 ( = )dx B dx : (1 —4x ?)dx

16

1

e
1

2 11

=(16 —8/16) — (1 —8/1)=-16+7=—9

X = =[x — 8Vx]]°

f4 1 f4(l -1 x2 x%
15. 1\/7-1-\R)dx 1x+x dx §+ldx
2 2
3 4 ; %
= [2€ 4 oyx =[2(4)5+2M] 207 o[
3 113 3
(16 _[2 —ol _52_¢g2
_(3 +4) (3“) 93723763
2 2 X3 3X2 2
16.f(X—1)(X—2)dx=f(X2—3X+2)dx=[§—7+2x‘
1 1 1
_ [P 3022 ]_[@_3(1)2 ]
—l 3 5 + 2(2) 3 3 +2(1)
—(8 _ _[(1_3 _2_5__1
_(3 6+4) (3 2+2) 3 6 6

2 e+ 4(2)] - [0—



17 xX—16_x—4)x+4) _x—4

2x+8  2ix+4) 2
1 1
=16, _1 _ 1, T
fozx+8d"_2fo( Adx =313 ~ ],
_1[ar ] 1[@ ]
_2[2 4 212 4(0)
-4 -yo-0--3

k
18. fo (2x —4)dx = -3

= [x? —4x]§= -3

= [k? — 4k] — [(0)2 — 4(0)] = —3
=k*—4k+3=0

=k—-—1Nk—-3)=0 =k=1 OR k=3

k
19. ‘LI X2 —3x)dx=0

£ 3w

i[? 2 o
E_s_ﬁl_[@_-’»@)z]:

;43 2 3 2 =0
e

:>? 5 =0

=2k — 9k =0
= K22k —9) =0
= k=0 OR 2k—9=0

=k=0 OR k

Sincek>0 = k=

20. x> — 8= (x — 2)(x2 + 2x + 4)

2 2
-8,  [x—2x+2x+4)
fox—zdx_-/(; X—2 dx

2
:f; (x* + 2x + 4)dx
3 2
=[X—+x2+4x]
3 0

= [(23—)3 + (22 + 4(2)] - [g + (0)2 + 4(0)

8
3 4+8—-0
— 142
=143
1
21.fnx2dx=1
0
nX31_
3 o_1
n(1)3] _ [n(O)3 _
= 3 3 =1
=0_0=1=n=3

3



Solution

z ; L sin 2(Z ;
22. () f“coszxdx= sin 2«7 _ [sin 2(3] —[5'” 2(0)]
0 2 o 2 2
sin 7 [smO
:l_ -1
2 2
T o
o 6 _ [ —cos 3x]Z _C°53(€)]_[—cos3(0)]
(||)[0 sin 3xdx [ 3 : 3 3
_ ST cosO_ . 1_1
B 3 73 ~0t373
o [3 3 T w
. 5sinxdx =[—5 = [—5cos[Z)| — | -5 cos[Z
(|||)L sin xdx = [ cosx]z [ cos(z)] [ cos(3)]

e

(iv) '/05[2COSX+ 1]dx=[25inx+x]§
—[25|n2+2] [2sin 0 + 0]

2 VT2
2 4x12 42) 4(0)
4x _ €7 :e_—e_zl 8
23.(|)f0edx 7. =2 7] 4[e 1]
1
(“) f X+3dx—[ex+3]1 _e1+3_e 1+3_e4_e2
—1
1 x 2| x 10
(iii) fezdxz = =[2e2]0=2e2—2e2
0 210
1
=2e2-2
1 o2 1 1
(iv) | (e + 1)dx=|=—5 +x =[——e*2"+xl
-2 0 2 0
— [T ]_[_l ~20) ]
[ 2e +1 2e +0
—_1.- 1_3_ 1
PR Sl R Y
_ 1 _1
_2[3 e2
1 X % 1
24, () f (2¢3 + 2)dx = [2& + 2«
0 3 0
X 1
:[6e3+2X]o
1 0
= 6e3+2(1)]—[6e3—|—2(0)]

1 1
=6e>+2—6—0=6e—



2
. e ey 1f
—_— —_— — X+ X
(||)f_2 > 2_e e X)dx
11, , e X2
=_le+
2 € —1]-2
= l[ex — e_X]2 P l[ez — e—2] _ l[e—z _ e—(—z)]
2 22 2
1o 1 1 1,
2% T2 T 2e 20
1
_ez_?
mf}d 5 53 5l
i) | 5de=[2e] = s s
_125_ 5 _ 120
In5 In5 In5
e
: iy — | 2|6 76 7 _ 70 1
(iv) L7dx n7lo In7 In7 In7 In7
25. fix) = (;?:X:>Quot|entrule u=cosx and v=sinx
du _ . dv _
:>dX— sin x :>dx CoS X
du _ dv . .
o dy Vg T Uge sinx(—sin x) — cos x(cos x)
Flo = dx 2 B sin? x
_ —sin?x — cos® x
sin? x
_ —1(sin®x + cos’x) _ —1
sin? x sin? x
Hence fg%dx = —[M ’
2 SIN“ X Sin x %
cos < cos =
R
sing sin

1
={%+£=mu=1
2

26. f(x) = xsin 3x = productrule: u =x and v = sin3x

du dv _
:>dX—1 :>dx—cos3x3

= 3 cos 3x

oy dy dv du .
f(x)—a— a%— d——x (3 cos 3x) + sin3x.1

= 3xcos 3x + sin 3x
Hence f(3x cos 3x + sin 3x) dx = xsin 3x

= f€3x cos 3x + fg sin 3xdx = [x sin 3X]§

= f 3x cos 3x + [M

6——m#)—09m©
0



Solution

3 _COS3(6)] [—cosS(O)]_w o
= | 3xcos3x + 3 3 =g sin>
= z3xcos3x+ _COS% +cosO:£ 1
3 3 6’
‘ 0,1 _ 7
= 3x cos 3x 3+3 6
G _m_1
= 3xcos3x—6 3
Exercise 3.5
} X2 3 y y=x+2
1. Area = (x+2)dx=l?+2x]
1 1
_[3)2 ]_[(1)2 ]
=15 + 2(3) > + 2(1) P
_9 I PN [ . |
—§+6 5 2—105 22—85q.un|ts 0 i ] ¥
2 3 2
2. Area = L (x? + 1)dx=[%+x]0 VA y=x+1
3 3
2120
8 2
==+ =
3 0 4§squn|ts
0 3 X
3 3 213
3 Area—f (x* —3x)dx = X _3x
3 2 Do A y=x*—3x
S[CE I OE (]
3 2 3 2
27 1 0} 3 X'
=9 -2 —-0=—4=
2 2
Hence Area = 4% sq.units
3 3
4, Areazf (x2—2x—3 dx—[ —3x]
-1 3 1
_[BP ]_[(—1)3_ g A ]
[3 (3> —3(3) 3 (=12 =3(=1)
1 y y= x* —2x—3

©-9-9—(-3-1+3 \\ [
=-9 13 103
Hence Area = 10% sg.units

2 4
5. Area :f (x3—6x2+8x)dx+f (x3 — 6x2 + 8x)dx
0 V\ y=x>—6x>+ 8x

:§_6T+8X2 [x“ 6x3"+8x2

2 >
= %—2x3+4x2] +[——2x3+4x2]2 ’ U '
::%§—2Q)+4 ] P +MmL4%?—zm)+4mw [%F—ZQ)+MD]

[4—16+16] —[0] +[64 — 128 + 64] — [4 — 16 + 16]
=4 + [—4] = Area = 4 + 4 = 8 sq.units



4 4 %4 %4
6. Area = dezfxfdx—x— .y ps
1 1 i 3 I
2
[ ] [ 2]:m_z:
3 3
=4§sq.units

0 3 4
7. Area = f_1(3x — x3)dx + f (B3x —x?)dx + j; (3x — x?) dx

S )
2 0 2 3
:[3(0)2__]_[3—1 (—1 ] [3
3
+3
S B Y 2 _ 41
=0 6+4§ 0-1-23 42
S RIS i}
“ T T
NN S L |
= Area 6+45+6 86sq.un|ts
> 3 -115
8 Area—flzdxzfx‘zdx— X_
X —13
5
[ ]—[—] [ squnlts

9. y=x*—3x—14
Points A and B are on x-axis =y = 0
=x*—3x—4=0
=xX—4Hx+1)=0=>x=4 OR x= -1
=A=(4,0)andB=(—1,0)

4
Areazf( —3x—4)d

-1 [3 — -1
[ [
= —182 -2l = 202
= Area = 20% sg.units
10. x =9 —y?

Ony-axis,x=0=9—y2=0

3
3)]_

14
3

=B+yY)(3—-y)=0=y=-3 OR y=3

Points are (0, 3) and (0, —3)

3(0)?

3(3)

YA y =Vx
of 1 3 3 4 &
YA
y=3x — x?
—1 4
(0)3] (0] 3 )?
3
@]
3
YA
_1
Y=
o) 3 5 X

T

Xy

y=x>—3x—4
YA
\\
0 X
x:9—y2




Solution

b 3
Area = f xdy = £3(9—y2)dy

313
=
_ B3P (oray (3
_[9(3) 3] [9( 3) 3]
=(27 —9) — (=27 +9) =18 + 18 = 36 sq.units

M. y=x+Nx—2)=x2—x—2

2 3
Areazf (xz—x—2)dx+f (X2 —x—2)dx
2

0
g -ovfo-3-d)-[5-2-4
= -31+12

HenceArea=3%+ 1%=%sq.units

12. x=(y—2)(y —1)=ony-axis;x=0=(y—2)(y —1) =0
=y=2 or y=1
x=(y—-2y—1N=y>*-3y+2

Area=f12(y2—3y+2)dy=[y?3_37y2+2yr
_ [%’3 -3, 2(2)] - [? -2 2(”]
=[8-6+4]-[3-3+2]
~2_>5__1
376 6

Hence Area = %sq.units
13. (i) y=2xNy=x?
=x=2X=x—-2x=0
=xx—2)=0=x=0,x=2
AtP:x=2=y=2Q)=4=P=(2,4)

2 2
(ii) Area :f 2xdx — f x%dx
0 0
312
e[

= (1221 - [0?] - [((23_)3) - (((;_)3“

—a-0-(8-0]=4-22-

1 .
3 13 sg.units

y=x+1x—2 Y1

X

x/(y—Z)(y—U

Xy

YA

Xy




14. y= —x + 8Ny =5x — x

= —x+8=5x—x? vt y=5x—x
=x*—6x+8=0
=KX—-2x—4=0=x=2 OR x=4 !
4 4 i :
— 2 _ _ . .
Area fz(Sx x?)dx j;( X + 8)dx ] j N
(6] 2 4 \X
ML )
2 312 2 2
_ 5(4)2_(4)3]_15(2)2_(2)3”_“—(4)2 ]_[—(2)2 ”
_[ 2 3 2 3 ;T84 ;T8
- 40—21%]—[10—%]—[(—8+32)—(—2+ 16)]
—[182 —71] _ o4 —
=[182 73] [24 — 14]
1l 102 1 squn
—113 10 13sq.un|ts
15. () x+y—-1=0=y=—x+1 B yA
Liney=—-x+1 N Curvey=—x2—x+2 X+y_17;
=-—Xx+1=-x—x+2
=x2—-1=0
x+1Nx—1)=0=x=—-1 OR x=1 A
AtB,x=—-1=y=—(-1)+1=2=B=(-1,2) / 0 Y;
AtAx=1=y=—-1+1=0 =A=(1,0) y=-x"—x+2
(ii) Shaded Area = Area under the curve — Area under the line
1 1
—f (—x* —x+ 2)dx—£1(—x+1)dx
_[X_x ]1 _[_X_Z r
[3 7 P 2 X
)2 ) ] [ (=13 (=1) _ ]
—[ 3 3 + 2(1) 3 3 +2(—1)
[l ]
o252
(=1 _1 B O N RS | B e (-1
_” 3 2+2) (3 2 2” ” 2“) (2 1”
S P B I B Y |
_(16+26) (2“2)
31 _5_41 i
—33 2 13sq.un|ts
16. y=2xNy>=8x OR y=18x
YA y2=8X
= y’=4x°Ny*=8x
= 42 =8x=x2=2x=x*—2x=0
=xx—2)=0
=x=0 OR x=2 y=2x

When x = 0 =y = 2(0) = 0 = Point (0, 0)
Whenx =2 =y = 2(2) = 4 = Point (2, 4) 0

Xy




17.

180

Solution

Shaded area = Area under the curve — area under the line

2 2
= f \/§X5dx—f 2x dx
0 0
%2
RS I

2

0

= [@(zﬁ

- o] —[[22] - 0]

_2l8 4216, 41 -
=3 202 — 4 3~ 4= 13squnits

(i) y2=4xﬁx2=4y:>y=xz2
x*\? x*
)—M:E—M

= x* = 64x

=x*—64x=0

=x(x—4x2+4x+16)=0

=x=0,x=4

(4)?

Whenx=4:>y=T=4:>A=(4,4)

(i) y2 = 4x =y = (4x = 2/X = 2¢

=

4

Shaded Area = Area under curve y = 2% — area under curvey = );r

4 4 5
Shaded area :f 2x°dx — f X dx
0 o 4

2

YA xX*=4y
A

¢ X
y? = 4x

2] e

3 4 3o

2 lo
_ﬂ §4 [X_34

3%2], ~ 192l
:ﬂi_y$£_]

W0~ 550
0321616 _ g1
=3 3 3 53sq.un|ts

(i) y=2x —x?>= onx-axis,y = 0

=2x—x*=0
=x2—-x)=0=>x=0 OR x=2

=Q=(20)
Line:y = —2x N Curve:y = 2x — x?
= —2x = 2Xx — X?
=x2—4x=0
=xx—4)=0
=x=0 OR x=4
Whenx =4=y=-2(4)=—-8=P=(4, —8)

2
(i) AreaA, = fo (2x — x?) dx

g
=4_§_0=1l

3 3




19.

20.

()

(ii)

32
=[—4)?— (=001 - [(4)2 - g‘ (¢ - (23—)3”
1o oo 3]
= -16+2=-2
Hence Area A, :%: 9%
= Area shaded region = 1% + 9% = 10% sq.units
y=x*+2Ny=6 y4

=>x+2=6=x—4=0 \ 81 /
S (X+2AK—2=0=x=-2 OR x=2 =& 62— D

HenceC=(—2,6) and D =(2,6) 4+
y=x*+2

Shaded area = area under line: y = 6 — area under curve: y = x* + 2

= ‘[226dx— fzz(xz + 2)dx

3 2

-2

(2)? (—2)°

=1[6(2) —6(—2)] — [T + 2(2)] - [ 3 + 2(—2)”

e [ged]-f2]

—2a—131 =102 ~

=24 133 103sq.un|ts
y=x(4—x)=4x— x? v

P

dy .
— =4 — 2x = 0 for maximum
dx

>2X=4=x=2
=y=42) - 22 =4=P=(2,4)
Shaded area = area between line:x =2 and y-axis y=
— area between curve: y = 4x? — x? [OP] and x-axis

4 2
= Shaded area = /(; 2dy—f; (4x — x?) dx

= [yl -2 -2
= [2(4) — 2(0)] — “2(2)2 - (23—)3] - [2(0)2 - (2,_)3”
=@—0%¢@—§fﬁ°_m]

=8-8+2=2

w|oo
wlN

sg.units



Solution

2k k
21.‘[.. (x2+4x+4)dx=4f0 (x? + 4x + 4)dx

X3 2k X3 k
z[—+2x2+4x =4[—+2x2+4x‘
3 0 3 0

VA
3 3
=[(2§) (2k)2+4(2k)‘—l%+2(0)2+4(0)]=4l%3+2k2+4k]—4(0)
8k 4k
3 +8k?+8k—0=—- 3 + 8k* + 16k — 0 Y=t ax+ 4
. 8K + 24k — 4K + 48k \
= 4k3 — 24k =0 Ol Kk 2k X

=kk*—6)=0=k=0 OR k*=
= k=16

5
22. (i) Area= '[5(6 — 0.08x* — 0.0006x*) dx

3 515
= [6x —0.08% — 0.000G%]
-5

3
(5 (5)° (=5

= [6(5) —0.08——— 0.0006—] — [6( 5) — 0.08——— 0. 0006—

N

Xx=—=1=g(-1)=(-12+(-1)+7=1-1+7=7=point(-1,7) 4

3 3

(30 - ) ( 30 + = 52.58 = 52.6 sq.units

33
(i) Volume of the tunnel =52.6 X 14 =736.4 = 7364 =736 m?
23, () y=2—-3x+2Ny=x2+x+7
=22—3x+2=x2+x+7
=x*—4—-5=0
=Kx+1)x—5=0 =x=—-1 OR x=5

x=5=9(5)=(5)?+(5)+7=25+5+7 =37 = point (5, 37)

(i) Shaded area = area under g(x) — area under f(x)

5 5
=f (x2+x+7)dx—f (2x2 — 3x + 2)dx
7‘| —

/
/

5 5 ]
=f(x2+x+7dx—[3+—+7x] 9
1
_ [y (52 ]_[(—1)3 (—1)? B ]
—[3+2+7(5) 3 + 3 +7(—1)
— (125, 25 S A R f
: +2+35) ( 142 7) 9 I
5 5 S
/ (2x2 — 3x+ 2)dx = 2X 3;2+2x] o) X
1
_ 2(5)3_3(5)2 ]_[2(—1)3_3(—1)2 _ ]
—l 3 5 + 2(5) 3 3 +2(—1)
(250 _75 _2_3_,|-
_(3 2+10) ( 3 2 2) c0
= Shaded Area = 96 — 60 = 36 sq.units
1 1
24. (i) AreaP = Oedx—foexdx 4 y=¢e
= [ex]) — [e*]} y=e
(1,e)
= [e(1) — e(0)] — [e" — €] P
x=1
=(e—0)—(e—1)=e—e+1=1sq.units Q
— Yoo
0




1 1
(ii) AreaQ = fo e‘dx — ‘LI e *dx

— x1_e_X]1
[e*]p 11,
— )(1__1]1
[e*]p & |

1 1 .
= —_ + - — = + - — .
e—1 o 1=(e o 2) sg.units

Exercise 3.6

fl0) + f(1) + f(2) + f(3) + f(4) + f(5) + f(6

~

1. (i) Averagevalue =

7

_12+15+16+15+12+7+0

7
b
. _ 1 f
(ii) Average value b_al f(x) dx

7

77— 11

6
6—00( XxX? + 4x + 12)dx

_1=x 2 ]
6[ 3 + 2x¢ + 12x .
_1[—(6y 2 ] H—@3
_6’ 3 + 2(6)? + 12(6) 3
=%p72+n+72—0=12
(iii) Method (ii) gives the exact estimate
2. (i) fx)=2x—4
f2)=22)—4=0
f3)=2B)—4=2
fl4)=24)—4=4
f5)=2(5)—4=6
= average value = 0+2+4+6_12_ 3
4 4
OR
1 f
Average value = 534, (2x — 4)dx
= 100 - ax]3
= 315 — 4] ~ 312 ~ 4]
N ST % - R
=3Pzl =3+3=3
2
H - 2 __
(ii) Average value 70l (x ) dx
. 1 X3 B X2 2
“ 213 20
_ 1@ Q] 1[@ Q]
21 3 2 21 3 2
18 _H5l_g=1
- 213 4 0=3

16

127

'l’_
1
o
-
N
w
o~
o
o A
xY



Solution

2

(iii) Average value = 1 (2x — x?)dx
2—0%Y
_ 1. 2]
2 X 3lo
_1 2_@]_1[ z_@]:z
2[(2) 3 2 © 3 3
1 f“
= ! 3
3. Average value 04X dx
:l[ﬁ“
414 Jo
_ 1@ _1[(0_>“
414 | 4l 4
=1 —0=
—4(64) 0=16
4, fx) =x*+4
3
= 2
Average value 3= (2) 72(x + 4)dx
12 af
5 [ 3 ax -2
_1[er ] 1[<—2>3
—5[3 + 4(3) =3 + 4(—2)
_lon_1(=32)_ 1
=5l 5( 3 ) b
5. (i) fix) =sinx
Average value :%ff sinx dx
5_ o
—%[—cosx]g
=%[—cos§] — [—cos 0]
_2 _2
==(=0)+ (1) =%
(i) f(x) = cosx
2
Average value = T O/; cos x dx
:L i 2
277_[SIl"IX](_)
= L (sin2m) — =(sin0) =0 — 0 =0
21

(i) flx) = e~

Average value = %fe"dx



(iv) flx) = e*

— 4x
Average value > 00e dx
_1e4x2
"2l 4o
_ ’I(e4(2)) _’I e4(0)
204 204
8 8
6. fx) =x+1
1 k
Average value = mzf(x +1)dx=8
I P
_k—2[2+xz 8
_ 1R ]_ 1 (@2 ]_
TR R A

k2
Stk—4=8(kk-2) =8k 16
k2 + 2k — 8 = 16k — 32

= k2 — 14k +24=0

=(k—-2)k—12)=0
=k=2 OR k=12 = k=12

7. fix) = x*
K
Average value = klOJX3dX= 16
k
Hfe-re
SER
:>k£=16

=k =64=k=164=4
. 1 _
8. (i) f(x)Zsz 2

Average value =

w

5
1 [
_1lfx dx
5

D= D= D=




Solution

(i) fix)= 5(COS£)

? 1 /277 X
Average value = 27— 0% S(COSE)dX
5 sin %12
I LT | R I SO
S 2m| 1 277[105m2]o
2 0
- ~ 1 osinl
" 27 [105”2] 277[105'”2]
= 5[10(0)] — 5-[10(0)]
2w 2T
— 1= =
_277(0) 277(0) 0
h3
9. V= T35
Averagevolume—s—frr dh
S| K4
6112 4
= _T_[p418
388 (h*13
=_T_(g)4 — _T_(9)4
288 ® 288 @)
= 5714096 — 16] = 2T e
288 6
10. v =98t

11.

3
Average velocity = 31T0-/<; (9.8t)dt

_1[gat?)

_3[9'820
_1 @]_1[ Q]
_3[982 3982
_1(441) _ o _147
_3(10) =g m/sec

(i) v=3t2—

3
Average velocity = 31—1f (3t2 — 4)dt
- 1

_ 1138 .1

=33 4’-‘]1

= 216 - atl;

1 B 1 B
—5[(3)3 4(3)] 2[(1)3 4(1)]
_1 _ 13—

= 5(1 5) 2( 3) = 9m/sec



(i) v=3tt—-—4=a=—-=6t
Average acceleration = ijf&dt
- 1[eep
212 I
= 213603

_ 1 _1
= 5[3(3)2] 2[3(1)2]

:2_7—§: 2
5 > 12 m/sec
12. () v=5—-—(t—3)0?=5—-(F—-6t+9)=—-t>+6t—4
6
Average velocity = % (—t2 + 6t — 4)dt
0
_1[-8 etz ,1°
sl 3 "2 4to
_1[=£ 2 a4l°
AR + 3t 4to
_ 1 _(6)3 2 ‘_11_(0)3 2
=5l + 3(6) 4(6) AmE + 3(0)
- %[—72 +108 — 24] — %(0) = 2 m/sec

(i) Velocity =2= —t*+6t—4=2
=t2—-6t+6=0
6 = {(=6)* — 4(1)(6)
2(1)
_6*+V36—24 _6+112

=t=

2 2
-6 i22x/§ = (3 £13) sec
13. T=30x
1 0.2
Average tension = 02— 014, 30xdx
1 X2 0.2
- 0.1 3 2 loa
=10[15x2]52

= 10[15(0.2)2] — 10[15(0.1)?]
=6 — 1.5 = 4.5 newtons

Nl=

. 1 1
14. =X =—=—=
(i) y=x W:>y X
4
_ 1 f
Average value g 1xdx
314
_lx
BE]E
241
2[ 214
:§[X]1
205 - 2y
—9(4) 9(1)
_16_2_14
9 9 9

Velocity
4 .

2-

-10
_2_

Ny

- 4(0)‘

5\ 6
Time {sec)



Solution

15. pvi =30 = p=30=30p "
p4 16
Average pressure = 161— T, 30p *dp
1116
30|p° 116
=15 ; =2 4[P ]1
1

1 1
= 8(16)4 — 8(1)4
=16—-8=8

16. v =40 — 10t

3
Average velocity = 31—1f (40 — 10t) dt
- 1

= Taot - 5e13
] B 1 B
=5[4003) = 5@37] - [40(1) — 5(1)?]
1 _a51— a0 —
= >[120 — 45] — (40 — 5]

75 35 _ 40

Revision Exercise 3 (Core)
1. () f(2x+ 5)dx =x2+ 5x + ¢

(ii) f(3x2 —2Xx+4Adx=x>—x2+4x+c

(iii) f(x2 + %)dx = f(x2 + x7?)dx

e x 1
=3 + — +c 3 +c
2. (i) fsin 3xdx = —%3)(+c
(ii) fcos Sxdx = sin55x +c
(iii) f(2 sin x + 3 cos 2x) dx
= —2cosx + 3sin22x +c

= -2 cosx+%sin 2x+ ¢

. 5x _e_5"
3. (i) fe dx = s +c

2x —Xx 2x
(ii) f(e2X+e*")dx=e7+ € =& —ex+c

(i) fla+ e dx = ax+ &+ c



dy

4. —=x"—3x+
dx X*—3x+ 2
f —3x+ 2)d
X X 3%
—3 32+2x+c 3 5 +2x+ ¢
3 3
5. (i) fxxzzdxzf%—%dx
Zf( — 2x" ) dx
R 2
=3 3 + 2+X+C

i) [i% + 3dx = [+ 60 + 9)dx
1
=f(x+6x2+9)dx
_ X2 x%
2
X2 3
=?+4x2+9x+c
3
6. (i) f(2x2—4x+1)dx
0

3 3
= [2X—— 2x? +x]
3 0

- [5(3)3 3P+ 3] - [%(0)3 — 2002 +0
=18—-—184+3—-0=3
(ii) fzcos 2xdx=[Sin 2X]4
0 2 o
_sin2(3) sin2(0)
2 2
_Sing_ _1_ _1
) smO—2 O—2

El

(iii) f03(cos 360 + sin 30)d6

_sin36 cos 360 3

3 3 o
_[sin3(3) _cos3(3)| [sin 3(0) _ cos 3(0)
3 3 3 3
_ Sin7T_COS'7T‘_ sin0 _ cos0
3 3
:g_ﬂ]_[9_1]:1+1:z
3 3 3 3 3

|



Solution

3 511
M1 3 2 2
7.f(x2+x2)dx= XX
0 3 5
2 2 o
3 511
12,242,
3X +5X 0
3 5 3 5
1293, 243 [2 3,2 3]
3(1) 5(1) 3(O) 5(0)
_2_2_4_5_16
=3T3 0-0=13
3 2 3 2(3) 2(0)
) /(ezx+1)dx= e—X+x] =& 3] e 0]
0 2 0 2
et 1 1
==+ N :_6+ A
7 t3-370=3¢ 22
2
. —2x — 26_2)(2:[—1 2
(ii) '/OZe dx — |, el
_ 1 —11_ —1
=|~am]-[am]| o+

(iif) £z(e2" + = )dx = le(ez" + 4x2)dx

4x12

+
2 =1

e _a

2 X1

[ez(z) 4] [ez(” 4]

1

_laa_>_10
2e 2 2e + 4
_1a_10
et — e +2
9. y=x(2 —x)(x —3) = —x3 + 5x2 — 6x yA
Onx-axis =y=0=x2 —x)(x—3)=0
=x=0,x=2o0rx=13
2 3 0
Shaded Area=f (—x3+5x2—6x)dx+f (—x3 + 5x% — 6x)dx
0 2
N B SRS CR! L B GE-V GRP]
_[ 713 3XL+ 4773 3XL
o @*, 528 5 _’_@ 5(0) 2”
_“ 2 T3 730 4 3 30
_3)* 56)P z_l_@ 5(2)3_ 2”
+“ + 3(3) 7 + 3(2)
40 81
[( 4+?—12) (o+o+0] H +45—27) (

- [—23—0] + [—2—+ 2—]

2

Area = 2= + % = sg.units

L
12

w

40
—4+22-12
3

w
/
Xy

)]



d
10. 150 - 12x

dx
=y= f(15x2—12x)dx
X3 x?
= A Z_ 4 — 3 _ 2+
153 122 c=5x—6x"+c
Point (1,3) = 5(1)* — 6(1)> + c =3
=>5—-6+c=3=c=4
Hence f(x) = y = 5x> — 6x*> + 4

11. fix) = 2x* — x

-1 [e-
Average value 70 O(2x x) dx

_1 X3_X24
4173 2o
zllzﬂ_ﬂ]_llzﬁ_ﬁl
417 3 2 47 3 2
1(128 1 _ o2
4\ 3 8) 70 =83
dy_ 2x
12.a—e X
2 2
y—f(ezx—x)dx=e7x—x?+c
2(0) 2
y= 5whenx—0:>e——@+c=5
2 2
1 1
— — —+ = =
:>2 O+c=5=c 45
=12X—X_2 l
Hence y >€ 2+42
; — 2
13. () y=x*—5x+4 s y=x—5x+4

Onxaxis,y=0=x>—5x+4=0
=x—1)Kx—4)=0
=x=1 OR x=14

=A=(1,00 and B=(4,0) \
1 4 >
(i) Shaded Area = f (x2 —5x + 4)dx + f (x2 — 5x + 4)dx 0 A\/B X

x3 5x2+4] [ _ 5x?
3

—+4x
125 ][9]

[ ] [ ]

[(———+4) (0 — 0+0)]+[(634 40+16) (—%+4”

=13+ (4]

= 2 1 = l i
Area = 16 + 45 63 sq. units



Solution

14. (i) v==6t+ 12t

2
Average velocity = ﬁfo (6t + 12t3) dt

1

(3t + 48313

[3(2)2 + 4(2)%] — %[3(0)2 + 4(0)%]

[12 +32] — %(0) = 22 m/sec

N[—= N|—= N

(il v=6t+12t2:>a=%=6+24t

1
51

(6t + 12t2]3

5
Average acceleration = f (6 + 24t)dt
1

6(5) + 12(5)2] — %[6(1) +120)7]

Il
[—= &= »|=

(330) (18) = 78 m/sec?

_1
4 4

15. f(x) = x.sin 2x = ProductRule:u =x and v =sin2x

du _ dv _
:>dx—1 :>dx 2 Cos 2x

dy_ 7 _ dV dU
a—f(X)—Ua"‘Va

= x-2C0oS 2x + sin 2x.1 = 2x cos 2x + sin 2x
f(2xcos 2x + sin 2x)dx = xsin 2x + ¢

= f2x cos 2x dx + fsin 2Xx =Xxsin2x + ¢

os 2x

=xsin2x + ¢
2

= f2x cos 2xdx —

COS 2x

:>f2xc052xdx=xsin2x+ +c

Revision Exercise 3 (Advanced)

9 _ 4x2
3 2

3
= [3x3 — ZXZ]?

=[3(3)* — 2(3°] = [3(1)* — 2(1)’]
=(81-18)—(3—2)=63—1=62

3
1. (i) f;(9x2—4x)dx=

(ii) foa(9x2 —4x)dx =0
= (3¢ — 2¢];=0
= (3a® — 2a?) — [3(0)* — 2(0)2] =0
=30 —2a°=0=0ad*3a—2)=0

=a=0 OR a=

Sincea>0 = a=

WIN WIN



2. fx)=x+3)2x—5)=2x>+x— 15

_ 1
Average value = 7 f(2x2 + x — 15)dx

_1j2¢ 2 ]5
‘4[3 7
1,62 62 ]_1[(1)3 (1)2
—2[2T+T IS i o i
—1(502| -1 2| g2
= 3[208] - 4(-13g) = #3

3. )y=x* N y=-2x+15
=x=-2x+15=x2+2x—15=0
=X+5Kx—-3)=0
=x=-5 OR x=3
Whenx=3=y=(3)2=9=P=(3,9)
LINE:2x +y =15 1

On x-axis,y =0=2x+ 0 = 15:>x=7§

:»Q=(7%,o)

(ii) Shaded Area = Area under curve OP + Area under line PQ

3 1
= fo x2dx + f372(—2x+ 15) dx

1
=[] + [0 + 15k

:lg ]+[ (7 ) +15 %)]—[—(3)2+15(3)1

=9—0+[—56Z+ 1125]— [—9 + 45]
= 9+ 561 — 36 = 29.25 5q. units

4. v=1m(30n - h?)

- 1. 30m2 —
Average value = y— f 37 (30h? — h%)dh
=_T|3 h_ _ 3 _
2[ 3 4 ] [10h 4 ]o
7 __m @]
_2[ L_ 12 100 — 4
12 [640 — 64] = 487 cm?

5. y=x*—3x+5

%=3x2—6x=0:>x2—2x=0
dx

=xx—2)=0=x=0,x=2
x=0=y=(03-3(02+5=5=A=(0,5)

Line€:y=5meetscurve = x> —3x> +5=5
=x-3x¥=0
=x(x—3)=0=x=0,x=3

2" point = (3, 5)

Xy

y=x>—3x+5

A /

S~

xy



Solution

Shared Area = Area under line € — Area under curve
3 3
= f 5dx — f (3 — 3x2 + 5)dx
0 0
_ 3 _ ﬁ _ 3 }
= [5X]o [4 x* + SX]O
4 4
0) - “@ —@P+ 5(3)] - [% — 0P+ 5(0)”

—15-gl_—g3 =27
=15 84 64 4squnlts

dy
6.d——ae + 1

d
Y =3whenx=0=0a0e%+1=3
dx

=a.1=2=a=2
dy _y
a—2e + 1

y= f(2e"‘+ 1) dx

e —2
=2_—1+X+C: P

2

y=5 when x=0=—"F+0+c=5=c=7
e
—2
=y=

Whenx=2:>y=_e—22+2+7=9—2e‘2

7. () y=19=10x2 y4
2 —112

_ 2y — [1aX ']T Z [—10]2

AreaA—j; 10x 2dx—’10_—1]1 _[T]1

= (—%) - (—11—0) = —5+4 10 = 5 sq. units
(i) Area B = AreaC 0

p 5
:>f 1Ox‘2dx=f 10x2dx

=[=2L =132
_(_10)_(_10)_{_10|_(_10
=[-%|--2=[-%]- -7
__ 10, 10
=Tp T2ty
= 30=-7=7p=20=p=2
20 YA
8. Area = f (25 — 0.02x?) dx (metres)
20 25
% 20
[25X—002 ‘ 201
_ 3 104
- [25(20) = o.ozu] - [25(—20) — 002! ;O)
7| 7| O T T t:
= (500 — 180) 500 + 150) — 8931 m2 20710010 20 x(metres

Volume = 893§ X 80 = 71,466% m3



9. (i) fix) =x?.In3x= productrule:u = x*and v =In 3x

du_ o dv_ 1 .5 1
d :>dx 2X:>dx 3x3 X
Y ppy =9 44U e 1 -

dx f'(x) udx+vdx X X+In3x.2x 2xIn3x + x

(i) f(2x|n3x+x)dx=len3x
:>f2xln3x+fxdx=len3x+c

2
:>f2xln3x+X7=x2In3x+c

2
:_foIn3xdx=x2 In3x—x?+c

10. () y=2 N y=-2x>+5x
=2=—-2x*+5x
=2 -5x+2=0

2
:>(2x—1)(x—2)=0:>x=% OR x=2
Hence A = (% 2) andB = (2,2) 0
2 2
(i) Shaded areaR = fl (—2x2 + 5x)dx — /1 2dx
2 2
—2¢ , 5| 2
R
1)3 1\2
oL 5/~
_ =222 | 5(2)%] (2) (2) _
_(3+2 3 T3 [2(2)2(
_[=16 (=1 25 _45_9 ;
—( 3 +10) ( 12+8) 3 8sq.unlts
11. k = 512
7
Average kinetic energy = 7171/; 5v2dv
7
_ s :1[5@]_1[5“)3]
6l 351 6L73 6l 3
_1{1715) _ 15 _ oc :
_6( 3 ) 6(3) 95 joules

12. () a=6t+10

v= [(6t+10)dt = 3¢ + 10t
Whent=5 = v =3(52%+ 10(5) = 125 m/sec
(i) s= [3e + 100dt

_ 38 | 10t
=37
s=3whent=0 =(02+5024+c=3=c=3

+c=8t+5t2+c¢

=s=+52+3

(i) t=3=s5s=(3)*+53B)2+3=75m

Xy



Solution

4
(iv) Average speed = 41711; (3t + 10t)dt

4
_ 138 10t
_3[3+ 2

31@? + 5@ = 0y +507]

4
=1le+ 56,

1 —
§(1 +5) =

13. (i) =901 —x)=y=v9(1—x) =31 —x
AtAx=0=y=3(1T-0=3=A=(0,3)
AtB,y=0=3/1—-x=0=x=1=B=(1,0)

= 2(64 + 80) —

Wwl— w

3

(i) f(1__)dy y ;( ) ly 7o
:[3‘7]‘[ ‘7]
14. (i) f'(x) = k(x —a)(x — b)
(@ a=2b=4
(b) f'(x) = k(x — 2)(x — 4)
Point ( 6):>f’(0)=k(0—2)(0—4)=6:>8k=6:>k=%

3

(i) 00 = Z( —2)x—4) = Z(x2 — 6x+8)

— 6x + 8)d

4

Point (0, 6) = %[g — 3(0)2 + 8(0) + c] ~6

:>O—O+O+c=6-%=8:c=8

Hencey— e — zxz +6x+6

15. Q=ax+2=ax+bx*2
dx X2

46 m/sec.

=3 — 1= 25sq.units

3

S _xX_ 9, 3
3x +8x+c‘ Z x+6x+4c

Yo +-L —0=a+b=0

Turning Point (1, 0) :>d_ =a 02

y = fax+bx )dx—a—+b—1+c

')

—07_7+C
o (=12 _ b _
Point (—1, —4) =0 (_1)+c— 4
=S +b+tc=—4
2
Point (1, 0) éa%—%%—czo
a— =
i b+c 0
_a_y_ =
and > b—c=4
add = -2b=4 = b=-2

and a—-2=0 = a=2

xy




a_ = 2__ -
3 b+c 0:>2 (=2)+c=0
=14+2+c=0=c= -3
22 -2 2
HenceyZTX—T—3=x2+7—3

Revision Exercise 3 (Extended — Response)

1. (a)

X
- o1 _7 —[7
AtAX=2=y=2-—=2=2 P%)
dy _ sy gy 2
a—l (=2 )_1+F
_ _dy_ 2 _ .. 1_5
When x = 2 = slop _5_1+W_1+Z_Z
= Equation of Tangent:y — y, = m(x — x,)
VAN YV
Ty T g2
=4y —7=5—-10
=5x—4y—-3=0
(b) Onx-axis=y=0=5x—4(0)—3=0
=5x=73
_3
>X=3
. _(3
= point T = (E’ 0)
1 _x—1
©y=x=sa="
. X3—1 3
On x-axis,y = 0 = 2 =0=x"—1=0
=x3=1=x=V1=1
=B=(1,0)
(d) Required Area = Area under line TA — area under curve BA

Area under lineTA=5x —4y —3=0

4y =5x — 3
:yzﬁw—m
2
Area = %jé (5x — 3)dx

_ 1[5x2 2

= Z[T - 34;

-] 4T

4| 2 472 5

g1 1[99 _9

_ZHO 6] 4“0 J

_1‘%‘2J=“2

Xy



Solution

Area under curve BA = fx x ) dx

5 - l” |
—1
2_2 _] 1]
2 2 +1
I T
—22 12 1
Hence required area = 1-— 9 - 1= isq. units
40 40
(e) Triangle ATC: C(2,0) A(z,% T%,O)
| |
7} (_7
00 fo2) [-19
X1y1 X2y2
Area Triangle ATC = %\x1 Yo = X Y|
=1 _[=7)7)| = 42
=300 ( 5)(4)’ 40
9 .49
Ratlo—40 40—9 149
2. (a) y=2x+%—5=2x+8x*2—
AtP,x=1:>y=2(1)+%—5=2+8—5=5:>P=(1,5)
— - 8 _s_gyl_g5-31 — (431
AtQx=4=y=2) + 25~ 5=8+3-5=37=0 (4,32)
1 1
_Y2_Y1_3§_5__1§__1
SlopePQ = — = 24—7-"3 ~ 2
Equation PQ:y — y, = m(x — x,)
Sy—5==x—1)

=2y—10=—x+1
=x+2y—11=0
2y=—x+11

1

>

Shaded Area R = Area under line PQ — Area under curve PQ

=y=5(=x+11)

4
Area under line PQ = %f (—x + 11)dx

:
355
] 22 )
=28 +a -2+ 1]

= 2136 - 5[ 104]

— 1851

3
124



4
Area under curve PQ = £ (2x + 8x 2 — 5)dx

2x? X! 4
=15 +8—1—5x

= x2—§—5x]4

1

X

= |(4)

—ns—z—zm
=—6+12=6

1—8—5]

3 _ 23

Hence required area = 12> — 6 = 6Z SQ. units

4
(b) y=2x+8x2—5

dy s _ 16
> =271 =2--2

16

Whenx>2:>2—7>0

. dy - ,
Since —=> 0, y is increasing for x > 2.

dx
dy 16
(C)a—z 3
. . dy 16 _
Turnlngp0|nt:a—0:>2 7—0
=2x%-16=0
=x—8=0
=x3=8
=x=138=2
_ _ 8 _
X=2=y 2(2)+(2)2 5
fry §— =
—4+4 5=1

= Turning point S = (2, 1)

(d) Required area = area under liney = 5 — Area under line y = 1 between x = 0 and
x =1 + area under curve PS — area under liney = 1 between x = 1 and x = 2

1 1
Areazf 5dx—f 1dx
0 0

= [5x], — X1,

=[5(1)—-50)]—-[1-0=5-1=4

2 2
Area = f (2x + 8x 2 —5)dx — | 1dx
1 1

2
[xz _8_ SX]1 - x1?

|or=3-se]-

(1)2_T

(4 — 4—10) (1—-8—-5)]—

=[-10+12] -1
=2—-1=1
Hence required area = 4 + 1
= 55Q. units

y

A

y=2x+

8
2

-5

8 _ 5(1)” —[@ - ()]

Xy



3.

Solution

(@) y=cosx N y=sin2x

= sin 2x = Cos X

= 2sinxcosx —cosx =0

= cosx(2sinx—1)=0

=cosx=0 OR 2sinx =1
1

=x=cos '0 :>sinx=§

:7—T = in—1 l):ﬂ
=X 2(alreadyongraph) = X = sin (2 6

(b) Required area = area under curve y = cos x — area
under curve y = sin 2x between x = 0 and x = %

+ area under curve y = sin 2x — area under
curvey = cos x between x = g and x = %

jus s

6 6 .
Area = f cosxdx — f sin 2x dx

0

o

[smx]g [ _cos 2x]6
2 0
2
_ B COS? _(—cosZ(O))]
—[sm6 smO] >
_[1_ol- Z_ —1
-[t-o]-|3 )l
_1_1_1
2 4 14
Area = ff sin 2xdx — f; cos x dx
6 6
_ —costl [smx]
2 G 6
—cos%’

—cos 2(%))

= [snf3] = (]

|N|—‘

-3l

W

Hence required area = % = %square unit
(a) ‘:IV 120 + 26t — 12
Initial rate, t = 0 = % = 120+26(0) — (0)2 =120 //min

Twice the initial rate = 2(120) = 240 //min
= 120 + 26t — > = 240

= t—-26t+120=0

= (t—6)(t—20=0

= t=6mins OR t=20mins

v

y = cosx

y=sin 2x

N3

xy



(b)

5. (a) y:X2 YA

dv _

_ 42
CF =120+ 26t — t
= V= [(120 + 26t — )dt
—120t+ 268 — £ 4
- 2 3¢
3
=120t+13t2—%+c
3
V=0Whent=0:120(0)+13(0)2—%+c=0
=c=0
3
:»v=120t+13t2—t§
3
t=30 = V=120(30) + 13(30)2 — (3;))

= 3600 + 11,700 — 9000 = 6300 litres
Initially, tank = 1500 litres
= Total water = 1500 + 6300 = 7800 litres
Tank = 7000 litres
= Water lost = 7800 — 7000 = 800 litres

Let pointM = (k,0) =P = (k, k?

Area rectangle OMPN = |OM| . [MP| = k. k* = k3 N

Area under curve y = x> = f x2 dx
0

Hence other region ONP = k3 —

3 3
:>Rat|oofareas—% k?— 2:1

1
Let pointM = (k,0) =P = (k, kz)
yh

|w

N|—=
N

Area rectangle OMPN = |OM|. [MP| = k. k? = k

Area under curve y = x2 = f x2dx

31k

_[x2
3
2

0

31 15 3
=[26] 20 -

= Shaded area = %[ki] = zarea rectangle OMPN

Let point M = (k, 0) = P = (k, k")
Area rectangle OMPN = |OM|.|MP|

=k.kh = k"1
Area under curve y = x™

k
Areazfx”dx
0
Xn+1 k
S ln+

0



Solution

Kt (oyn+1

ln+1 n+1
n+1
n+1[k ]

! 7 area rectangle OMPN

XZ
" Y = 70000 ~¥
@ () x=10m = height (y) = 450 — 10) = -(40) =
1000 10
) . (40)2 y4
(ii) x =40m = height (y) = 1000(50 — 40) 20
1600
1000(10) 16 m 104
- =50 o X 1, 1 3
(b) y 1000(50 X) =7000° ~ 7000 ~ 20° ~ 1000 -~ N,
g O 5 10 15 20 25 30 35 40 45 50 X
slope == 5629 ~ 75663 = 76* ~ T000*
Ny — -1 21 _ _
(i) x=10m = slope 10(10) 1000(10) 1-03=07
o 1 3
(i) x =40m = slope = 10(40) 1000(40)
—4—-48=-08 N
dy y
(c) (i) Heightisa maximum = dx 0 20+
:>11_0X . 10300)(2 -0 o P(20, 12) Q(b, 12)
= 100x —3x2=0
= x(100 —3x) =0 O & 10 15 20 25 30 35 40 45 50 X

= 50x2 — x> = 12,000
= x3—50x2+ 12,000 =0

= x = 0 (Not valid) OR 100 = 3x
-
g
y 100 3 ) (cn 100
(i) Whenx =-—=—= 3 = height (y) = 1000 \50 3 )
_ 10,000(@)
9000 | 3
10/50| _ 500
0, 1 _T(T) 7 m
— 2 3
(d) Area fo (20X 1oooX )dx
_ L(Xj)_L(ﬁ)ro
2013 ~ 10001 4 /],
_ i 1 50
60X 4000(’(4)]()
[ 1ieq3__1 4 31 4
609" ~ 70000 70000
_ 12500 _ 6250 _ 3125
6 4 6
(e) (i) Qb,12)has y=12
1o 1 s5_
=30 ~ T000% ~ 12



P(20, 12) has x = 20 = factor (x — 20)

— 30x — 600
= x—20lx3 - 50x2 + 12000
(subtract) X3 — 20x2
0 — 30x2 + 12000
(subtract) —30x2 + 600x
0 — 600x + 12000
(subtract) —600x + 12000
0
—b+Vb%—-4ac

x2—30x—600=0 =x=
2a

30 +1(—30)2 — 4(1)(—-600)
2(1)

:3oﬂ233oo 154533

=x=

= Q= (15 + 5/33,12)
(i) a=20andb =15 + 5/33

154533
R= f 12dx

~ [2x ]15+5F

= 12(15 + 5V33) — 12(20)
= 180 + 60V33 — 240
= 60V33 — 60

5+5(33 X2
Area top of the mound = f
20

1000
Therefore,a = 20,b = 15 + 533 and R = 60V33 — 60

(50 —x)dx — R

7. @) fx)=1+ ¢
f(—x)=1+e‘X=1+lX
e

Fl) X F(—x) = (1 + e")(1 + lx)

i d)eelred
—1+L+e+ &

e e
=1+é+ex+1=2+ex+é

F0) + F(—x) = (1 + )+ 1+ &)
—1+e 1+
=2+ex+$

Hence f(x) X f(—x) = f(x) + f(—x)



Text & Tests 5 Solution

d _ a2
(o) & =3=2
X e
_3_ e
ex eX
=3e *—¢*

=3_—;—e"+c
=_—,§—e"+c
e
y=4whenx=0:>_—5°’—e°+c=4
e
—~ 3 _14c=4

1
=-3—-1+c=4=c=8

=y= ;,;D’—e"+8

2 2
(c) Shaded area = j; eXdx — fo e*dx

_e_z"z_[e"‘2

12 —1lo

_ e | 1]?

2 T

_[e2@ L_[ﬂ 1

12 e? 2 T

_ (et l_(l l)
(2+e2) 27
4

e, 1 3

2 2 2




Chapter 4

Exercise 4.1
1. () y=x2—3x+2

ia: -3

dy _
At (1,0) éa—Z(U 3=-1

dy IR
S il Pl Bl
15 dy . 1
At(2'2)2>dx_1 i
2
=1—=-=1—4=-3

2. fx) =2x* —4x — 5
=fx)=4x— 4
At(3,1) =f(3)=43)—4=8
= Equation of Tangent: y — 1 = 8(x —3)
=y—1=8x—24
=8 —y—23=0

3. f(x) = x* — 6x

=fX)=2x—6

Wherex=2= f'(2) = 2(2) — 6 = —2 (slope)

Wherex=2= f2)=(2)?—6(2) = -8
= Point (2, —8)

= Equation of Tangent:y + 8 = —2(x — 2)
=y+8=—-2x+4
=2x+ty+4=0

1 1

— 3 — 34 1,2
4. y x—|—2X2 x+2x
dy _ 2 32,2 _ 1
:>a—3x 1x° = 3x F
Wherex=1$ﬂ=3(1)2—L=3—1=2(s|o e)
dx 1) P
wherex=1=y= (13 + 1 =1+l=1l
2(1)2 2 2
:»P0|nt(1,12

= Equation of Tangent: y — 1% =2(x—1)

=y 13=2x-2
=2y—3=4x—4

=4 —-2y—1=0



Solution

5. y=x?+ kx
d
:>—y=2x+k
dx

where x = —1 :ﬂz 21+ k=3
dx

= —2+k=3
= k=5
6. y=x>+3x—1
d
Y x4 3=5
dx
= 2x =2
= x=1
:>y=(1)2+3(1)—1=1+3—1=3
= Point = (1, 3)

7.y=x*+4x+6
dy
=>—=2x+t4=-2
dx
= 2x=—6
= xX=-3
=y=(-3)2+4(-3)+6
=9—-12+6=3
= Point = (-3, 3)

5x?
8. y=
YT
QuotientRule:u =5x> and v=1+ x?
du _ dv_
:>dx—10x :>dx 2x
d d
dy _ Vg~ Yae _ (143010 = (5x3(2%)
dx v2 (1 + x3)2
_ 10x +10x* —10x3
(1 + x?)?
__Tox
(1 + x2)2
. dy 10(2) 20 20 _4
Point(2,4) = —=——> _=°_=20=2
M T rerE G 25 5
= Equation of Tangent:y — 4 = %( -2)

=5y—20=4x—38
=4x—-5y+12=0

9. y=x>—12x+ 4

d
=P 30 _12-0
dx

=x2—-4=0
=>Kx+2)x—2)=0
=>x=-2 OR x=2
=y=(-23-12(-2)+4 and y=(2P3—-122) +4
=—-8+24+4=20 =8—-24+4=-12
= Points = (—2,20) and (2, —12)



10. y=ax* +bx +5

d
:>—y=2ax+b
dx
. dy _
Point (5, 0):>a— 20(5) +b=4
= 10a+b=4

Point (5,0) = 0 = a(5)? + b(5) + 5
=0=25a+5b+5

= 5a+b=—1

and —10a—b= —4
= —5a = -5
=a=1

= 10(1)+b=4 =b=-6

1. y=ax*+b
dy

= —= = 2ax
dx q
Point (2, 2):>dx 2a(2) =3
_ _3
=4a=3=a 2
Hence,yz%x2+b
Point (2, —2) = —2 = %(2)2 +b
=-2=3+b
= b=-5
12, y=Inx+x—2
d
=14y
dx x q
wherex=1:—y=l+1=2(slope)

dx
wherex=1=y=In(1)+1-2=0—1=—1
= Point (1, —1)
= Equation of Tangent:y + 1 = 2(x — 1)
=y+1=2x—2
=2Xx—y—3=0

d
13, y =e* :>d—§=e3x.3=3e3x

d
Point (0, 1) = -2 = 3e30 =3 =3 .1 =3
dx
= Equation of Tangent:y — 1 = 3(x — 0)
= y—1=3x—-0
= 3x—y+1=0

14. y=x>—3x> = 5x + 10

:>QZ3X2—6X—5
dx

Line:y = 4x — 7 = slope = 4
Hence, 3x2 —6x — 5 =4

= 3x2—6x—9=0

= X —2x—3=0

= x+1x—-3)=0
=x=—-1 OR x=3



Solution

Xx=—1=y=(=13—=3(—12-5-1)+10
=-1-3+5+10=11 = Point(—1,11)

x=3 =y=(30-332-5@3)+10
=27-27-15+10= -5

= Point (3, —5)
. X2
15. (I) y= _W = —500 0
> ~1001 e
= —x?2=—62500 2004 Y=
= x2=62500 3004
= x=162500 = 250 m ey
)
oo 1o W 2 =500
Wy =925 =g ~ 125"
_ dy -2 _
At x = 250 éa—ﬁ(ZSO)— 4

=tan 0= —4
= 6 = tan"'(—4) = 104.036 = 104°
The angle at which the stone enters the water is 180° — 104° = 76°.

d
16. (i) Curveisincreasing = d_i > 0 (Positive)
, , : dy :
(ii) Curveis decreasing = dx < 0 (Negative)
@ y=x>—x—6
d
= A 2x — 1
dx dy
Turning point = I 0=2x—-1=0
_1
= X=5
Function is decreasing =2x—1<0
= 2x <1
1
< —
= X<
(b) y=x3+6x>—2
d
= & 3x2 4+ 12x
dx q
Turning points = d_i =0=3x*+12x=0

= xX2+4x=0

= x(x+4)=0

=x=0 OR x=-4
Function is decreasing = 3x>+ 12x <0

= x2+4x<0

= —4<x<0

17. fx) =4x2 + 4x + 7
(i) =fx)=8x+4
(i) (@) f(x)isincreasing=  f'(x) >0
=8x+4>0
=2x+1>0
= 2x> —1

= X>—=



18.

19.

(i)

(iii)

(ii)

(b) f(x) is decreasing =  f'(x) <0
=8 +4<0
=2x+1<0
= 2x < —1

1

= x < —5
f(x) = 4x — 3x?
=f'(x) =4 — 6x
f(x) isincreasing = f'(x) >0
=4—-6x>0
=2—3x>0
= —3x>-2
= 3Ix<2
= x<§
fi(x) =3x2+8x+2
=f'(x) =6x+8
f(x)isincreasing= f'(x) >0
=6x+8>0
=3x+4>0
= 3x>—4
—4
= X>T
f(x) = 2x> — 15x2 + 36x y
= f'(x) = 6x> — 30x + 36
f(x) is increasing = f'(x) >0
=6x2—30x+36>0 \ /
= Xx*-5+6>0 ol A4 x

Factors = (x—2)x—3)=0
Roots =x=2,3
Solution:x<2 OR x>3

f(x) = 3x — 5x?

=f'(x) =3 — 10x

f(x) is decreasing = f'(x) <0
=3—-10x<0
= —10x<-3
= 10x >3

= X>3(OR x>03)
10
f(x) =4 — 2x — x2
=f(x)=—-2—2x
f(x) is decreasing = f'(x) <0
= —-2-2x<0
= —2x <2
= 2x> —2
= x> —1



Solution

(iii) f(x) = 2x> — 3x> — 12x
=f'(x) =6x2—6x— 12
f(x) is decreasing = f'(x) <0
=6x2—6x—12<0
=x—-x—2<0
Factors =X+ 1)x—2)=0
Roots =x=-1,2
Solution: —1<x<2

20. fx) =x>—6x>+18x+ 4
ff(x) =3x2—12x + 18
f(x) is increasing = f'(x) > 0
=fx)=3x2—12x+ 18>0
=x2—4x+6>0
=X —4x+4+2>0
=Kx—-224+2>0 True

_2x+ 1

21- Y =3,7%

QuotientRule:u=2x+1 and v=3x+6

du _ dv

YA

ia— == a:3
d dv
dy _VaUG_ (3x+6).0-2x+1).03)
dx V2 (3x + 6)?
_6x+12-6x-3
(3x + 6)?
-9
(3x + 6)?
f(x)isincreasing =f'(x) >0
:>L>O True
(3x + 6)?
22, (i) y=x*—14x+53
Yo 14
A X
: dy _ _
Pomt(8,5):a—2(8) 14=2

= Equation of Tangent:y — 5 = 2(x — 8)
=y—5=2x—16
=2X—y—11=0

(i) y=—x*+10x — 27
dy
=2 =-2x+10=2
dx

-2 —8

4

—(4)2 +10(4) — 27
=—-16+40—27 = -3

=Q=(4 -3)

x X
Il

=
=
=

y

/ > X
L

YA
P(8,5)
0 X
YA
P(8,5)
0 X
Q




23, y=2+0.12x — 0.01x3

d
M =X =012 003x
dx q
Atx =0 ;»d—i —0.12 — 0.03(0)2 = 0.12

d
Atx =3 :>—y =0.12 — 0.03(3)?
dx

=0.12—-0.27 = —0.15
(i) Gradientiszero=-0.12 —0.03x2=0

= 4—x>=0
= 2+x2—-—x=0
= X=-2,2

ForO=x<3 =x=2
=y=2+0.12(2) — 0.01(2)3
=2+0.24 —0.08
= 2.16 km = height

24, y=1x+2
(@) Onx-axis=y=0=1Vx+2=0

=x+2=0

=x=-2 =A(—20)
Ony-axis=x=0=y=10+2 =12

= B(0,V2)

dy _ 1
= — + 2 —
TP T
d
( AtX=—'|:>_y: 1 1 _1

dx  2(—1+2 201 2

(i) Atx=—-1=y=V{-1+2=11=1= Point(—1,1)

= Equation of Tangent:y — 1 = l(x +1)

2
=2y—2=x+1
=2y —x=3

(iii) Onx-axis=y=0=0—x=3
=x=-3 =C(C(-3,0)
Ony-axis=x=0=2y—0=3
1

11 1
:>y—12 :>D(0,12)

= |cDl = {(-3- 02+ [o-11f = fo+ 2T = %5

dy 1
d —<1= <1
()dx 2ix + 2

=2x+2>1
:>\/x+2>%

1
+ 2>
=X 2 |

=x> -2+

—7
>_
= x>

=7
4

IR

3/5

2



Solution

Exercise 4.2
T.y=x>—4x+9

d
Y o—a=0
dx

=2X=4 =x=2
=y=2)?%-42)+9=4—-8+9=5= Point(2,5)
d’y . L
:W=2>0:>Pomt (2,5)is a minimum
2, y=4—8x— 2x?
dy
=—=—8—-4x=0
dx
= —4x =8
= X=-2
=y =4—8(-2) 227
=4+ 16—8=12= Point(—2,12)

2
= d—"zl = —4 < 0= Point(—2,12) is a maximum
X

3. y=3x>—6x+4

d
= —ex—6=0
dx

= 6x=6 = x=1
=y=3(12-6(1)+4=3—-6+4=1= Point(1,1)
d2
=>d—X)2/=6>0:>Point(1,1)isaminimum
4, y=x>—9x*+ 15x + 2

d
Y 32— 18x+15=0
dx
= x*—-6x+5=0
= x—NKx—-5=0
=x=1 OR x=5

=y=(1)2-901)2%+15(1)+2 and y=(53%—9(5?2+ 15(5) + 2

=1—-94+15+2=9 =125—-225+75+2
= Point (1, 9) = —-23
= Point (5, —23)
d?y
W_ 6x — 18
. d?y .
Pomt(1,9):@= 6(1) —18=—-12< 0= (1,9) Maximum

d2
Point (5, —23) éd—x’; —6(5)— 18 = +12 > 0 = (5, —23) Minimum



y=23-3x2—12x+5
d
:>—y=6x2—6x—12=0
dx
= x2—-x—-2=0
==x—-2)x+1)=0
=x=2 OR x=—1
:y=2(2)3— 3(22—12(12) + 5 and y= 2(—1)2—=3(—1)2—=12(—1) + 5

=16—12—-—24+5=—-15 =—-2—-34+12+5=12
= Point (2, —15) Point (—1, 12)
d?y
—=12x—6
dx?

d2
Point (2, ~15) = —> = 12(2) ~ 6 = 18 > 0 = (2, ~15) Minimum
X

d2
Point (~1,12) = =2 = 12(~1) 6 = ~18 < 0= (~1,12) Maximum
X

X2
W y="
Quotient Rule: u = x? and v=x+2
du _ dv _
= ax 2x = dx 1

dy Ve UG (x+2).20 - 03).(1)

dx V2 (x + 2)2
_ 2 +4x—x?
(x + 2)?
_ XA
(x + 2)2
=x(x+4)=0
=x=0 OR x=-4
_ 0 _ _ (=42
Y=gz 0 and Y=g
Point (0, 0) =16 s
Point (—4, —8)
dy  x2+4x
dx  (x + 2)?
QuotientRule:u = x> + 4x and =(x+2)?
:>%=2x+4 :>ﬂ=2(x+2)
dx X
dy VR U (x+2202x +4) — 0@+ 4. 20+ 2)
dx? V2 (x+2)*
d’% (0+2)0+4—-(0+0).20+2) 8 1
At(0,0) = —=> = =2 -1
t(OO):>dX2 0+ 2)* 16 2 0

= (0, 0) Minimum

dy (—4+2%-8+4) —(16—16).2(—4+2) _ —16
At(—4, —8) = —= = = =-1<0
( )= 3 (—4 + 27 16

= (—4, —8) Maximum




Solution

6. f(x) = 4x+%= 4x + 4x7!

Fog=4-4x2=4-2%=0
=4 —-4=0
= x*—-1=0

=xX+Nx—1)=0
=x=-1 OR x=1
4

f(—1)=4(—1)+_—1=—8 and (1) =401) +
Point (—1, —8) Point (1, 8)
f"x) =0+ 8x3= %

At(—1,-8)= (- =—2_=8 — g9

At(1,8) = f"(1)= =8>0
(1,8)= ()=
= (1, 8) Minimum
7.y=x2+¥= 2 4+ 250x7!
d
o ox—2s0x2=2—222-¢
dx X
=23 —250=0
=x}—125=0
—~x=1125=5
ew . 250 - .
=y = (5) + 2= =25+ 50 = 75 = Point (5, 75)
d’ 500
—Z =24+500x3=2+22
dx? , x3
d’y 500
At(5,75) = 35 =2 5 2+4=6>0

= (5, 75) Minimum

dy . 15 _ 1 _
ia— EX =1 ﬁ—o
=2Xx—1=0
=2x =1
Sx=tox=1
2 4
S N S R int (L =1
YTy \/; 4 2 4:>P°'nt(4'4)
o =
_yzo-l,-lXZ: 13



T 1) i
7 4)Mlnlmum
9. () y=x>+3x2+1

dy

= ——=3x2+ 6x
dx

d?y
:@=6x+620
=>x+1=0
>x=—1=y=(—13+3(-12+1=3
= Point of inflection = (—1, 3)

(i) y=x>—6x2+9x + 2
dy

=-—=3x2—12x+9
dx
d?y
:>W—6X_12—0

=x—2=0 =x=2
=y=02P-6(2)?>+92) =4
= Point of inflection = (2, 4)

10. y = Y_ g
Ly = COsx == sinx
d?y
:>W_—COSX

d2
Atng:d—xgz —cos%z —0=0

Hence, point of inflection occurs at x = g

M. y=ax +bx>+c¢
dy

= —= = 3ax? + 2bx
dx q
Point (—1, 5) :»d—iz 3a(—1)% + 2b(=1) = 0
~3a-2b=0

Point(0,4) =4=a(0®+b(0)2+c=c=4
Point(—1,5)=5=a(—1)>3+ b(—1)?+ 4
=5=—-a+b+4

=a—b=—-1= 2a—2b=-2

and —3a+2b=0

—a = -2

=a=2

=2—-b=-1
-b=-3=b=3

=a=2,b=3,c=4



Solution

X+ 1
xX—3
QuotientRule = u=x+1 and v=x-—-3

12. fix) =

du _ dv _
= dx 1 = dx 1
f,(x):Vﬂ—i—U%:(x—_v,m—(x+1).1
V2 (x—3)?
_X—3—x—1__ —4

x—37  w—37 °

= —4 =0 False

= Graph has no turning points

gz=4x—l=4x—x‘1
d X
Atx=1= g0y -1 =3
dx 1
i gZ: _l:
(i) dx 0= 4x " 0
=4 —1=

——1,=1
X=X =5
. 1 1\2
Slncex>0:>x=§:y=2(§) —In=
=%+In2
11
P0|nt(2,2+ln2)
d?y 1
L =44+ x2=4+ —
:>dx2 4+ x 4 e
d2
:>Atx—1:>—y—4+L 8>0

= Minimum point

14. (i) y=e" —x

dy B
ae 1=0
=e=1=x=0

=y=e-0=1-0 = Point(0, 1)

Lody
(II) W_ dz
Point (0, 1) = =% = €9 = 1>0
dx

= Minimum point



15. (@) y=x3—9x>+24x — 20
dy

=-—=3x2—18x+24=0
dx

= x2X—6x+8=0

= x—2)x—4)=0

= X=2 OR xX=4

=y=1(2)3—9(2)?+ 24(2) — 20 and y=(4)°—9(4)* + 24(4) — 20

=8-36+48—-20=0 =64—144+96 —20= —4
Point (2, 0) Point (4, —4)
d?y
:@ =6x—18
. d?y .
Point (2, 0) = F =6(2)—18=-6<0 = (2, 0) Maximum
. d?y .
Point (4, —4) = el =6(4)—18=6>0 = (4, —4) Minimum

(b) (i) (x—2)%x—5)=(x*—4x + 4)(x — 5)
=x3 — 5x2 — 4x2 + 20x + 4x — 20
=x3—9x2 4+ 24x — 20

(i) fix) = x> — 9x2 + 24x — 20
f(0) = —20 (1) =—4 f(2) =

16. (i) fix) = (1 + x)log, (1 + x)

Product Rule:u =1 + x and v =log, (1 + x)

du _ dv_ 1

Tax ! dx " T+x
dy _ dv du _ 1
i&—Ua‘FVJ—“+X).1+X+|Oge(1+X).1

=1+log.(1+x)=0

=log.(1+x)=—-1=e"=1+x




Solution

L L2111+ 31

e e
1. 1
= Iogee
1 _
=E-Iogee1
1 1
:E._'I.logee:—g
= Turning Point = (1 —€ —%)
oo dy
(ii) o 1+ log. (1 +x)
d’y 1 1
é@_ +1+x_1+x
dZ
Atx =1 —1 _{:;:l:e>o
e d 1 4l-1 1
:>(1;e,_—1)isaminimum
e e

17. fx) =ax® + bx? + cx + d

Point (0, 4) = f(0) = a(0)® + b(0)2 + c(0) + d = 4
=d=4

Point (1,0) = a(1)* + b(1)> + c(1) + 4 =0
=atb+c=-4
f'(x) = 3ax? + 2bx +c
= f'(0) = 3a(0)> + 2b(0) + c=0=c=0
f"(x) = 6ax + 2b

= f"(1) =6a(1) +2b=0 =3a+b=0
and a+b+0=-4 = —a—-b=+4
2a =4
= a =2
=2+b=—-4
= = -6
X
18. f(x)—X+2
Quotient Rule: u = x and v=x+2
du _ dv _
:>dx 1 :>d 1
du dv
/ Vax ~ Yax _ (x+2).(1) — ). (1)
=fl = V2 B (x + 2)2
X+2—x_ 2

0

x+2?2 x+2?2
= 2 = 0 False



19.

20.

= f(x) has no turning points

2

f'ix) = PE =2(x +2)?
" _ -3 _ _4 —
=f"(x) = 4(x+2)3——()(+2)3

= —4 = 0 False

= f(x) has no point of inflection

(i)

(ii)

(ii)

(iii)

gx) = x>+ % =x2+ ax?

:>g()—2x—20x‘3—2x—i§'
2 =202 -24 -4-29 -
=92 =20) - Gz=4-F=32-20=0
=a=16
— 16 _ 32
g(x)—x2+x—2:>g() 2x—X—3—O
= 2x*—32=0
= x*—16=0
= -4 +4)=0
= X+2)x—2)=
=x=—-2 OR x=2
g'x) =2x — % =2x— 323
=900 =2+96x =2+
S g(—)=2+-20 —216=8>0

(—2)*
= Minimumatx = —2

96

:>g(2)—2+(2)

=2+6=8>0
= Minimum atx = 2
= g(x) has no local maximum point

1400 | 2v _ 2

- Y <V — —1 <
C= v + 7 = 1400v~ ' + 7v
dc_ 24221400 2
:>dv —1400v—~ + 7 7 + 7 0
= —9800+2v2=0
= 2v2 = 9800
= v2 = 4900
= v =44900 = 70 km/hr
&C _ 28000 = 2800
dv?
dC _ 2800 2800
= = = >
Atv=70="32="707 ~ 343000 °
= Minimum atv =70
v=70= c=1400  200) _ ~_ g4

70 7



Solution

Exercise 4.3

d
1. In (i) = d—i positive for all values of x.

d
2. In (i) and (iii) = d—i negative for all values of x.

3. (i) Positive slope
(i) x<—-2 OR x>3
(i) —2<x<3
(iv) f(x)=0 =x=-2,3

4. e Positive slope forx < —1
e Turning pointatx = —1
e Negative slope for x > 1

5. Answer (C) because

e Positive slope for x < 1%

e Turning pointatx = 1l

N

e Negative slope for x > 1%

6. Answer (B) because
e Positive slope forx <<AORx >B
e Turning pointatx = Aand B
e Negative slope forA<x <B

7. () fx)>0 for —2<x<1
(i) ffx)<0 for x<—2 OR x>1
(i) fx)=0 at x=—2,1

8. (i) 4




(iii) f'(x)

/

f'x) = —x*+2x+3

7 T N

9. (i) Aturning pointatx = —3for curve (a)
A turning point at x = 4 for curve (b)
(ii) Curve (a) is decreasing for x < —3
Curve (b) is decreasing for x > 4

10. (i) Curve (a) has stationary pointsatx = —1,3
Curve (b) has stationary points at x = —4.5, 1
(i) Curve (a)isincreasingforx < —1 OR x> 3
Curve (b) is increasing for —4.5 < x <1
11. C.istrue.
12, (i)
f'(x)
X
0 1 2 A\
(i)
f'(x)
X
0 1 2 3

13. (i) FX)=kx—a)x—b)=kix—2)(x—4) =0
=>XxX=2,x=4

=a=2,b=4
(i) FO)=6=k(0—2)(0—-4)=6
=8k=6
_6_3
—k=g=2



Solution

Exercise 4.4
1. x+y=6and A = x%
Sy=6—x = A=x%6—x)
= A=6x*—x3
dA

=-——=12x—3x2=0
dx
= 3x(4—x)=0
=x=0 OR x=4
dA _ .,
= ga = 12~ 6x
_ d’A _ ., B -
Atx—O:W—Q 6(0) =12 = Minimum
2
Atx=4:>%=12—6(4)=—12<0

= Maximum atx = 4
=A=(4)2%6—4) =32

2. () Po) =122 + 8+ 20 = 11520 " + 8x + 20
9P qisaz4g="152 8-
dx X
= —1152+8x*=0
= 8x? = 1152
= X2 =144
= x=12
dP _ _5_ 2304
= g = 2304 =55
d?P _ 2304 1 -
= _— = =1=>
At x 12:>dx2 127 13 0 = Minimum
. _ _ 1152 —
(ii) Atx—12:>P—T+8(12)+20—212cm
3. Perimeter = 2x + 2y = 100 X
= x+y=50
= y=50—x

Area = (X)(y) = (x)(50 — x)
= A =50x —x?

= dA _ 50—2x=0
dx
= —2x = —50
= x=25
A _
dx?
= Area = (25)(25) = 625 m?

—2<0 = Maximumatx =25

4. (i) |AB| +|BC| =8 A
If|[ABl| =x=x+[BC| =8
= IBC| =8 —x



5.

6.

(i) AreaTriangle ABC = %]AB\ - |BC|

(ii)

(iii)

()

(ii)

=Xx=4

[0-2] = —1 < 0= Maximum

Atx = 4 = Area = %(4)(8 — 4)

= (2)(4) = 8 cm?

Volume = x.x.h = x*h =108

Surface Area,S=x.x+ 4x.h

:>S=x2+4x-1)($=x2+ﬁ X
S=x2+ 432x7"
:>£= 2x — 432x72

dx
=2x—4j’—2220

2% — 432 =0
= X —216=0
= x3=216
~ x=3216=6 :h=%=3
2
) 2+864x2 =2+ 5%

dx?
) 864 -
Atx =6 =B 2 BE 6>0 = Minimum

= Dimensions: 6 m by 6 m by 3 m.

Length of side of the box = 12 — 2x
= Volume (V) = (12 — 2x) (12 — 2x) . x = 4x3 — 48x? + 144x

V122 — 96x + 144 = 0
dx

=x2—8x+12=0

=x—-2)x—6)=0

= x = 2(valid) OR x =6 (invalid)
d2v

:>W=24X_96
_ d?v _ Car
Atx =2 :>W—24(2) 96 = —48 <0

= Maximum when x = 2 cm

12cm

2cm



Solution

7. (i) Total Surface Area = 54 cm?
=2x.x+4x.h =54
= X2+ 2xh = 27

= 2xh =27 — x2
_ 27 —x?
= h= >x
(i) Volume (V) =x.x.h=x?h
= V x2(27_x)
2x
= V=%(27x—x3)
(i) d—‘;=%(27—3x2) =0
= —3x2=-27
= x2=9
_ 27 — (3)?
= x=3 =h 36) 3
2
%—%(o 6x) = —3x
d2v .
Atx = 3:>w= —3(2) = —6 < 0 = Maximum
Hence, volume = (3)(3)(3) = 27 cm3
8. (i) 3x+4y=12 YA
— 4y =12 — 3x :>y:12:‘3x N 3x+4y=12
_ 12 —3x
=P= (X’ 4 ) B Ply)
(i) Area (4) = (x)@ = %(1 2% — 3x2)
[ N
(i) 3—?2%(12—6@ - o A X
= —6x=—-12=x=2
A _ 1, o 3 :
= e —4(0 6) > < 0 = Maximum
= Area = %(12(2) —3(2)?) = 3 sq. units
9. Total Surface Area = 2@rh + 27?2 = 24w
=rh+rr=12
= rth=12 — r?
_ 2
= p=12=r
r
_ 2
= Volume = #r*h = mr? 12%) =7r(12 — r?)
V=12mr— @r?
:>d—v=1277—377r2=0
dr
= 4-r’=0
= r=4=r=y4=2
()2
2
dv _
:>dr2 =0—6nr
_ d2v _ _ .
Atr=2=——=—6m(2) = —127 < 0= Maximum

r



10. (i)
(ii)

11. (i)

13. 2+ h2=(3)2=9

=rr=9—h? .
=r=4y9-h? 3
Hence, Volume (V) = #r?h 2h

r+h=20 =h=(20—-rcm

Volume (V) = %’ﬂl’zh = %WI’Z(ZO )

= V=3(0r - r)
AV _ a0, — 3p2) =
:>dr 3(40r 3r)=0

=r40—-3nN=0
= r=0(invalid) OR r=
dv
dr?

_40 ﬂ:z( _(@)):—4077
Atr="3 = T3 =T140-6/3 <0

40 .
3 (valid)

= = §(4o —6r)

= Volume is maximum when r = 43—0 cm

Perimeter =r60+ 2r=28

=r0=8—2r

= —2r=—4=r=2

2
:>?j—r’;\ = —2 < 0= Maximum

Hence,atr=2=A=4(2) — (2?=4m?

(i) [ST|>=(10)2 + (10)2 = 200 A \\

= |ST| =200 = 10V2 )
(i) = Length of rectangle = 102 — 2x, width = x 10m’

10m

= Area (A) = (10V2 — 2x)x = (10V2)x — 2x2

dA _ 107 —ax=0

Decking
dx .

xm

= —4x = —10V2
1002 _ 5
4

Side wall

N

= Xx= (width)

N ’

= Length = 10V2 — 2(%) =52

==->=0—4=—4<0= Maximum

dx?
= Dimensions: length = 5/2 m, width = 52 m

2

= (9 — h?) . (2h)
= 27h(9 — h?) = 187h — 2mh3 R




14. (a)

15.

Solution

av _ 6k —
:>dh 187 — 67h 0
=3-h2=0
= h=3 =h=13
= r=y9-3=46
v _
éw—o 12ah
2
At h=@:%=—12ﬁﬁ)=—1zﬁw<o

= Maximum when h = {3
= Volume = 7(V6)?.(2/3) = 1273 cm3

(i) [PS| =6 —x

Rs|=12-8

X
(i) Area (4) = (6 — x)(12 - %)

—72-3 o 18=80—12-28
X X

(b) A=80— 12x — 48x™!
A ptagci=-—12+% -
dx X
122 +48=0
= +x*—4=0
= x=1V4=2
PA_§_ggx3 =%
=S8 =0 96x 2
2 _
Atx=2;»%=$=—12<o:»w|aximum
Whenx=2:>A=80—12(2)—42—8

= 80 — 48 = 32 5q. units
P lies betweenx =1 and x=4

S Atx=1=A=80—12(1) 38—

1
48

andatx=4=A=80—12(4) — 2=
y = —x*+ 6x
= P(x,y) = (x, —x? + 6x)
AtB,y=0=—x>+6x=0
= —xx—6)=0
=x=0,x=6
0 =(0,0),B=(6,0)

(ii)

20 (minimum)

20 (minimum)

YA

P(x,y)

= |OA|=x |OB|=6=|AB|=6—x
|AP| =y = —x* + 6x

— Area (A) = %]AB\ - |AP|

(6 = X)(—x% + 6X)

[—6x2 + 36x + x3 — 6x2]

I
N|[—= N|—= N|—=

(3 —12x2 + 36x)




(i) 94 =

2 —
dx (3x?—24x+ 36) =0

Nl—\

x*—8x+12=0
x—2x—6)=0
2, x = 6 (invalid)

(6x—24) =3x— 12

R

e

Atx—2:>((jj'§ = 3(2) — 12 = —6 < 0 (Maximum)

6 — 2)(—(2)* + 6(2))

X =
A _1
2

= Area =

(4)(8) = 16 sg. units

N[ = NI—‘

16. (i) Perimeter =2x + 2y =120
= x+y=60
= y=60—x
(i) S = 5x% = 5x%(60 — x)
(iii) Possible values for x = 5x%(60 — x) >0
=0<x<60

(iv) S=300x%2— 5x3

:>£—600x 15x2 =0

dx

= 40x—x*=0

= x(40—x)=0

= x =0 (invalid) OR x =40 (valid)
d?s

=3 = 600 - 30x
Atx = 40#»% — 600 — 30(40) = —600 < 0

= Maximum (strongest) at x = 40
=y=60—40=20

(v) x <19 cm = Maximum strength = 5(19)? (60 — 19)
= 5(19)2(41) = 74005

Exercise 4.5
1. p=2¢°+gq
dp
:>d—q—6q +1
_ dp _ 2
Atg=4 = d—q—6(4) +1=097
2, () y=2x*+x

d
:>—y=4x+1
dx

d
Whenx=4 = Y=a4@)+1=17
dx
(ii) Rateofchangeis9=4x+1=9

= 4x =8
= X=2



Solution

3. A= mr?
dA _
= ar = 27r
(i) r=5cm = ((jj—’:\=27-r(5)= 107 cm?
dA

(i) r=10cm = EZZW“O):ZOWCYHZ

4, V=x.x.x=x3

v _ ;.
= dx 3x
N dv _ 2 3
(i) x=10cm = ax 3(10)? = 300 cm
(i) V=125 = x3=125
= x=1125=5cm
dV _ 352 3
Hence, dx 3(5)°=75cm
5. P=100(5+t — 0.25t?)
= % =100(0 + 1 — 0.5t) = 100 — 50t
Whent=3 = % = 100 — 50(3) = —50 people per year.
Thus the population is declining by 50 people after 3 years.
6. () M= 200000 + 600t — %ﬁ
dm 200
2V —0+ _ 2V 3p
at 0 + 1200t 3 3t
= 1200t — 200t?
(i) Whent=3 = ‘i'j—";’ = 1200(3) — 200(3)2
= 3600 — 1800
= €1800 per month
(iii) Rate of growth =0
= 1200t — 200t =0
= 200t(6 —t) =0
=t=0and t=6
7. s=1—22+3t—4
() Speed = % =3t —4t+3
Whent=4 = =342 —a(4)+3

=48 — 16 + 3 = 35 m/sec.

2
(i) Acceleration = 3—; =6t—4

2
Whent=4 = % =6(4) — 4 = 20 m/sec?.

ds

(i) Speed=a=3t2—8t+4
Whent=3 = $=3<3)2—8(3)+4

=27 —24+4=7m/sec

xcm




=6t—8

d?s
dt?
(iii) Body momentarily at rest = =~

.o . dzs
(i) Acceleration = a2
Whent=1 = = 6(1) — 8 = —2 m/sec?

ds _
dt

=32 -8t+4=0
=@Bt—2)(t—2=0

:>t=%sec,t=25ec

9. h =600t — 5t

. dh _ . _

(i) :>dt—600 10t=0
= —10t = —600
= t = 60 secs

(i) Whent=60secs = h=600(60) — 5(60)>
= 36000 — 18000
=18000m = 18 km

10. s=13— 212 + 4t
(i) Att=2 = s=(2)3—22)?%+4(2)
=8-8+8=8m

(i) Velocity = 35 =3 —-4t+4=4
= 32— 4t=0
=t3t—4)=0

=t=0 OR t=

W

11. s=28 - 52+ 4t—5

(i Velocity=$=6t2— 10t+4=0
~ 32-5t+2=0
S @Bt—2)(t—1)=0

2

:>t:§ OR t=1
Acceleration = ?j_ =12t—10
_2 d?s _
At=2 = S8 12() 2
Att=1 = 95 _10)-10=2
de?
(i) Acceleration=0=12t—10=0
~12t=10 = tzg
ty =G = o2 —10]
= velocity at 66 106 +4
25 25, ,_ 1
=% 34 6

12. x =8 — 112+ 24t - 3
(i) t=0 = x=(01°—11(0>+24(0)—3=-3

X _ 32— 2t + 24

dt
att=0 = Velocity = % =3(0)2 — 22(0) + 24 =24

= 3 cm to the left of O, moving to the right at 24 cm/sec.



Solution

(i) Velocity = % = 312 — 22t + 24
(iii) Particle is stationary = % =0

=3 —-22t+24=0
=@3t—6)(t—6)=0

:>t=%secs OR t=65secs

) =4 — (4P _ 11(4) 4| _
(|v)t—§:x (3) 11(3)+24(3) 3
_64_ 176 _3-1122
=37 9 +32—-3 1127
t=6 = x=1(6)>3—11(6)2+ 24(6) — 3
=216—396+ 144 —3 = —39
22

=1 1ﬁ cm to the right of O and 39 cm to the left of O
. . 4 2
(v) Velocity negative = 6 — 3~ 4§ secs
2
(vi) Acceleration = % =6t — 22
(vii) Accelerationiszero = 6t—22=0
= 6t=22
_2_1
= t= 3 3 secs
11 _m n 1) _
Whent—? = 5—(3) 11(3)+24(3) 3
_ 1331 1331 _~_ 4216
=57 "o + 88 — 3 1327 cm
e L L
When t 3 = at 3 223 + 24
_121 242 5, 1
=3 3 + 24 163 cm/sec

Hence, when t = % secs, the particleis 1 3% cm left of O and moving to the left at 16% cm/sec.

13. n = nyed
When ng = 5 = n = 5%
i) t=0 = n=5e"20=5e2=51=5
t=10 = n=5e%00 =5¢e2=36945=37

(i) (0,5),(10,37) = average rate of growth = ‘:’(7) — g
_32 _
=70 3.2
(i) 9 = 5e07(0.2) = (1)eo2 = e0
When t=5 = d_n = e0-2(5) = e'l =e
dt
Exercise 4.6
dr ... dt ds
1. () at (ii) ar (iii) at
2. ) =4 a W) S =dr "dt
=49 _dv



=(10).(2) =20

dr _

= 2 ar _
4, A wranddt 1

=>=——=—=——-=—=27r.1=27r

Whenr=5 :>d—A= 27 (5) =107

dt
5. Given % = 3 cm/sec, find %
=A=mr
é% = 27r
%z%-%z Q) . (3) = 67

Whenr=9cm :>d—A = 6m(9) = 547 cm?/sec

dt
dA
dt

dx
dt
=A=x.x=x2

dA _
ia—ZX

L dA_dA dx_ 55— q0x

dt dx dt
dA _

When x = 10 cm = 10(10) = 100 cm?/sec.

6. Given == = 5 cm/sec, find

. dp _ dMm
Given rTa 2, find g

- 4 M _
M= (2p + 3) :>dp

CV =SV . =C =802p + 3.2 =16(2p + 3)°

Whenp = 1 =M _ 1612(1) + 3P

dt
= 16(125) = 2000

Given dav_ 6 cm3/sec, find dr

dt dt
dvV_ 4
=43 9V _ 2 32— g
3 r :>dr 3 3r° = darr

7

42p + 3)3.2=8(2p + 3)3

= 6=47TI’2'%

dr_ 6 _ 3
:>dt_477r2 27r?

dr_ 3 3

= a__3 _ 3 _ 1
Whenr =3 = qr 7GR 187 67Tcm/sec

9. Given av_ 241 cm3/sec, find dr

dt dt
:ﬂ 3 d_‘/:ﬂ N 2 — 2
= V 37Tr:>dr 377 3r- = 4gr



Solution

dr

=>247T=47Tr2'dt

dt  4mr* r?
e dr_ 6 _1
Atr=6= PR TS cm/sec
10. Rectangle: length = xcm and width = wcm
Perimeter = 40 cm = 2x + 2w = 40
= x+w=20
= w=20—x
(i) Areaofrectangle =x.w
= A =x(20 — x) = (20x — x?) cm?
dA

(i) 5—=20 — 2x

dx
dA _dA dx_ o _ —10—
Hence,a = dx  dr (20 —2x).(0.5) =10 — x

Whenx=3:>%= 10 — 3 = 7 cm?/sec

11. Given%z 10\/7,ﬁndg

dt
X1 .0
y=x X =57 X

_ dy 1. 1
Whenx—10:>a—[1 %(10)] 1002

(1 _1}).
—(1 2) 10V2
=%- 102 =52
. . dr _ d_\/
12. (i) Given ar 1 cm/sec, find a
4 s _dV_4 oo, 0
4 371'r = ar 377 3r 41
d_\/:d_‘/.ﬂ: 2 = 2
Hence, dr _ dr dr 47r .1 = 4qr
Whenr=2m=200cm = % = 477(200)2 = 1600007 cm?3/sec
i) 9Y = 1600007 cm?/sec V=2
dt 3
dr_dv. dr av_,
4t dt dv ~ar AT
_ 1 dar_ 1
=160000m X o = <r=
_ 1
= 1600007 X ;s

= i =
=35 0.16 cm/sec



13.

14.

15.

(iii) Area (A) = 4mr? A = 47r?

dA_dA dr A _
a9t dr dr = 8

= 87r(0.16) ... from (ii) above
= 8.500(0.16)
= 6407 cm?/sec

Ground to the top of the ladder = (8 — y) m
Bottom of the ladder to the wall = (6 + x) m
Right-angled triangle: (8 — y)? + (6 + x)2 = (10)?
= (6 + x)2 =100 — (8 — y)?
=6+x=1{100— (8 — y)>
1
=x=(100—-(8—y)?*2 -6
X 11100 — (8 — 217 —2(8 — v) - —
:>dy 2[100 8 —y)?] 28 —y) - —1
dy 100 — (8 — y)?
o dy dx _dx dy
leena—1 :a—d—y ar
___ 8y
{100 — (8 — y)?
Since8 —y=8 =y=0
dx 8—0 8
h ,—= =
T {100 — (8 —0)2 V100 — 64
-8 _8_41
6 6 13m/sec

Cylinder: Radius = r, height = 4r
Volume = 7rrh = mr3(4r) = 4mr3

Given dr 0.5 cm/sec, find dv

dt dt ar
:>((::Ii_‘t/: 41 .3r = 127r?

AV _dV . dr _ o 05) — g
Hence, dr  dr dt (127r?) . (0.5) = 6771
Whenr=6cm :>(ij—‘: = 67(6)2 = 2167 cm3/sec
Circumference C = 27rr

dC _
= ar 2
Area = 7r?
dA _
= ar 27r

dc_dC dr_, 1 _1
hence, 4 =dr A 2ar 1

ven JA — 2 dc
Given T 2 cm?/sec, find i

dc _dc da

Hence, 3t = da dr
1,2

r r
dC

1m/s

8m




Solution

Revision Exercise 4 (Core)

1.

3.

5.

—2— 2,2 _ gy
y=x - =X 9x
d
:>—y=2x+9x’2=2x+22
dx X
_ . Ay 9 _ _
Whenx—3:>a—2(3)+w—6+1—7
Whenx=3:>y=(3)2—§=6:>point(3,6)

= Equation of Tangent: y — 6 =7(x — 3)
=y—6=7x—21
=7x—y—15=0

y=x>—12x+5

d
:>—y=3X2—12=O
dx
=x2-4=0

=>Kx+2)x—2)=0
=x=—-20R x=2
Atx=—2=y=(=23—-12(-2)+5
=—-8+24+5=21= point(—2,21)
Atx=2=y=(2)P3—-122 +5
=8—-24+5=—11=point(2, —11)

d?y
W_6X
d?y .
At(_2’21):>W= 6(—2) = —12 < 0 = maximum
d?y -
At(2,—11):>W=6(2)= 12 > 0 = minimum

fx)=x3—bx*—9x+7

=f'"(x) =3x>*—2bx—9

Atx=—-1=1f(—1)=3(—1)2—-2b(-1)—9=0
=34+2b—9=0

= 2b=6
= b=3
fix) = x>+ 3x2 — 9 V4

=fXx) =3x+6x—9<0
=x>+2x—3<0

Factors = (x+3)x—1)=0 _\ 0 1/ X
Roots =x=—-3,x=1 \_//

Solution: —3<x<1

y=6x2—x3

(i) ﬂ=12x—3xz=12 (i) x=2=y=6(2)2— (23

dx -
— 32— 12x+12=0 ‘ —24—8—16:>pi)|nt(2,16)
S —Ax+4=0 Equation of Tangent: y — 16 = 12(x — 2)
= y—16=12x—24

=>Kx—-2)x—2)=0 -
—x=2 =12x—y—8=0



6. s =283 — 24t
ds _

(i) :E—6t2—24
At t=4:>speed=$= (4)? — 24
=96 — 24 =72 m/sec
(i) Particle at rest = % =0
=6t2—24=0
=1r—-4=0

=({t+2)(t—2)=0
=t= —2(invalid) OR t = 2(valid)
= Ans = 2 secs

7. y = Xsin 2x
Productrule:u =x and v =sin2x
:>d—u=1 :>ﬂ=c052x.2=2c052x
dx dx
y _,dv_ du
“ax Yax T Vidx

= Xx.2c0s2x + sin 2x. 1
= 2X COS 2x + sin 2x

dy
o o o . o
= — — = — —| + —_
At x 3:>dx 2(3) c052(3) 5|n2(3)
_2m 27, o 27
=5 cos 3 + sin 3
_2m (1), 3
-3 ( 2)+ 2
_B_ =z
2 3
8. x+y=100
=y =100 —x
=P=x.y=x(100 — x) = 100x — x?
:>£=100—2x=0
dx
= 2x =100
=x=50=y=100—50=50
dP _ :
= —— = —2 < 0= maximum
dx

Hence, P = (50)(50) = 2500

9. s(x) = —x> + 3x? + 360x + 5000
=s'(x) = —3x>+6x+360=0
=x>—2x—120=0
=X+10)x—12)=0
=x=-10 OR x=12
=s"(x) = —6x+6
Atx=12=5"(12) = —6(12) + 6 = —66 < 0 = maximum
Since6=x<=20=x=12°C



Solution

vendV _ o o dx
10. Given T 12 cm3/sec, find ar
Volume (V) = x.x.x=x3 Volume =125
:>d—V=3x2 =x3=125
dx
—=x=V125=5
dav_dv dx
dt dx dt
dx
— 3,2. 90X
=12 = 3x dt
dx_ 12 _4
:>dt_3x2 X2
— dx_ 4 _ 4
Whenx =5 = dt_GE 25 cm/sec
_ 4 _ —1
11.y—x+;—x+4x
dy _ 2 4 _
?a—‘l 4x— =1 F—O
=x—-4=0

=xX+2)x—2)=0
=x=-2 OR x=2
4

Whenx = -2=y= —2+_—2= —2— 2= —4=point (=2, —4)
Whenx=2:>y=2+%=2+2=4:>point(2,4)
Hence,d—ZZO + 8x73 :%
At(_z'_4):>d_)2(}2/:#:—i8:_1 < 0 = maximum
At(2,4):>j—z=%=%=1>0:>minimum

For x > 0 = curve is increasing after the minimum point (2, 4); hence x > 2.

12. (i) fix)=ax* + bx +c¢
=f(x)=2ax+0b
= f"(x) = 2a
f'X) =6=2a=6=a=3
Gradient at (2,24)is22 = f'(2) = 2a(2) + b = 22

=4a+ b =22
a=3 =43)+b=22

=12+b=22

= b=10

Point (2, 24) = f(2) = 3(2)2 + 10(2) + ¢ = 24
=12+20+c=24
=c=24—32=-8

(i) fix)=3x*+10x— 8
Onx-axis=fx) =0=3x*+10x—8=0
=xX+4)3x—2)=0
2

X=—4x==
- 3

= Points on x-axis = (—4, 0), (%, o)

On y-axis = x = 0 = f(0) = 3(0)> + 10(0) — 8 = —8
= Point on y-axis = (0, —8)



(iii) Turning point=-f'(x) =6x+ 10=0
=6x=—10

= f(—%): 3(—13)2+ 10(—13) —8

=25 50 _g_ 461 Point(

2—_
3 3 3 16)

3’ 3
f"(x) = 6 > 0 = minimum point = (—1— —16—)

ﬂ_ 3 dr
13. Given T 107 cm3/min, find = at

Volume (V) = %WP

dv_4

2 2
:>dr 3 7(3r?) = 47r

14. s = 196t — 4.9t

ds
d—196 9.8t=0
= 9.8t =196
_ 196 _
:>t—98 20 secs
(cjjtg 0—-98=—-98<0= maximumatt=20

= s = 196(20) — 4.9(20)>
= 3920 — 1960 = 1960 m

15. Answer = Graph (O
e f(x) has no turning points = Graph @ is above x-axis for all values of x
e f(x) is strictly increasing = Graph @ is positive for all values of x
e f(x) has a point of inflection at the turning point of graph @

Revision Exercise 4 (Advanced)

1. fx) =Vx2 — 3 = (x2 — 3)2

1 -3 X
FX) =22 —3) 2.2¢=
= f'(x) 2(x ) X =3
) 2 _ 2 _2_
P0|nt(2 1):>f()—m—ﬁ—T—2(S|Ope)

Equation of Tangent:y — 1 = 2(x — 2)
= y—1=2x—-4
=2x—y—3=0



Solution

2. y=x*+Inx

3.

4,

y 1

— +—:
:>dx 2x x 3

(i)

@y

=22+ 1=3x
=2x2—3x+1=0
=>2x—Nx—1)=0

=12 +In(1)=1+0=1= point(1,1)

odv L, dr
Given dat 2m/m|n,ﬁnddt

Volume (V) = %77/’3

dv_4

2y — 2
ar 37'r(3r) Aarr

dr_ 2 _ 1
:>dt_477r2 27rr?

- dar__ 1 _ 2 .
At r—2.5m:>dt 725 257_rm/mm

oodr_ 2 dA
leena—zsw,ﬁnd dat

Area (A) = 47r?

dA _
= dt—87rr

GA_dA dr_g 2 _16
Hence o =4r 'at 8™ 257 25"

= d_A:E = 2 i
Atr 2.5édt 25(2.5) 1.6 m?/min

— 6x2 + 8x

=3
y=3x2—12x+8=—1
dx

= 32— 12x+9=0
= X —4x+3=0
= x—1NDx—3)=0
= x=1 OR x =3
=

y=1(1)2—-6(12+8(1)=3 OR y=(3)*—6(3)>+8(3) = -3

points (1, 3) OR (3, —3)
Liney=4 —x
dy

éa:o— 1=—1= A= (1, 3) First Quadrant

— (1) n_1_ o o I
—(2J+In() 7 InZ:pomt(z,4 Inz)

2 m3/min

y=x>—6x*+ 8x




5.

()

In the graph of

This shows that there is a point of inflection at x = 2 in the graph of y = x3 —

(i)

(ii)

dy
Graph ofa.

d
Y3 _12+8=0
dx

= x = 0.85,3.15

d?y

gz =X~ 12=0

=x=2
dy
=-——=3(22—-12(12) + 8
dx dy
=4 dx

d
dy there is a turning point at (2, —4).

Volume = x.x.h =500 cm?
=V =x2h =500

= h===

Area (A) =x.x+ 4x.h

= x2 + 4xh
=x2+4x(@)
= A= x2+2000
A= x?+ 2000x"
9 o 2000x2=0
dx
= 2x—2000_,
X2
=2x3—2000=0
= x3 = 1000
:>x—\/1000—10cm:>h—(51%())—50cm
A _ 5+ 4000x 3 = 2 + 2000
dx?

d?A 4000
Atx—10:d = 10)° =6 > 0= minimum
= Area = (10)? + 4(10)(5) = 300 cm?

16 , 3t2 _ 3
___|___ 2
C 2 16t3 4t
ﬁ_ 4,3 _—-48 _ 3
:>dt —48t "+ = (2t) 2 +2t
dC_ —48 , 3
= + 2
Whent = 4hours:dt @7 2(4)
—3

+ —_—
RT3 6= €5 perhour

6x2 + 8x.



Solution

dc _

(ii) Mlnlmum:>dt 0
—48 , 3,
= @ +2t—0
= -9 +3t°=0
= 3t =96
= =32
= t=132=2
&C_ 1gpps 31923
:>dt2 192t +2 5 +2
192, 11 "
Att_2:>dt2 (2)5+12 72>O = Minimum
_ 16 , 3(2? _
Hence,C—(2)3+ 7 =2+3=%€5
7. y=x.e¥
ProductRule:u=x and v=¢
dU_ ﬂz X
:>dx—1 :>dx e
dy dv du _ M X
a—Ua"‘Va—X.e +eX.1
=ex+ 1)
Turning point = & — 0
urning poin :>dX—
=ex+1)=0
=x=—1
= (— 71:__1 i (— __1
=y=(-1e S = Point|—1, S
dy .
&—Q(X+1)
ProductRule:u=¢e and v=x+1
du _ o dv _
:>dx e :>dx 1
dzy_ dv du _ X
Hence,a—uaJrva—e.(1)+(x+1).e
=eX(x+ 2)
dy 1 -
Atx=-1=—-5=e(—-1+2)==>0 = Minimum
dx e
8' (Al 2)1 (Bl 4)1 (Cl 1)1 (Dl 3)
9. y=x3+ax* +bx+c
d
Y 3¢+ 2ax+b
dx
dy
Atx=—1:>&=3(—1)2+20(—1)+b=0

=3—-2a+b=0
= —2a+b=-3



10.

11.

dy

Atx=3 :>d—X=3(3)2+2a(3)+b=0

= 27+6a+b=0
= 6a+b=—-27
= 2a—b=3

= 8a =-24

= a =-3
= —2(-3)+b=-3
= 6+b=-3
= = -9

Point(1,1) =1=(1)3—=3(1)2—-9(1) + ¢
=1=1—-3-9+¢
=12=c

=a=-3,b=-9c=12

Rectangular base = length = 2r and width = w
= Perimeter = zr + 2r + 2w = 40
= 2w =40 — 7r — 2r

= W=l(40—77r—2r)

2
2
Hence,Area=%+2r.w
_mr’ - o
) + 2r 2(40 Tr —2r)
2
= % + 40r — 7> —2r2
2
= A=40r—2r2—%
dA _ PR
dr_40 4r 2(2r)
=40—4r—7r=20
= 4r + 7r = 40
= r(4 + ) = 40
_ 40
= -
A g 4—m=—4-m<0 = Maxi
F— m = g = MlaxXimum
_ |40 \ | 40 2_1( 40 )2
Hence, Area 40(4+7T) 2(4+7T 214+ 7
_ 1600 3200 800
447 @B+m72 @G+ 72
21600(4-{—77)—3200—80077
(4 + m)?
_ 6400 + 16007 — 3200 — 8007
(4 + m)>2

_ 3200 + 8007 _ 800(4 + m) _ 800
4+ m)? 4+m?* A+

(i) Point(—1,2) Slope =m

= Equation of line: y —2 =m(x +1)
=y—2=mx+m
=Yy =mx+m-+2
=>=mx+m+2=0
=mx=-—-m-—2

x-axis=y =20

= X:L—Z:H\:(L—ZO

rcm
—
YA
(=1,2)
/A (0] X




Solution

y-axis =x=0 = y=m(0)+m+2
=m+2=B=(0m+2)

Hence, Area = 2‘( 2) m + 2) — (0)(0)
2m
(i) QuotientRule:u=(m+2?2 and v=2m
du dv
:>dm—2(m+2) :>dm—2
dv du
dA _ Yam ™ Vam
Hence, am - 7
_ (m+2)2.2—2m.2(m+2):O
(2m)?

=2m>*+8m+8—-4m*—-8m=20

= -2m?’+8=0

=m>—4=0

=mMmM+2)m—2)=0

= m= —2(notvalid) OR m = 2 (valid)
Whenm—Z:A—u—E=4sq units

12. AnswerD

13. f(x) = x> + 3kx? + 32
=f'"(x) =3x*+6kx =0
=3x(x +2k) =0
=x=0,x=—2k
When x = 0 = f(0) = (0)3 + 3k(0)? + 32 = 32 = point = (0, 32)
When x = —2k = (—2k) = (—2k)* + 3k(—2k)?> + 32
= —8k3+ 12k3 + 32 = 4k> + 32
= point = (—2k, 4k + 32)

Two roots are equal = Point (—2k, 4k + 32) lies on
the x-axis = 4k +32 =0

= 4k3 = —32

= kK=-8

= k=V-8=-2

14. Length of pipe =4 — x + /9 + x2 -
Cost = 10(4 — x) + 25(9 + x2 I
= C=40—1Ox+25(9+x2)%

=1
é%— 10+ 25 - 2(9+x2) 2x=25x(9+ x5 2 — 10

I [

s
‘DD ‘DD
Ih
3

25x !
=-10+ =0 3”‘\
19 + x2 NS
25X __ 19

19 + x?
= 25x = 10V9 + x2
= 5x=2{9 + x?

= 25x2 = 4(9 + x?)
= 25x%2 = 36 + 4x?
=21x2 =136

=




da’Cc
dx?

36

2 — 22 —
=X 31 1.7143

=x=117143 =1309 = 1.3

= 25x-_71(9+x2)%3.2x+ ©+x)7.25
__—25x* 25
9 +x2)% RS
Atx =13 &€ ~250.37 2
dx 9+ (1_3)2]% 9 + (1.3)2

= Minimum cost
Hence, length =4 —13=27m

15. (i)

(ii)

Graph of f(x)

Graph of f'(x)

Graph of f(x)

=64>0

f”(X)

Point of inflection occurs where x = 2

Revision Exercise 4 (Extended-Response Questions)

1. @)

. dA _
Given ar 0.032cm

Area (A) of cross-section = mx?2

:>d—A= 27X

dx
dA _ dA  dx
Hence,E “dx dt

0032 = 27mx - X

dt
dx _ 0.032
dt 27X

dx _ 0.032 _ 0.032

2/sec, find

dx

dt

Whenx=2cm=-"—-=—"==

dt

2m(2)

41

= 0.00254 = 0.003 cm/sec

5x



(b)

(d)

(e)

(i)

(iii)

(iv)

Solution

Volume (V) = mx%2.5x = 57x3
dav

MV 2
:>dx 15m7x
dv_dv dx_
ar A dr 157x? . (0.003)
= 0.0457x?
_ dav _
When x = 2cm:>E—00457r (2)?

= 0.56548 = 0.5655 cm?3/sec

8x +8x+4h =20

= 16x+4h =20

=4x+h=5 =h=5—-14x

Volume (V) = (x) . (3x) . (h)
= V=3x*(5—4x) = 15x> — 12x°

V=0=15x—-12x*=0
=5x2—-4x3=0
=x5—-4x)=0

5

#x—Qx—Z

Hence, domainis 0 < x < %

AV _ 30x — 36x2
dx

dV_ o ~30x—362=0
dx
=5x—6x2=0
=x(5—6x)=0

=x=0 OR xzé

6
d?v _
Idz

Atx=0 ==

Hence,=—— = 30 — 72x

=30 — 72(0) = 30 > 0 = minimum

At x

o*slc.n [« )Y[%,

= —30 < 0 = maximum

d2v
d qv2
:>f']| =30—72(g)
= v=152f 193] =35 e

Atx =

— 2 dh_,
h =2+ 40t — 5t* = at

() Whent—z;s%zm—m( )

=40 — 20 = 20 m/sec

(b) Whent—25:>%—40— 10(2.5)

40 — 10t

=40 — 25 = 15 m/sec Time (t) Height (h)

dh e
T =0=40-10t=0

=10t=40 =1t=4secs
Whent=4=h =2+ 40(4) — 5(4)?
=162 —-80=82m
Whent—6:%—40—10(6) —-20

= Ball is falling towards the ground at 20 m/sec after 6 seconds



(v) Whent=0= ?j—h 40 — 10(0) = 40 m/sec

(vi) When the ball hits the ground, then h =0
=2+40t—-52=0

—40 +{(40)2 — 4(2)(—5)

=>t=

2(=5)
_ Z40£11640
—-10
_ =40 — 40497 —40 + 40497\ + -1iq)
~10 —-10
= 8.0497 = 8.05
:%?“m—m@%)40—%5=_“5

Hence, speed of ball is 40.5 m/sec as it hits the ground after 8.05 secs.

4, (@) (i) x2+r2=12
=r=1—x?
=r=v1— x?
(i) h=1+x
m)v=%m%
=%77(\/1—x2)2.(1+x)
=21 =1+ = Z(1 +x =3¢ — x)
3 3
() 0<x<1
'd_Vzﬂ _ _2y2
(d) (i) dx 3(1 2x — 3x?)
=0 =T -—2x—30) =0
X 3
= (1 )(1—3x)=0
— x=—1(notvalid) OR ngwwm
dzv_ﬂ o
(iii) x2_3(0 2 — 6x)
_1 (5 _ 1)) = 47
Atx =3 $3(2 6%“ 3 0
= Maximum at x = %
:Volume=£(1 l—(l) ())
3 3 3
:zﬁ_l_ ) ﬂw
313 27
5. (|) ‘AP|2=(6)2+X2=36+X2 C Xkm 1Okm—>B
= |AP| = {36 + x? km ] P
and |PB| = (10 — x) km
. |AP|  |PB| 6 km
(ii) Tim (T)—— W
=1 7.1 10—
=T 536—|—x +13(10 X) s
_1 27,10 _ 1
=T 5(36+x) +1 13x
ar_1.1 23 _1
x5 2(36+x) - 2x+0 13 0



Solution

-—x -1
536 + x2 13

= 13x = 5Y36 + x?

= 169x2 = 25(36 + x?)

= 169x2 = 900 + 25x2

— 1442 = 900
290025
X T 144" 3
— ]2 _5_
=X = 7 > 2.5 km

(iii) Time taken to go from A to Bisa minimum atx = 2.5

Hence, T = % 36 + (2.5)2 + 11—3(10 —25)

_1 1
—5\/4025 13(75)
— 6> + 75 _ 1.8769 hours

13
1 hour 52.615 mins
1 hour 53 mins

=4

=10 + 40r — 20r?

) r=0= P =10+ 40(0) — 20(0)> = 10
Ans = 10000

(b) P=0=10+40r—20r=0=1+4r—2r’=0

. P
(a

2(—2)
_ —4+424
—4
= _2::22% =1+/6
=domain:0<x<1 +§

(c) Points for graph P = £(r) \ P
()—10:>(0 10) L 30
f(1) =10 + 40(1) — 20(1)? = 30 = (1, 30)
f(2) = 10 + 40(2) — 20(2)> = 10 = (2, 10)

) =f22)=0=1(22,0)

i: . 10
(d) ar 40 — 40r
(e r=05=9P— 40— 4005) =20 , .
dr 0 1 5 rkm)
dp
r=1=% 40400 = 0
— 5 dP_
r= Zédr 40 — 40(2) = —40
(f)%—0:>40 40r=0 Population = 10 + 40(1) — 20(1)?
— 40r=40=r=1 =10 + 40 — 20

dpP _

—40ie. < =
g = ~40ie.<0 30

Greatest since =—

= 30000



7. @) h=(10—m)

_ ~ 0 P _ o=
Att=0=h= (10 200) (102 = 100 cm -
(b) h=64cm= (105" = 64 ;
—L: = —_—
=10~ 555 164 =8 >

200
=t = 200(2) = 400 secs

(¢) Volume (V) = 7rrh = m(52)2. h = 2704mh
dv

= S = 27047

h=(1o—m)

i% (10_200) 200_100(0_ﬁ

Whenh=64:>t—400:>%—100(10_‘2‘83
—oas® =2

3‘{—3—‘;-%— 270417 2—52 — —216.327 = —679.58 = —680

Hence, volume of water is decreasing at the rate of 680 cm3s~'
(d) Holeisacircle,r=1=Area(A) = w(1)’==

av_ Area X speed
dt v
= speed = dt_ _ 216327 _ 51637 cms!

Area

={h=10— 200
Speed of the water = Rate at which volume of water is decreasing
divided by the area of the hole

dv
dt

a

270477 55110 = 555

o

= 27.04 ./h cm/sec

(f) V=cl1962h

= 27.04/h = (1962 .{h

—c=2704 _61=06

1962



Solution

Volume (V) = %wrzh ~lcm—
. D
h=70= 10r=h -
_h
~ =70 T <>
10cm
V=1 h @, —mh? .

- 377 10 - 300 Height (h cm)
AV s l
at 0.1cm?>s ]

wh?
V=300
_ dv_3wmh? _ wh?
dh 300 100
~ 110 = dav_ 52 _1
Ath—2(10) 5 :>dh 100 477
dv_dv. dh
Hence, 5t = dh dt
_1_.dn
:>0.1—47T a
_.dh
=04=a7 T
dh _04_ 2 4
:>dt —=g_cms
2 L)zzﬁ_hz
Area (A) = arr 77(10 100
dA _27h _ wh
~dh 100 50
_ dA _ 7(5) _ o
Whenh—5:>dh——50 =70
dA_dA dn
Hence, 5t =ah " dr
_m .2 1 o
10 57 25°7°
Slant height (h) = 9 cm
=12+ h=92=8]
= rr=81—h?
Hence, Volume (V) = %wrzh
I _ R2
3h(81 h?)
Capacity = Volume ( =%
_ 1547

= %h(81 — h?)

= 81h — h® =154
=h3>—81h+154=0
Whenh =2=f(2) = (2)> — 81(2) + 154
=8-162+154=0
Hence, h = 2 is an integer root
= (h — 2)is a factor



h?+2h — 77
= h—2(h®—81h + 154
h? — 2h?

2h? — 81h

2h? — 4h
—77h + 154
—77h + 154
0

Solveh?+2h—77=0
—2+1(22 - 4(1)(—-77)

= h= T0)
_ —2+4312
2
_ —2+14312 -2 4312
2 ! 2

= 7.831, —9.831 (not valid)
= 7.83 non-integer root

(€ V= gh(m —h?)

v=§[81h—h3]
dV _ mrg apoy
=3 3[81 3h1=0
= 81 —3h2=0
= 27 —h*=0
= h? =27
= h =427 =3Y3 =520cm
d?V _ m, _
= qp = 310 — 6h) = —27h
2

At h=3\/§:>%=—27r3\/§=—6m/§<0

= Maximum volume

Hence, Volume = g[81(3\/§) —(3v3)?]
= %[243@ — 81y3]

= %1 6213 = 5437 cm3 = 294 cm?3

(d) Cups in part (b) Cup in part (¢c)
Radius (r) 8.77 cm 444 cm 7.35cm
Height (h) 2cm 7.83cm 520cm
Capacity (V) % =161 cm3 % =161 cm3 294 cm?

(e) A conical cup with radius = 4.44 cm and height = 7.83 cm is the most reasonable shape

because it is well proportioned and it is easy to handle.




Solution

(f) Inpart(e), r=735cmand€=9cm
Curved Surface Area = 7r{

= 1(4.44)(9)
= 125.538 cm?
5 6
Area of sector of a circle = 7r 360°
360°
= (0.70686)0 = 125.538 cm?
_125.538
- 0= 570686
= 177.5995
=178°
10. (a) P = 150 + 300e~00%t
t=0= P =150 + 300e 0050
= 150 + 300e°
= 150 + 300. (1) = 450 birds
(b) S = 0+ 300600 (~0.05)
= —1 se—0.0St
Whent=10= % = — 15 005(10)
= —1 5e—0.5
= —9.098

Hence, a decreasing rate of change
(c) Limiting value of the bird population occurs as t approaches infinity
Hence,ast — o then tlim e 00t =0

=> limiting value for P = 150 + 300(0)
= 150 birds
(d) 150 + 300e 995 < 200
= 300e 0%t <50
50 _ 1

—0.05t _ 1 _
= e < 300 6 0.16666667
Hence, In 7905t < |n (0.16666667)
= —0.05t< —1.79176
1.79176
>t Z2 10 - 35,
= t 0.05 35.8

Hence, species will be eligible after 36 years.



Exercise 5.1
1. P = €3000
t = 10years
r=3% = 0.03
Future value = €P(1 + i)t
= €3000(1 + 0.03)"°
= €4031.75

2. P =€5000
t = 8 years
r=2.5% =0.025
Future value = €P(1 + i)t
= €5000(1 + 0.025)%
= €6092.014
= €6092.01

Interest paid = Future value — sum invested (€P)

= €6092.01 — €5000
= €1092.01

3. 1 +nN?=1+i
T+r=0+1)

|—‘ N|—‘

N

r=01+0?%-1

4. (i) i=6% = 0.06 = annual rate
r = monthly rate

=(1+n"”=1+0.06=1.06
1

1+ r=(1.06)"2
1
r=1(1.06)"2 — 1 = 0.004868
= 0.49%
(ii) 2.5% = 0.025 = annual rate
r = monthly rate
=((1+nN"?2=140.025=1.025
1
14+ r=1.025"

u

r=1.025"2—1
= 0.0020598
=0.21%
(iii) 4% = 0.04 = annual rate
r = monthly rate
=1+n"?=1+0.04=1.04

1
1+r=1.047

1
r=1.04"2—1
= 0.0032737

=0.33%



Solution

5. P =€4500
FV. = €5607.82
t = 5years
= FV.=P(1 + i)t
€5607.82 = €4500(1 + i)
s _ 5607.82 _
= (141 ac00 = 1-24618
1
1+i=(1.24618)5
1
i=(1.24618)5 — 1
= 0.045
= 4.5%
6. P= €1fOOO Year Principal Interest
r=3.5% = 0.035 ; ST e
I, = 15000 X 0.035 = 525
l, = 15525 X 0.035 = 543.83 2 2D 280
I, = 16068.38 X 0.035 = 562.39 3 16068.38 562.39
I, = 16630.77 X 0.035 = 582.07 4 16630.77 582.07
Is=17212.85 X 0.035 = 602.45 5 17212.85 602.45

7. i=4% = 0.04
=0+nN=1+i
(1+n2=14+0.04=1.04

1
1+ r=1(1.04)?

1
r=(1.04)2 -1
=0.0198 = 1.98%

8. P =€6500
r=1.932% = 0.01932
t = 6 years 4 months
= 76 months
FV.=P(1 + 1)t
= €6500(1 + 0.01932)76
= €27830.10

9. P=€12000
i=3.5% = 0.035
(i) t=5years 3 months
= 63 months
S +EN2=14
(1+n'?=1+0.035=1.035

1
r=(1.035"2 — 1
= 0.0028709
= 0.28709%
FV.=P(1 + nt
FV. = 12000(1 + 0.0028709)%3
=€14375.34
(ii) 8years2 months
= 98 months
FV. = 12000(1.0028709)%
= €15892.57



10.

11.

12.

13.

14.

(iii) 10years 6 months

= 126 months
FV. = 12000(1.0028709)'2¢
=€17220.86
i=4.2% = 0.042
F.V. = €10000
t = 10years

Future value
1+
€10000

(1 + 0.042)0

= €6627.09

F.V.=€25000
t = 9years
i =4.5% = 0.045
F.V.
(1+ it
25000
(1 + 0.045)°

=€16822.61

P = €50000
F.V. = €100000
i =3.5% = 0.035
FV.=P(1 + i)
= €100000 = €50000(1 + 0.035)*
= 2 =(1.035)"
= log 2 = tlog 1.035
_ log2
~ log 1.035
= 20.15 years

P =€175000

i =4.5% = 0.045

t = 20 years

FV.=P(1 + i)t

FV.=175000(1 + 0.045)%
= €422049.95

P=1130
F = 3000
i=0.05
Then
F=P1+ i)t
3000 = 1130(1.05)¢
3000
(1 .OS)t = m
t = log, ;5 2.654867
t=20
It will take 20 years.

Present value =

Present value =

= 2.654867



Solution

15. i =6% = 0.06
r = monthly rate
i) =00+n2=1+i
(1+n"?=1+0.06
1

1+r=(1.06)1
1
r=(1.06)"2 — 1
= 0.0048676
= 0.48676%
= 0.4868%
. i _ 0.06
(ii) r= ﬁ = 12
= 0.005
=0.5%
t = 3years
= 36 months
-.FV. =10000(1 + 0.005)3¢ F.V. = 10000(1.00486)3¢
= €11966.81 =€11910.35

= Difference = €56.46
(iii) r=0.0048676
Correct to 3 places of decimals = 0.005
Correct to 4 places of decimals = 0.0049
.. A minimum of 4 places of decimals are needed to create a difference.

16. P=€15000

i=3% = 0.03
t = 2years
FV.=€P(1 + i)t
= 15000(1 + 0.03)?
= €15913.50
Withdraws €2000 = P =€13913.50
t = 3 years FV.=13913.5(1.03)3
= €15206.66

Exercise 5.2
1. Present value (P) = €30000

Depreciation (i) = 15% = 0.15

(i) t=5years FV.=P(1 — i)
= €30000(1 — 0.15)°
=€13311.16

(i) t=10years FV.=€30000(1 — 0.15)°
= €5906.23

2. P=€1400
i = 8% = 0.08 per month
t = 15 months
FV.=P(1 — i)t
= 1400(1 — 0.08)"
= €400.82



3. P =€44000
i =20% = 0.2 for first year
i = 15% = 0.15 after first year.
(i) 3years = FV.=P(1 — i)t
= €44000(1 — 0.2)
= €35200 after 1 year
=  FV.=€35200(1 — 0.15)?

= €25432
(i) 6years = FV.=€35200(1 — 0.15)°
=€15618.43
4. P=€140000
i=20%=0.2
t = 4 years

(@ (@) = EV.=PO -
= €140000(1 — 0.2)*

= €57344
(i) P=€25000 FV.=P(1 + i)t
i=3.5% = 0.035 = 25000(1 + 0.035)*
= €28688.08
(b) Inflation 2% per annum
(i) FV.= 14000001 + 0.02)*
= €151540.50
(i) Funds shortfall = €151540.50 — €(28688.08 + 57 344)
= €65508.42
5. P=175000
F=73187.09
i=0.16
Then
F=P1—1it
73187.09 = 17500(1 — 0.16)*
73187.09
(0.84)t = 175000 = 0418212
t = log, ;, 0.418212
t=5

6. PV.= 60000 kg
i=15% = 0.15 per month
t = end of Jan 2004
beginning of April 2005

= 14 months
FV.=PV.(1 =)t
FV. = 60000(1 — 0.15)™
= 6166 kg
7. PV.=€180000
F.V. = €80000
t = 10 years
FV.=PV.(1 =)t

€80 000 = 180000 (1 — i)"°



Solution

() = 0444=(1—i)0

u

1 —i=(0.444)10
1—i=0.9221
= i=0.0778
=7.8%

(i) FV.=€60000 = o6@@@d = 1800@d (1 — 0.0778)
0.33 = (0.922)t
= log(0.33) = tlog(0.922)

_ log(0.33)
- "~ 10g(0.922)
= 13.53 years
8. P =€2500
(a) €550 per year
(b) 35% = 0.35 per year
t = 4 years

(a) €550 per year for 4 years = €2200
=  EV.=€2500 — €2200 = €300
(b) EV.=PV.(1 — i)t
F.V. = 2500(1 — 0.35)*

FV. = €446.27
9. PV. =€23500
i=28% = 0.28
(i) t=2years FV.=PV.(1 — )t
= 23500(1 — 0.28)?
=€1218240
(i) t=5years FV. = 23500(1 — 0.28)°
= €4547.06
(iii) t = 7 years FV. = 23500(1 — 0.28)”
= €2357.19
10. PV. = €8000
FV. = €1
t = 20 years
(i) = FV.=PV.(1 =)t

1 =8000(1 — i)*°

~ (80100)% ==

i=0.3619
i=36.2%
(i) ForkEV.=0 = (1—-i)t=0
..Onceiis not equal to 1, i.e. 100%.
(1 — )t # 0for all values of t.

—8000
5

(iv) t=42years: FV.=€1300
(v) t=5years : FV.=8000(1 — 0.362)°
= €845.66
(vi) Reducing balance method.
Once a system is still operating, it has value, no matter what its age.

(iii) Slope =

= €1600 per year



Exercise 5.3
1. P=€20
i =0.5% = 0.005 per month
t = 36 months
Future value = 20(1.005)" + 20(1.005)2 + ... 20(1.005)3¢
instalment left in for 1 month J
instalment left in for 36 months
_a(l —r"

S, = r— a = 20(1.005)

r = 1.005
n =36

_ (1 — (1.005)39)

= 20(1.005) 7= (1.005)

= €790.66

Total interest = €790.66 — (36 X €20)
= €70.66.

2. P =€30.00 per month
i = 4% per annum
= 0.04
i O+n2=1+i
(1+n"?=1+0.04
1

1+ r=(1.04)"7
1
r=(1.04)"2 — 1 = 0.00327

= 0.33%.
(ii) 18 years — 21 years
= 36 months
= 30(1.0033) + 30(1.0033) + ... 30(1.0033)%¢

— 36
—  FEV.=30(1.0033) lw

1 —1.0033
= €1148.55
3. P=€2000
i =4% = 0.04
t = 5years
FV. = 2000(1.04) + 2000(1.04) + ... 2000(1.04)*
_ 1—- (1.04)5]
= 2000(1.04)[ T—01.04)
=€11265.95

4. n payments of €P
i%
FV.=P(1+ )" +P(1+)>+...PQ0 +i)"
i.e. the sum of a geometric series witha = P(1 + i), r = (1 + i)

S”2‘1(11_—rrn)
=P(1 + i) —11__((11i?;
= p(1 + i) |12 (:r "
—pa+ |0 +i?n_1




Solution

5. n payments of €P

i%
_ _€P P P
V=Tt are T ar
i cseries witha = |-4).r =1
|.e.thesumo1fa_grerz70metr|cser|eSW|tha (1+I,,r T
h=a 1—r]
1 \n
PV — P 1_(1+i)
V. T —
R e
1
__P R
(1+0| X+i=x
1+
__P (J/i/ljl(1+i)”—1
() A 1+
__P (1+i)”—1‘
1+ i
6. FV.=€6523.33
i=9% = 0.09
t = 5years
(i) FV.=A(1.09) + A(1.09)2 + ... A(1.09)°
(i) €652333 = a1 =C
B 1—(1.09)5)
—A(1.09)( 1—1.09

€6523.33 = A(6.52333)
= A = €1000

7. (i) r=0.09 (annual rate)
Let j be the equivalent monthly rate, as a decimal. Then
1T+N2=1+r

1
1+i=1(1.09)"2 = 1.007207
i =0.007207, or0.7207%.

N\t —
(i) F=PO + D[%l
B (1.007202)% — 1 ]
F= 200(1-007207)[ 0.007207
F = €5257.31
8. FV.= €10000
t =7 years
P=2
FV. = P(1.085) + P(1.085)2 + ... P(1.085)"
| - 1— (1.085)7]

. €10000 = P(1.085) l 1 —(1.085)

10000 = P(9.8306)
= P=€1017.23



9. FV. =€5000
t = 3 years = 12 quarters
i=72%=0.072

p=1?
1T+nr=1+i
(1+n*=1.072
1
= (1.072)* — 1
=0.01753

FV. = €5000 = P(1.01753) + P(1.01753)? + ... + P(1.01753)"

— 12
= p(1.01753) L—101753)

1 —1(1.01753)
= P(13.4592)
= P =€371.49
10. Let €P be the instalment at the start of each period at /%.
ST+ 0% =1.0i
P P P P
= Present value = P + o2 T o T do
1 (1.00)"
- _0 ) (1.00)"
I 1.0i—1
1.0i 100
_ p[10i" =17 1.0i
(1.0)" | 0.0i
_ P 1.0i" — 1
(1.00"~ ' 0.0i
Future value = P(1.0i) + P(1.0)% + ... + P(1.0/)"
_ A1 = (1.00)"
= P(1.0i) T 100
_ A1 — (1.00)"
= P(1.0i) ——oo0i
B (1,007 — 1
= P(1.0i) 0.0i
_, Futurevalue _ P(1.0/)(1.0i" — 1
1+ (1.00)" 0.0i
_ P [10in—1 ) _
(1.0)" =11 0.0i PV.
11. P=€3000
t = 6 years
i = 8% = 0.08,
Assuming payment is made at the start of each year.
. 3000 , 3000 3000
= + 255+ 2+
(i) PV.= 3000+ =708+ rosp - (1.08)5
1 — (1
108
= €14978.13
(i) F.V. = 3000(1.08) + 3000(1.08) + ... 3000(1.08)°
B 1—(1.08)°
= 3000(1.08)[ T=108

= €23768.41



Solution

(i) A=P + i)
= €14978(1 + 0.08)°
= €23768.41

Exercise 5.4
1. Mortgage €200000
t = 30 years = 360 months
i = 6% = 0.06 per year
M+nN2=14+i=1.06
1
1+ r=(1.06)"2

r=1(1.06)"? -1
= 0.004867
M@+ i)
(1T+H"—=1
_ 200000(0.004867)(1.004867)3¢
(1.004867)% — 1
=€1178.66

N‘_'

Payment =

2. t = 20 years = 240 months
i = 8% = 0.08 per year
Repayment = €850 per month
1+n?=1+i=1.08
1
1+ r=(1.08)"
1
r=1(1.08)2 —1
= 0.006434
M@+ )"
1T+ —1
M(0.006434)(1.006434)240
(1.006434)%4° — 1

€850 = M(0.0081914)

Payment =

€850 =

= M = €103766
=€103800
3. €75000
i=8% = 0.08
(@) t=20years
= 240 months
1+n2=14+i=1.08
1
14+ r=1(1.08)"
r=(1.08)2 — 1
= 0.006434

_ 75000(0.006434)(1 .006434)40
(1.006434)*° — 1

= €614

I = (€614 X 240) — €75000 = €72360

P




(b) t= 25years

= 25 X 12 = 300 months

_ 75000(0.006434)(1.006434)>%
(1.006434)300 — 1

= €565

| = (€565 X 300) — €75000 = €94 500

(c) t=30vyears

=30 X 12 = 360 months

_ 75000(0.006434)(1.006434)>%°
(1.006434)36° — 1

= €536

| = (€536 X 360) — €75000 = €117960

P

P

4., M =€15000
Plan A 10% discount, 9% for 5 years.
10% discount = 15000 X (0.1) = €1500
= M =€13500

M@ (1 + i)t

1 +it—=1
~13500(0.09)(1.09)°
(1095 —1
= €3469 per year

Plan B 3% for 5 years.

Repayments =

15000(0.03)(1.03)°
(1.03)° =1
= €3275 per year
.. Plan Bis better

5. Fund = €250000
t = 25 years
i =5% = 0.05
M@ (1 + i)t
1+ —1
_250000(0.05)(1.05)**
(1.05)25 — 1
=€17738.11

Repayments =

Payment =

6. Option 1:€200000 invested for 25 years at 5%
A=PQ1 + i)
= 200000(1 + 0.05)%°
= €677270
Option 2:
A = 15000(1.05) + 15000(1.05)? + ... 15000(1.05)*

— 25
A =15000(1 .OS)[ﬂ

1—1.05
=€751701.81
Option 2 is better.




Solution

7. i = 6.6% = 0.066
t = 3 years = 36 months
Payment = €400

(1+n?=1+i=1.066
1+ r=(1.066)

r=(1.666)" — 1
= 0.005340
Mortgage(i)(1 + i)t
1+nt—-1
M(0.00534)(1.00534)3¢
(1.00534)36 — 1
= M(0.030607)
= M = €13068.78

- Sl=

N

.. Payment =

400 =

Revision Exercise 5 (Core)
1. Instalment = €1000

i=8% = 0.08
t = 5years
FV. = €1000(1.08) + 1000(1.08) + ...1000(1.08)*
_ 11— (1.08)5]
= €1000(1.08)[ T=(1.08)
_ 1.08° — 1
= 1000(1.08) 008
= €6335.93

2. Instalment = €300
i = 6% = 0.06 per year
t = 8 years = 96 months
(1+n?=1+i=1.06
1
1+ r=(1.06)"

1
r=(1.06)"2 — 1
= 0.004867

F.V. = 300(1.004867)
=€36778.58

(1.004867)% — 1
0.004867

3. Carloan = €20000

i=2% = 0.02

t = 25 instalments
M@+ i)t
(1T+Nt—=1
_ €20000(0.02)(1.02)%
- (1.02)% —1
=€1024

Payment =

4, t = 3years
= 36 months
Payment = €600
M=7
i=4% = 0.04



M+n2=1+i=1.04
1
1+ r=(1.04)"

r=(1.04)2 — 1
= 0.003274
p_ MO+
O+ —1
M(0.003274)(1.003274)3
(1.003274)% — 1
€600 = M(0.0294923)
M = €20344.29

Nl_'

€600 =

5. Introductory: 1.25% = 0.0125 per months
(1+n2=14+i  r% permonth
% per year
= 1+4+i=(1+0.0125"
i=(1.0125)"2 -1
= 0.1607
= 16.07%
=16.1%
Regular: 2.5% = 0.025 per month
1+i=(1.025)"
i=(1.025)2 -1
= 34.5%

6. Savings = 200(1.0075) + 200(1.0075)? + 200(1.0075)3
+ 200(1.0075)* + 200(1.0075)°
a = 200(1.0075)
r=1.0075
B 1— (1.0075)5]
S, = 200(1.0075) [ I

7. FV. = P(1 + ) [W]

P = €1600 [(1.06)5— 1]

FV. = €1600(1.06) |——
i=6%=0.06 (1.06) 0.06
n= 5 years = €956051

8. (i) 1st: F = 3000(1.073)8

2nd:  F=3000(1.073)’

Last:  F=3000(1.073)

Total = 3000(1.073) + ... + 3000(1.073)7 + 3000(1.073)8
~3000(1.073)[1 — (1.073)8]
B 1 —(1.073)
= €33385.23

_F

(1 + i)t

33385.23

1.0738

P = €19000.03

(i) F=P(1 + i)t
F =19000.13(1.073)®
F = €33385.23

(i) P=

p=



Solution

Revision Exercise 5 (advanced)
1. t=10years

F.V. = €500000
i=9% = 0.09
PV.=7?
. YA
() PV. = 4
_ _€500000
(1 + 0.09)"0
=€211205.40
(ii) FV.=P+ PO +)+PO+id2+...+PO+i)0°
€500000 = P + P(1.09) + P(1.09)2 + ... + P(1.09)'°
_ P[1 — (1.09)'°
1 —(1.09)
€500000 = P(15.1929)
_ €500000
= P= 351929
=€32910
2. t = 20years
= 240 months
i=12% = 0.12
1+nN2=1+i=1.12
1
14+r=1(1.12)"
1
r=1.12)"2 -1
= 0.00948

(i) €100000 invested = FV. = P(1 + i)
= €100000 (1.00948)24°

= €964629.31
(ii) €1000 per month

FV.=P(1 +1) [W]

1.0094824 — 1

= 1000(1.00948) 0.00948

= €919857.64
.. Option (i) : Invest €100 000 at 12% AER for 20 years.

3. Account D :€638.14 = €500 (1 + i)°
=(1+1°=1.27628

1+i=1(1.27628)

i=1(1.27628)
= 4.99%
= 5%
Account C has money invested each year (€500).
Account D has one investment only (€500).

FV. = P(1 + :)[W]

[GIE T

—1

= 500(1 .05)[%‘

Note: After 5 years, there has been 6 payments, the first payment was at year 0.
= €3571.



4. j=10% =0.10
t = 20 years = 240 months
Repayments = €700

(1+nN2=1+i=11
1

1+ r=(1.1)
1

r=(1.1)12-1

= 0.007974
_ EM@MIO +1)']
Repayments = T+ =1
_ repayment[(1 + i) — 1]
= M= T+ 1
_ 700[(1.007974)**° — 1]
(0.007974)(1.007974)*%
= €74736
5. t = 25 years
= 300 months
€M = €100000
Repayments = €800
~100000()(1 + §)3%
=800 = e
. -100000(0.008)(1.008)3%° _
leti = 0.008 (1,008 — | = €881 > 800
. -100000(0.007)(1.007)3% _
leti = 0.007 (1.007)%0 — = €798 < 800
. -100000(0.0072)(1.0072)3%°
leti = 0.0072 (1.0072) — 1 = €815 > 800
. -100000(0.0071)(1.0071)3°
leti = 0.0071 (1.0071)™ — 1 = €807 > 800
300
let i = 0.00702 : 100000(0.00702)(1.00702)>* _ €800 = €800

(1.00702)3% — 1
s i, = 0.00702 per month.

1+i)2=1+]i

year

= (1.00702)? =1+

= i = 0.0875

=8.75%

6. |Year |Pensionfund |Interestadded Payment
One €127953 €3838.59 €15000
Two €116791.59 €3503.75 €15000
Three €105295.38 €3158.86 €15000
Four €93454.24 €2803.63 €15000
Five €81257.87 €2437.74 €15000
Six €68695.61 €2060.87 €15000
Seven €55756.48 €1672.69 €15000
Eight €42429.17 €1272.58 €15000
Nine €28702.01 €861.06 €15000
Ten €14563.07 €436.87 €15000




Solution

Revision Exercise 5 (Extended-Response Questions)

Year | Principal | Interest Payment | Year | Principal |Interest Payment
1 | 100000 +5000 —6000 1 | 100000 +5000 —12000
2 | 99000 +4950 —6000 2 | 93000 +4650 —12000
3 | 97950 +4897.5 —6000 3 | 85650 +4282.5 —12000
4 | 96847.5 | +4842.38 —6000 4 | 779325 | +3896.63 | —12000
5 | 95689.88 | +4784.49 —6000 5 | 69829.13 | +3491.46 | —12000
6 | 9447437 | +4723.72 —6000 6 | 61320.59 | +3066.03 | —12000
7 | 93198.09 | +4659.90 —6000 7 | 52386.62 | +2619.33 | —12000
8 | 91857.99 | +4592.90 —6000 8 | 4300595 | +2150.3 —12000
9 | 90450.89 | +4522.54 —6000 9 | 33156.25 | +1657.81 —12000

10 | 88973.43 | +4448.67 —6000 10 | 22814.06 | +1140.70 | —12000
€87422.10 €11954.76

(i) 65 years — 100 years = 35 years
Pension of €20000 at the end of each of the 35 years

Pension (1 + /)" — 1)

= Present value = - -
1+ i

20000 ((1.04)% — 1
4% = 0.04 - .04)35( 0.04 )
=€373292.26 pension cost
€300000.00 relocation cost
€673292.26 Total
€40000 Invested for 30 years at 5%
FV.=PV.(1 + )
= €40000(1 + 0.05)%°
= €172877.69
..Amount needed to be saved = (673292.26 — 172877.69)

=€500414.57.
Let instalment = €P
= Future value in 30 years of €P yearly instalments at 5%
= €500414.57 = P(1 + 0.05) + P(1 + 0.05)? + ... P(1 + 0.05)

_ 30
— pr1.05)] LG

(1.05)30 — 1
= P(1 .05)(—(1 05) )
€500414.57 = €P(69.7608)
= Instalment €P per year = €7173.30
.. A total of €673 292.26 needed in 25 yrs at 5%.
P(1.05)(1.05% — 1)

0.05
€673292.26 = P(50.1135)

= P=€13435.36

EMG)(1 + )"
1+ =1
€P = repayments on loan
€M = value of loan/mortgage
i = interest rate
n = number of repayments (months/years)

€673292.26 =

€p =

30




(ii)

(iii)

(iv)

i =9% = 0.09
= (1+02=1+i=109
1+ r=(1.09)72

1
r=(1.09)"2 — 1
= 0.007207
= 0.72% monthly.
€M = €100000
€P = €800
i = 9% per annum
0.72% per month
= number of payments
M@ (1 + "
1+ =1
~100000(0.007207)(1.007207)"
B (1.007207)" — 1
800 _  (1.007207)"
720.7  (1.007207)" — 1
1.11((1.007207)" —1) = (1.007207)"
1.11(1.007207)" — (1.007207)" = 1.11
0.11(1.007207)" = 1.11

N I L PPy
(1.007207)" = 5-22-10.09

—  nlog(1.007207) = log(10.0909)
_ 10g(10.0909)
"~ Tog(1.007207)

26 years, 9 months (i.e. 321 monthly repayments)

S
I

p=

800

=321

Note: (i) Formula for B2: = A2*0.006628
Since (1 +1nN'2=1 + i wherei = 8.25% = 0.0825
= r =0.006628

ii) Formula for D2: = A2 + B2 — C2
iii) Payment must be constant.

.. Formula for C3: = C2
Note: (iv) Formula for A3: = D2
After 5 years (60 payments)
Mortgage interest payment balance.
140450.2  930.9037 1127  140254.1
.. Balance remaining = €140254.1

Note:

(
Note: (

EMMH(1 + )"
(1T+N"=1
150000(0.006628)(1.006628)"

1.006628" — 1

1.006628"
1.006628" — 1
= (1.1335747)(1.006628") — 1.1335747 = 1.006628"
=-0.1335747(1.006628)" = 1.1335747

Using the mortgage formula: €P =

= 1127 =

= 1.1335747 =

n_ 1.1335747 _
(1.006628) 01335747 _ 04864477
_ log 8.4864477

= "= Jog 1.006628

= 323.7 months.
= 324 months.



(iii)

(vi)

(vii)

(viii)

Solution

Mortgage remaining = €140254.1 — €40000
= €100254.1
Using mortgage formula

100254.1(0.006628)(1.006628)"

127= 1.006628" — 1
_ (1.006628)"
= 16960524 = — 2 o= —
= (1.6960524)(1.006628)" — 1.6960524 = (1.006628)"
(0.6960524)(1.006628)" = 1.6960524
1.006628" = 24366734
_ log 24366734 134.8
~ log 1.006628 "~
= 135 months.

15t payment = A
2" payment = A(1.04)
34 payment = A(1.04)?
4th payment = A(1.04)3
S,e = A + A(1.04) + A(1.04)? + A(1.04)3 + ... A(1.04)% = $21 500000.00

v number of terms
A(1 — (1.04)%)

6= 1 =1.04)
A(1.04)6 — 1)
0.04

= $21500000.00 = A(44.311)

= A = $485199

Payment 1 2 3 4
Actual amount $485 199 $504 607 $524791 $545783
Payment 1 2 3 4
Present value $485199 | $481587 | $478002 | $474443.85

FV.
a+i1

_ $485199(1.04)" !
(1 +0.0478)" 1

485199(1.04) +485199(1.04) + 485199(1.04)%

PV. = :(n — 1) is used since payments were paid immediately.

= PV.=485199 +

(1.0478) 1.0478 T (1.0478)5
s = a(1—r
1—r
_( 1.04 )26
= 485199 10478
1 — (104 )

1.0478
= $11500000.00

Tax =$115m —$79m =5$3.6m

36m 100 _ 5, 5
11.5m>< ] 31.3% tax.




Exercise 6.1
1. (i) Area of parallelogram = (ax)(2x)

= 2ax?
Area of rectangle = (2x + ax)(2x)
=2x%2 + a)
. ZaF _ a
Fraction P2+ a 2+a
(i) Area of parallelogram = %Area of rectangle

2ax? = %((ZX)(ZX + ax))

= 10ax? = 16x* + 8ax?
= 2ax* —16x> =0
= 2x%(a—8)=0
= a—8=0
a=38

2. (i) Area of dark parallelograms = 2x x 3x = 6x?
+ 2x X 2x = 4x?
= 10x?

(i) Area of lighter section
= Area of rectangle — 10x?
= 5x.3x — 10x*> = 15x*> — 10x?
= 5x?
(iii) Dark to Light
10x2 : 5x2
2:1

3. Height = (x — 5) cm
Base = xcm
Area = 52 cm?

= %(x)( — 5 =52

= x> —5x =104

x> —5x—104=0

x—13)x+8) =0

. x=13o0orx=—8

Sincex>0..x=13cm
.. base =13 cm

= height =13 —5=8cm.

4, ".a*>+ (49 —a)? =412
a’ + 2401 — 98a + a* = 1681
2a> —98a+720=0
a*—49a+360=0
(a—40)(a—9) =0
=a=40cmora=9cm

41 cm

49 -a




Solution

5. . 2x+2x+1) =14 x+1)m 50 cm
4x + 2 =14
X =3
X+ 1 =4
Diagonal =142+ 32 =5 xm
Steel cable = 2 X 5 + 4 X (0.5)
=12m
50cm

6. LetA+ B+ C=180°

andA>B>C
-.c=% ~A+B+C=180°
3, 6, oo
= A+3A+ A= 180
-3
andB—7A >
— 21A + 9A + 6A = 180°(21)
N C:%%)A 36A = 180°(21)
6 A 180°21)
21 J 36
= 105°
7 A D o B

B C

(i) A parallelogram
(ii) Area of parallelogram = (a + b)(h) = (|AD| + |BC|) X h

1

(iii) The trapezium = = the area of parallelogram

2
1
z(a+b).h

> |-h= formula for the area of a trapezium.
8. Three times width exceeds twice length by 3 cm.
Let x = width and y = length
=3x=2y+3

Four times its length is 12 cm more than its perimeter.
=4y =2x+y) +12
=4y =2x+2y+12



A:3x—2y=3
B:2x — 2y = —12

A—B: x =15cm
=3(15) — 2y = 3
—2y=—42
y=21cm
9. p
oA :[|P|+|q|]. _ lplirl + Iqlir
A, > “| P
q
p
lpl + [l pllgl + Iqllrl
q A, A= 5 "Q|:'————§————
r
q :
, A =|lat ) _ lpllal + Ipllr
p A ’ 2 g 2
’ lpl > |gl > Irl
r = lpllpl > Ipllgl > pllrl = pllgl > Ipllrl
r + r + r
Compare A, and A, i.. Ipllr| ! qll \and pllgl . qllr|
Since |pllgl > [pllr]
pllgl + Iqllrl _pllrl + [ql|r|
= 2 > 2
= A > A
+ +
Compare A, and A, i.e. Ipllql . |plr] nd pllql . lqllr]
ipl > gl
= |pllrl > |qlIr]
N pllg| + pllr] N pllgl + lqllr]
2 2
=A;>A,
=A;>A> A
10. = h = 52 — 42 4cm 6 cm 4cm
\52—4> 4  6cmn 4w -
=3cm : :
:>Area=(6+214)><3
=30cm? hE 5cm

14 cm



Solution

11. (i) (2a)? = a? + h?
4a% = g% + h?
h=13a
Area=%.2a.h
=a.{3a=13a?

= {3a2=173
= a= 173 =9994 cm
V3

= 2a = 19.99 cm.

(i) h?=10.752 — 5.2752

h= 43\/_ =9.31cm

A= (10 75) - 43F

= 50.04 cm?
A= —ab sin C

N|—=

=(10.75)(10.75)(sin 60°)

N_\

= 50.04 cm?

12. Area of rectangle = (8.4 X 5) m?
=42 m?
Area of triangle = %(2.8)(2.8) sin 60°
= 3.3948
= 38.605 m?

13. () |ZEOD| = % = 60°

(i) |ZODE| =|ZOED| (equal radii)
|/ODE| + |ZOED| = 120°
= |Z/ODE[  =60°

(iii) Area ZEOD = =(a)(b) sin 6 =

Nl—‘

2

= 10.825 cm?
= Area of hexagon ABCDEFA = 6 X Area AEOD
= (6 X 10.825) cm?
= 64.95 cm?

1(5)(5) sin 60°

84 m




14. Pentagon — square — hexagon

(i) : /{

bf; N

Pentagon: internal angle = % = 45°

180° — 45°
2

Base angles = =67.5°

a =360°— 90° — 2(67.5°)

= 135°
Hexagon: internal angle = % = 60°
180° — 60°

5 =60

base angles =
0 =2X60°=120°
Square: 8 = 360° — 90° — 2(60°)
= 150°
(i) Area: square =4 X4 =16cm?
hexagon = 6 X %(4)(4) sin 60°
= 24(3 cm?
pentagon: h = 2 tan 67.5°
= Area = 8 X %.4 .(2tan 67.5°)
=77.25

= Total area = 134.8 cm?

4cm

67.5°

15. Note: The skip has a constant depth = it will be half-full when the two areas on the side are equal.

Area of the top, A, = (X +210)-
Area of the bottom, A, = (202-’_ X)(S -y
Total area = (@)8 =120cm?
SOA: (X+ 10)y=60
2
= xy+10y=120 = xy =120 — 10y
120 — 10
12010y
y

and B: (ZO;X)(S—y)=6O

=160 — 20y + 8x — xy = 120
120 — 10y)_(120— 10y
P

= 160 — 20y + 8

8¢

=120

20cm

X

half-full

10cm



= —20y? + 960 — 8@y — 120y + 10y? = —4fy

Solution

=y>+ 16y —96=0

a=1,b=16,c= —96

Ly =

= x=

16.

—16 +1162 — 4(1)(—96)

T = —8+4(10
4.65 cm
120 — 10(4.65)
4.65
15.8cm
B

i

(i) Area AABD : Area ACBD = %!ADI .h :%!DC\ h

D C

= |AD| :|DC]|

(i) ABCD is a trapezium

=

44l

AB is parallel to DC.

Area of AADC = Area ABDC (same base and same perpendicular height)

Areac + Areab = Aread + Area b
Areac = Area d
c=d

(iii) Areaof trapezium=a+b+c+d

_DX_b

But & =

=
=
=
=

a XB d
ab = cd
ab=¢c?
c=1ab
Area of trapezium =a+ b +c+ d
=a+b+ 2c
=a+ b+ 2/ab.

Exercise 6.2

1. (i) Perimeter (curved) =

80
360

= 23.73cm

80
360

Total perimeter = 23.73 + 6 cm

=29.7cm

80 80

(ii) Area = —=(7.10%) — —=(7.7?

360
= 35.6 cm?

360

(2.7.7) + —(2.

Area c

Areaa

Area b

Area d

7. 10)




2. (i) Area =%.8.12+l.7-r.42

)
=73 cm?
(ii) Perimeter = 2160 + 7.4
=38cm
2
3. (a) Area = 772'r
(b) Area = wR? — 7r?
= m(R2—r?)

4cm

v 12cam

=112+ 42
=160

(c) Area = Area of square of side (x + 2a) — Area of circle of radius (a)

Area = (x + 2a)? — ma?

(d) Area = Area of rectangle + Area of circle

_ ay
—Gb+7T(2)
_ Ta?
—ab—|——4
(e) Area=%><a><h
1 2_0_2)
2@ -7
(f) Area =%(a)(a)sin 60°
20_le
2 2
_3a?
4
4, P=2r+1r6
=r2+ 60
P
= I'=37%

5. | /RTS| = 0.4 radians
= |ZROS| = 2| ZRTS|
= 0.8 radians
= |RS| =8.5 % (0.8)
=6.8cm

_ e 2
h X 7
r r




Solution

6. ?=r>+r?
I=12r
(i) = Area of square BCDE = /?
= 2r?
(i) Area of shaded section = Area of circle — Area of square
4
_ mr’=2r
4
o _
=g(m=2)
7. 80=2mr
80

= r=—=12.73cm
2T

Area = m.r2 = 7.(12.73)2
= 509.30 cm?.

Because the radius depends on 7, i.e. an irrational number that cannot be expressed as a faction.

8. (i) Letcircle radius =r.

—

= Area of outer square = (2r)(2r) = 4r? &

I?=r?+r?=2r?
|=12r
= Area of inner square
= (H
= (V2r)V2r) = 2r?
oo Areay ot Areay o, = 2 : 4r?
=1:2

(i) sin30° =5

—1.1
=1 ‘2
=4:1
9. Area of Trapezium = (“Ts)h
where h = 2R.
Given 12 =2mqr
,_6
a
2 2
=[S + 8] ~2x36 -7
a a T T
_[72_62
= R= e T
7 612
Areatrapezium = (i) \2 7
422

r i
R
= r=R.sin 30° 30°
-} :
R
T2 «
o
= Areacircumcircle : Areaincircle = 7TR2 : 7Tr2
_ 2 . ’7TR2
7R 2

T
\




10. szmzw—2“=§=6m A

3
(i)  ZOAB= /ABO
= Z/0OAB = 60° = ZABO r
= |AB|=r.
. Circumference = |AB| + 2|BO| + sector
=2+20) +2[Z| A
B r
(“') Area = Areatriangle + Asector
_1. oy 1 27
-1 @@ sineo + 10| Z|
_ V— 4
=2- 3
— 3+
. 4
(IV) AI'eanon—shaded = Areasemi—circle - (\/§ + Tﬂ—)
_m(2? 4
2 (B+3
= D — Am _ 3
3
_ 27 _
=3 V3
11. Aredy,geq = Ar€agecior — Areatriangle
— 1y 1
5" 0 2( )(r) sin 0
_1op_a
" (6 — sin 6)
_m
At 9= 5
1
Areaminorsegment = Erz(% —sin g) ! 0 ¢
_rm_
=531 '3\\\\_////C
Areamajor segment mr? — Al'eaminor segment
— 2 _r_2 o
=557
_mr’ r
r 2 + >
_3mrr  r
~T4 732
_p3m, 1
44+2
. 3 1.2
Rath: Areamajorsegment . Areaminorsegment = rz( 477 + 2) 2 2 1)
_3m+2 wm—2
4 4

=37+2:7m— 2



Solution

12. Radius of disc = % =5 20cm
Area of 5 discs = 5 X (752 / ,\/ \
= 1257
Height of frame = 2(h + 1) h=4@2n%-r2 ' A
=2(Y3r+7r) =3r r J
=2r(y3 + 1)
=10({3 +1)
Area of frame = 20 X 10(V3 + 1)
= 546.41 cm?
Area of remaining space = 546.41 — 125
= 153.71 cm?
13. Areag o = %ﬂe : Aredpeimeter = 25 + 1
48 = %(rz)e 28 =12 + )
= 0= 28=r2+%

28r% = 2r3 + 96r
2r3 —28rr +96r=20
2rr—28r+96 =0
(2r—12)(r—8) =0
=r=6cm or r=8cm

14. (i) and (ii)

______ 5m
Shed |4m
(i) Area(l) = %(7742) = 4z
Area(ll) = %(7782) = 487| Arearop = 17043
1 o =170 m?
Area (lll) 4(773 ) 2
Exercise 6.3
1. (@) 3 Area =2(1.3X2) =5.2
’ +2(0.8X2) =32
13 0.8 13 | 08 +2(0.8 X 1.3) =2.08
10.48
2m =10.5m?
13
13




2.

25

25

25

25

(2)(2) sin 60°
3

2

N|—=

Area of Triangle =

I I
SN

Area of rectangles = 2(2.5) =5
Total area = 2V3 + 3(5)

= 18.46 m?

= 18.5m?

Area of square = 10 X 10
= 100 cm?
10 Area of parallelogram = 8 X 10 = 80

Area (Total) = 4(100) + 2(80)

U 4

20 20cm

20 7

20 20

(i) Area (a) = 4mr?

= 47(10%) = 1257 mm?

Area (b) = mrl + 7r?
= 7(10)(30) + 7(10)?
= 1257 mm?

Area (¢c) = 27rr? + 27rh
=232+ 27(3)(12)
= 282.74
= 283 mm?

Area (d) = 2mr* + 7r?
=371
= 377(15)2
= 2120.57
= 2121 mm?

Areargra = (2 X

= 74943
= 749.4 cm?

= 560 cm?

= 2(7)(7) sin 60°
49V3

Areaeciangle = 7 X 20 = 140
Areagg e = 7 X7 =49

@)+(4><140)+(3><49)



(ii)

Solution

Area (e) = H4mr?) + %(mZ) + %(mZ)

4
= 2712
= 27(12)?
=904.77
= 905 mm?
_ 1 r?
Area (f) = E(Zwrh) +2 > + 2rh
= arh + @r?> + 2rh
= m(12)(32) + 7(12)2 + 2(12)(32)
= 2426.76
= 2427 mm?
Area (g) = %(wrz) + %(77!’[) + % (2rx h)
h =1262%—- 102
=24 mm
2
Area = 77'(210) + 77(1(;)(20) + 10x 24
= 805.49 mm?
= 805 mm?
Area (h) = 2(1)(16)(12) +(1D6) + (12(11) + 110)

2
=192 + 176 + 132 + 220

Note: / = {162 + 122] = 720 mm?
=20

Area (i) = 2(%) 4+ (10)3) + 143) + 203)(h)

14 mm

Note: 2 =96+ 30 + 42 + 6/20
4 = 194.83
= 195 mm?
=h=V16+4 :
h= @ 10 mm
b .
ﬁddaghQL
_4 _s_4. 10
Volume (a) 3 s 3 710
= 4188.79 10
= 4189 mm?3 []
Volume (b) z%wrzh
h
:%7(10)2(205) 30
= 2961.9
= 2962 mm?3
Volume (¢) = @r’h
=77.32.12 h =430%2-10?
=339 mm3 =20V2
—(1)/4) s
Volume (d) (2)(3)7#



(ii)

(iii)

= 7068.58
= 7069 mm?

14| s
Volume (e) 4(3)7#
1

= § cqr - 123
= 1809.55
= 1810 mm?
Volume (f) = % (r?h)
1. 2
5 - (12)?- 32
= 7238.229
= 7238 mm?
Vol (g) = l(l)wzh
213
1. 2.
3 710424
= 1256.63
= 1257 mm?3
Vol (h) =%(12 X 16) X 11

= 1056 mm?

VoI(i)=(@)X4X3

= 144 mm?2
f,d,a beghci

Vol = Areay,pe,iym X Depth

=(—2-5 5 1-6) X 1.2 X 2

=492m?
Volume pick-up = €4.92 X 80 = €393.60
Weight pick-up = 1.3 tonnes
= 1300 kg
= €13(X100) X 30
= €390
Weight pick-up option is better value.

Volume,;, = (%’mn@) how
_ (Za+htan 0).h.w
2
§ = 450 Volume = (Za + 1.22tan 450
492=(20412)x 24
2a=129
a=145m

= bottom =145m=15m

)><1.2><2

10

—

h 26

h=1262-102
=24




Solution

Top =a+ htan 6
= 1.45 + 1.2tan 45°
=265m=27m

(i)

Triangular prism

(iii) Volume = Areay;,nge X Length

1

=3 X 2) X
2(3 2) X8
=2

4 cm?

(iv) Let height = 3 cm.
Let width = 2 cm.
_ 24 _ 12

= Area of Trapezium = = =

2
= Sum of lengths of parallel sides = a + b
:(“;b)x 3=12
- a+b =8
—b—=+ Leta=5b=3

= Base = 3 cm, Top = 5 cm, Height = 3 cm, Width = 2 cm

= % cqr-53
= 523.599 cm3
Volume of cube =10X 10X 10
= 1000 cm?
Volume taken away = 1000 — 523.599
= 476.4 cm?
(i) Volume of sphere enclosing cube
= %77 .r
=27.(/50)
= 1480.96 ,
= 1481.0 cm? >cm
5




6. 8 litres per minute
= 8000 cm? per minute
(i) Shortest time = smallest tank and fastest drain-rate
=10m—0.95m
1.5m— 1.45m
1.3m—125m
= volume = (0.95) X (1.45) X (1.25)
=1.721875m?3
= 1721875 cm?
Drain-rate = 8.49/ per minute
= 8490 cm? per minute
) 1721875 .
. Time = ~8490 min
= 202.81 min
= 3 hrs 23 min
(i) Longest time = biggest time and slowest drain-rate
1.0m—1.04m
1.5m—154m
1.3m—1.34m
Volume = (1.04) X (1.54) X (1.34)
=2.146144 m?
= 2146144 cm3

Drain-rate = 7.5 litres per minute
= 7500 cm? per minute
o 2146144
.. Time 7500
= 286.15
= 4 hrs 46 minutes

7. (i) Volume = %Areabase X height

(10X 15) X 14

w|—

=700 cm?
(ii)

10 2 A10cm

-------- 15cm S LE




Solution

Note:
h 14 cm 14 i
L [ I \
5 7;—cm
2
h=1{52 114 - /=1/142+(7%)
— 14.866 |=1588
Area = 15 X 10 + 2(%>< 15 x 14.86) ¥ 2(%>< 10 x 15.88
— 150 + 222.99 + 158.8
= 53179
=532cm?

8. Note: radius of circle = 18 cm
Volume = volume . pig) + volume(cuboid_%cynnde,)

:(18><4><2)+(18x18x4—%w.182.4)

=422.124 cm?
=422 cm?3

Surface Area = 18 X 4 + 20 X 4 + 2 X 4 + %(277(18)(4))

+2018 X 2) + 2((18)(18) —%77(18)2)
— 484.16
= 484 cm?

9. x,¥,z— lengths

T, a — numbers,
@) %+ my? + wz?

= 7(x*> + y? + 2?)

x> = length X length = area

y? = length X length = area

z?> = length X length = area

= m(x*> + y* + z%) = area
(b) ax + @y

= length + length = length
(c) axz = number X length X length

= area.
(d) am.y = number X number X length
= length.
(e) axy + maz = number X length X length
+ number X number X length
= Area + Length
(f) ax + xy = number X length
+ length X length
= Length + Area
(9) axyz = number X length X length X length
= volume.
(h) x%y + y?z + z2x = length? X length + length? X length
+ length? X length = volume

20cm

(A quarter-circle removed)



10. () A.x=2
= (length)?. length = (length)3, consistent.

ooV
(i) x = Ay
_ (length)? ) )
= length = length ]2 Tength’ inconsistent.
(iii) V=xy +z

= (length)?® = (length)(length) + (length), inconsistent.
= (length)? + length
(ivi A=x2+y>+ 22
= (length)? = (length)? + (length)? + (length)?
= 3(length)?, consistent.
v) V=Ax+y+2
(length)® = (length)? (length + length + length)
= (length)?. 3 length
= 3(length)3, consistent.

v) A=Yty

) (length)?
length
= (length)? + length, inconsistent.
(vii) x=y+2z
Length = length + length
= 2 length, consistent.

(length) + length

11. (i) True volume = 122 X 75 X 53 = 484950
Error = 485000 — 484950
=50

% Error = >0

484950
=0.01%
(i) Least possible volume = 121.5 X 74.5 X 52.5
= 475216.875
Greatest possible volume = 122.5 X 75.5 X 53.5
= 494808.125

The tolerance interval is then from 475216.875 cm? to 494808.875 cm?,
The midpoint of this interval is

475216.875 + 494808.125
2

The tolerance interval can then be written
(485012.5 + 9795.625) cm?>.

X 100%

= 485012.5 cm3

12. Minimum possible distance = (55.5 km/h) X (2.35 hours)
= 130.425 km

Maximum possible distance = (56.5 km/h) X (2.45 hours)
= 138.425 km

(@axa)Xh

©

a’h

Ifa=6cmandh=7cm,
=V = 1(617)

=84 cm?



Solution

(i) fV=100cm3,a=5cm.
#1%=%Gﬂh
= h=12cm

l 12cm

5cm
.......... 5 eem e aaan
2.5

, =122 + (2.5
§/ =12.25

A=6)X6)+4%x5x11%
— 1475
= 148 cm?

(iii) V, =

Ifa=m,andh=m,andV=%Vp,

>
=
[0
Y}

= Aback + Abottom + 2Asides

N|—

= 1, \2 (1 5 )
(V2m) 2() 22 2

2 1 2 /5 2 m
m +2m + > m

[1+2 + V5]

2

N|3 N|§‘

14. (i) (@) Vpo = (14) X (14) X (14)
= 2744 cm3

(b) Vapere = 37 (7)

- 103
14373 cm

(© Vunoccupied = (2744 — 1437% cm3

= 13062 cm?
13062
2744
= 47.62%

= 48%

% unoccupied =




(||) chlinder = 1ar. (7)2(14)
=215cm?

Vynoceupied = 2155.13 — 1437.33

=717.8cm?

717.8
2155.13
= 33.3%

% unoccupied =

.. less space is unoccupied in cylinder.

VsmaII cone

Vstopper = 171.57m — 13.57
= 1587
= 496.4 cm?

Exercise 6.4

1. Area Zg[)h +y,+ 2y, Fys +

_10

= 1340 mm?

Scale = 1000: 1
= 1000 mm: 1 mm

L

7cm

A |

2[04—20+2(23+28-I—22+23+28)]

= (1000)(1000) mm?2: (1 X 1) mm?
1 X 10°mm?2:1 mm?2

= Areamue) = 1340 X 106 (mm)2

= 1340 m?
= 0.134 hectares

[T m2 = (1000)2(mm)2]



Solution

2. Area =g[y1 +y, 20 F Y3 oY)l

= %[O +3.66+22+542+3+ 1+ 436)]

=17.61 cm?

() % error = 17:62 = 17.23 . 100

= 0
17.23 1 2.26%

(i) Area = %[0 +366+209+2+39+542+47+3+19+1+2+436+4)]
= 17.505 cm?

3. (i) Area =ﬁ[y1 byt 20+ Vst ey )]
[O+0+225+4+ 45+ 4+ 2.5)]

=1
2
1
512017.5)]
=17

.5 5g. units

(i) Area =%[0+0+2(1.4+2.5 +33+4+43+45+43+4+33+25+14)]

= 17.75 sq. units

4, yA y=ix

atx=0.5 y=10.5=0.71
atx=1, y=11=1
atx=15 y=1V15=122
atx=2, y=12=141

A=Bly y, 2t ys oy, )

07[0+141 420071 + 1+ 1.22)]

= 1.82 sq. units

5. A, Zh[y1 +y,+ 200, +ys+ .oy, )l

__0225[002+11 +2(0.03 + 0.05 + 0.09 + 0.15 + 0.24 + 0.4 + 0.66)]

= 0.545 sq. units

025

A, =—==[1.1 + 0.52 + 2(0.97 + 0.86 + 0.76 + 0.67 + 0.59)]

= 1.165 sq. units
A;:A,=0.545:1.165
=1:2.14
Both areas equal = A, = 0.545
Let Xaximum = 2.5

0.25
2

= 0.487 sq. units

= 0.545 = —=—=[1.1 + 0.86 + 2 (0.97)]



Let Xnaximum = 2.75

0.545 = %[1.1 +0.76 + 2(0.97 + 0.86)]

= 0.69 sqg. units

For equal areas: 2.5<x<2.75
6. Area = g[y1 oy 2y, st )]

=%[0+1 +26+73+92+146+ 12+ 82+ 9.8)]

= 1.5[135.2]
= 202.8 cm?

1cm =20 km
1 cm? = 400 km?

Area = 202.8 x 400
= 81120 km?

Revision Exercise 6 (Core)

1. Area (A + C) = Area B
(same base and same perpendicular height)
Area (A + C) = Area (P + Q)
(same base and same perpendicular height)
= Area P = Area A
AreaB =3 X AreaC

P

AreaP =2 X Area C
= P:Q

Midpoint

=2C:A+B
2C:P+B
2C:2C +3C
2C:5C
2:5

c C

Midpoint

2C

2. (a) 8-surfaces
Area = 2(20 X 15) + 2 X (10 X 20) + (10 X 15) + 2(%77(5)2)

= 1464.16
= 1464 cm?

Volume = (10 X 15 X 20) + = (7. 52.15)

1
2
= 3589.05

= 3589 cm?
(b) 4 - surfaces

Area=(mX (153 + (2 X X 1.5 X 10)+%(4><77><62)+

= 433.54
= 434 mm?

Volume = (7 X (1.5)2 X 10) + %(% X 17 X (6)3)

= 523.075
=523 mm?3

+%(27T>< 5% 15)

[7.(6)2 — 7.(1.5)%]



Solution

(c) Areaofback =75X60 = 4500
Area of bottom = 75 X 60 = 4500
Area of treads =75 X 60 = 4500

Area ofrises =75 X 60 = 4500

Areaof sides =2 X % X 75X 75 +7500

= 25500 cm?
Volume = 6 X (25 X 25 X 60)
= 225000 cm3

3. (i) Let|ZCOB| =6
=1=r6 | = arc length
6.4 =50 r = radius
= 0 = 1.28 radians

(i) Area = %.rZ. 0

(iii) Area of circle = 7 X (5)? = 78.539
Area of minor sector = 16.000 (subtracting)
Area of major sector = 62.539
Area of minor: Area of major = 16.00:62.539
=1:3.91

4. Volume = Area of trapezium X width

(3+2J)><25><8

=450 m3
1m3 = (100 cm)3
= 1000000 cm?
= 1000 litres (1000 cm3 = 1 litre)
.. Capacity = 450 X 1000/
= 450000/

450000
10
= 45000 minutes
_ 450008
—6Q hours
= 750 hours

Time =



360 _
23
X =3.96cm

_1,
(iii) A 2r0

20 = % (4.5 .x
20

(4.5)?

x = 0.99 radians

1

=X

6. Curved surface area = —r%6

1.6

N[—= N

Buts =16
ands = 2ar
=10 =2mr
_2m
0=

.. Curved surface area = l/z . Zmr

YA
= 7l
7. No.
The minimum possible size of the envelope is 12 — 0.5 = 11.5 cm, while the maximum possible
size of the card is 11 + 0.05 = 11.55 cm.

8. (i) The tolerance of each dimension is 0.5 cm.
(i) Maximum possible volume = 12,5 X 7.5 X 5.5

= 515.625 cm?
Minimum possible volume = 11.5 X 6.5 X 4.5
= 336.375 cm?3
Difference = 515.625 — 336.375
=179 cm3
(iii) Error = 515.625 — 450
= 65.625
65.625
% Error = 450 X 100%
= 14.6%

9. Maximum possible 3rd angle = 180° — (60.5° + 45.5°) = 74°
Minimum possible 3rd angle = 180° — (61.5° + 46.5°) = 72°

10. (i) The tolerance for each measurementis +0.5 mm = *+0.05 cm.
Thus the tolerance interval for the diameter is (9.8 = 0.05) cm, and the tolerance interval for
the height is (8.5 = 0.05) cm.
(ii) Forthe cone,r=49cmandh = 8.5cm.
Then the volume of the cone is

%wrzh = 7497 (8.5) = 21372 e’

(iii) The tolerance for the radius is half the tolerance for the diameter, i.e. the radius is (4.9 + 0.025) cm.

Maximum possible volume = %(4.925)2(8.55) =217.174cm3

Minimum possible volume = %(4.875)2(8.45) = 210.298 cm?



Solution

Max error = 217.174 — 213.72 = 3.454 cm?

3.454 on — o
517 174 X 100% = 1.59%

% Error =

11. Least possible breaking load of the crane is 1450 kg.
Greatest possible weight of each box is 50.5 kg.

_ 1450 _
Number of boxes = =05 28.71.

To be sure that the cable does not break, greatest number of boxes is 28.

12. (i) Areaofrectangle =5 X 3.24

= 16.2 sq. units
Area of triangle = % (5 X 2.24)
= 5.6 sq. units
= Areaunder graph = 16.2 — 5.6
= 10.6 sq. units

(ii) Area =g[y1 b+ 20+ st ey ]
1

[1+ 324+ 2(1.39 + 1.95 + 2.42 + 2.85)]

2
= 10.73 sq. units
13. (i) Perimeter =128 +4 +6 > m
=10+ 27)m N
(i) Area=%(4><2)+%(@><2)+%(m><2) . ’m
=4+120 + 24 0
= (4 +2/5 +2/6)m 2m
4m

a=V42+22=y20m
b=1{(20P+22=124m
c=1(4)2+22=428m

14. Large radius = 8 cm
Small radius = 4 cm

(i) Perimeter = %perimeter of large circle
+ % perimeter of small circle
+ % perimeter of small circle

=%(2><7T><8)+2 %(2><7T><4)

= 8w+ 8
=16
=50.27cm

area of large circle — 1 area of small circle + X area of small circle

.. 1
(ii) Area = > >

2
= %area of large circle
1



15. Cost = €(5200 + 35A)
1

A = Surface area = 5 (47r?) + 7r?
= 37r?
= 37102
= 3007
= 942.47

Cost = €(5200 + 35(942.47))

=£€38186.72
16. Volume = Volume of cube =23=8

+ Volume of cylinder = X 42 X 2 = 327

+ Volume of cone =%77>< 12><4:4?7T
=8+ 327+ 47

=112.72 cm?
=112.7cm3

Revision Exercise 6 (Advanced)

1. (i) Arclength =r6

r2o

r¢.(1oo/— Zr)

Perimeter = rf + 2r Area

|—= N|—

= 100=1r0+ 2r

U N

ré =100 — 2r
p— 100 —2r
r
(i) A= —r*+50r
—[r* — 50r]
= —[r? — 50r + 25% — 257]
A = —[(r — 25)* — 625]
A =625 — (r — 25)?
The maximum value of A occurs whenr — 25 =0,

or—1r?

i.e.r=25.
(i) |LCEB| = 6 %ﬂe =625
g 1250 _ 1250
7 625
= 2 radians

2. Hole of radius 1 cm
= diameter = 2 cm
= sheet of width and length T m (= 100 cm) can have 50 holes cut along length and along width

= Method A: number of holes = 50 X 50 = 2500 holes

Area of sheet = (100 X 100) cm?
= 10000 cm?
Area of hole = 7r? = 7. 12
= cm?
Area of 2500 holes = 7 X 2500
= 7853.98 cm?



3.

Solution

= Waste = 10000 — 7,853.98 = 2146.02 cm?
_(2146.02 ., 100),
10000 <71 )

= 21.46%

% waste

Method B

15t row has 50 holes

2" row has 49 holes

3 row has 50 holes, etc.
h=4v22—12={3cm

1 row needs 2 cm of metal

2 rows need 2 + V3 cm of metal

3 rows need 2 + 2V3 cm of metal

n rows need 2 + (n — 1)V3 c¢m of metal

=2+ (n— 1)Y3 = 100 cm, where n = number of rows

= (h—1)V3=98

98

"V

= 57.58 rows

= 57 complete rows

= 29 rows of 50 holes = 1450
28 rows of 49 holes = 1372

+ 1

2822 holes
Area of 2822 holes = 7 X 2822
= 8865.57 cm?
= Waste = 10000 — 8865.57
= 1134.43 cm?
113443 _ 100
[0) — —_—
J% waste 10000 X 1
=11.34%
(i) Area of APQO = %()()sin 0
% sin 6

(i) Area of segment = Area of sector — Area of triangle

r20— 2r25|n 0

—_

Also, area of APQN = —=(r)(r) sin (7 — 6)
gﬂsm Tm— 6 =3%

=sin mcos 6 — cos 7rsin 6 =360 — 3sin 6

= (0).cos@—(—1)sinf=360—3sin6

= sin =360 —3sin 6
4sin 0 =360

= 30— 4sin6=0

N

(6 — sin 6)

N

Number of rows




4.

(a)

Surface area — 4 surfaces
Outer curved = 27rh = 27(45)(100)
= 90007
Inner curved = 27rh = 27r(40)1000
= 80007
2 X end rings = 2[7wR? — 7r?]
= 2[m(45)? — 7(40)%]
= 8507
Total area = (9000 + 8000 + 850)7
= 56077.43 cm?
= 56077 cm?
Volume = wR’h — mr*h
= wh(R> — r?)
= 77.100(452 — 40?)
= 133517.69 cm?
= 133518 cm?
Surface area — 6 surfaces

Outer curved = (277Rh) =.(10).15

2
= 1507 mm?
Inner curved = %(Zwrh) =qa.(5).15
= 757 mm?2
2 X endrings = 2 %WRZ - %wrz
m(R% — r?)
(102 — 52)

= 757 mm?2

2 X flatareas = 2 X (5 X 15)
= 150 mm?2

Total area = 150 + (75 + 75 + 150) 7
= 1092 mm?

Volume = (szh (7rr2h)

Nl

(R>—1r?)
.15

=1 N|§

2 _c2
5 —(10% — 59)

= 1767.145 mm?3
= 1767 mm?
Surface area — 2 surfaces

Hemisphere = % (4712

4cm

:%(47T42) 18cm

=327
=l
cone = 77.4.(18.44)
=73.767
Total area = (32 + 73.76)w [=1182 + 42
=332.25cm? = 1844 cm
=332 cm?




5.

6.

7.

Solution

:l i 3) l 2
Volume 2(377.4 + 3 m(4)% . (18)
= 435.63

=436 cm?

(i) Area of sector = 1 r’0

- N

= 4% = 4.189 cm?

(ii) Area of segment = area of sector — area of triangle
2189 — L )2 sin [27
= 4189 - L (2)sin ( ’ )
= 2.457 cm?

Area bisected = area of triangle = % (2)%.sin(1.895)

= 1.895

(2)2(1.895) — 1 (22)sin(1.895)

Area of segment = >

1
2
= 1.895
N cing = 35
(i) sma—44

— in-1(32
a =sin (44

= 0.91975 radians
= 2a = 1.84 radians

(i) I=ro
= 44 (1.84)
= 80.96 m

(iii) Shortest distance = x = V442 — 352
=26.66m

i — 2
(iv) Areagecior == r°0

(44)>.(1.84) = 1781.12

1 .
Areayizngle = 5 r’sin 0

~1 (44)2 .sin(1.84) = 933.14

2
Areagegmens = 1781.12 — 933.14
= 848 m?

Area of sector = %ﬂe

Area of triangle = %rz sin 6

= area of segment = %ﬂe - %rz sin 6
~Z6-sine6
—5( sin 0)

(i) Area of major segment = 7r> — area of minor segment

2
=77r2—%(0—sin0)
_ 2/ __6_ sino

2332 =r|m 2+ >

35m

X = 1442 — 352
= 26.66m



sin 2

When 6 = 2, 2332 =1r2 [77— 1+ =" (6in radians)
= 2.59612
_[2332 _
= r= 359 3.0
Ly _r
(ii) sin 0= 3 |
r=3sin 6 1 radian
=3sin1
=252cm
Surface area = 7r?
= 77(2.52)?
= 19.95 cm?

8. () A—B
B—C
CcC—D
E—F

accelerating (nearly uniform/constant)
accelerating (not uniform)

beginning to slow down

having stopped, begins to move off again.

(i) Speed X time = distance

(iii) Area [distance] = g vy +y, T2y, T ys+ ooon ¥y )

=%[0+0+2(32+50+58+57+50+38+25+13+4)]
= 327 (kmh~" X min)
_ 327 o
=247 X =
50 (km min min) (= km)
=55km
9. cos 30° = %
a 2a
= = s ==
cos 30 V3 Base of
_ 2 20)2 tetrahedron
h 4a (ﬁ
_[sa 202,
3 B 600
) 30° 90°
2a
Volume of cylinder = 7r2h
o [ap 22,
. B . E .
= %Tr@ Qo h
9
20




Solution

104 _ 10 +x
10. 78 T x
104x = 780 + 78x
= 26x =780
x =30
104 _ 24 +y
78 y
104y = 24(78) + 78y
26y = 1872
y=72
1042 + 40% — 96°
cosa =12 2(40)804)96
= 0.3846
a=67.38°

— Area of large triangle = %(40)(1 04)sin (67.38°)

Area of small triangle = %(30)(78) sin (67.38°)

=1919.9 = 1920

=1079.9 = 1080

Area of trapezium = 1920 — 1080

= 840 mm?2

104

Revision Exercise 6 (Extended-Response Questions)

1. () @) I=ro

(b) A =210
(ii) Lengthofwire=4=r+r+r6
=4=2r+r0
4 —2r

= Area = %rzé)

15
2r

=2r—r?
(iii) Area = —[r* — 2r]

(iv) A

0.5

4—2r]

r

—[r=2r+1-1]
—[lr—=1)2-1]
1—(r—1)2

=qg=1 p=1

Maximum point = (1, 1)

Fnax = 1M

= 0 = 2 radians

104



2.

(i)

(ii)

(iii)

Group one areas are the same.
Area of semi-circle

r2)

(
=2/}
= 0393

N|[—= N|—

I
B!

Area of equilateral triangle (6 = 60°)
A= 1 (x)(x) sin 60°

2
_x .3
2 2
= g)@ = 0.433%2
Their claim is false.
Group two
Difference in areas = (0.4330 — 0.393)x2
= 0.040x2
. 0.040x2 _ 100
0, = -
% difference 03932 <1
=10.18%
Their claim is true.
Group three
. 0.04x> _ 100
0, = -
% difference 04332 <1
=9.24%

Their claim is also true.

Area of semi-circle = % (7r?)

_ X
8
Area of isosceles triangle
= 2 (h
_1 tan 6
=5 000 =,
2
= than 0
X tan o= ™
= 7 tan 6 3
=7
tan 6 = >
= 60=15752°
Volume of hemisphere = %(%WP)
= 2 m = 2,00
Volume of cone = %wxzh
I (xtan(57.52°)
37X\
= 0.822x3

The volumes are not the same.

h
X
0 2
X
_h _2h
tanO—X——
2
X tan 6
:> =
2

|



Solution

3. (i) Area of base = (20 — 2h) (20 — 2h)
= (4h? — 80h + 400) cm?
(ii) Cube=h=20-2h
=h= 23—0 cm
(iii) Volume = (20 — 2h)? (h)
= 4h3 — 80h? + 400h
(iv) Volume

700 Maximum volume /
600 /.<

500
400
300
200
100

12 3456 78 91011121314

(v) h=2,513
(vi) h =13is not possible
since the base is (20 — 2h) = (20 — 26) = —6

© ~ ~ o ~ ~ ©
O [ce] (o)} — [ee] O

Area Zg[y1 Ty, 20yt Y,

:22;5[0+0+2(6.6+8.7+9.7 +10+ 9.7 + 8.7 + 6.6)]

= 1.25[120]
= 150 cm?
(i) A _m? _ w10
2 2
= 157.08
157.08 — 150 _ 100
[0) =
%o error 157.08 1
=45%
(i) ar=6.6 br=87 cr=96
_66 _87 _96
9=70 10 ‘=70
a= 066 b=0.87 c=0.96
r
(iv) Area =%[O+O+2(ar+ br+ cr+r+ cr+ br+ ar)
= é[Zr(Za +2b+ 2c+ 1)]
r2
=Z(2a+2b+2c+ 1)
2
(v) Area = %(2(0.66) + 2(0.87) + 2(0.96) + 1)
_r
=7 (5.98)

49512

|
—



(vi) r=5cm= A= 1.495(5)?

= 37.38 cm?
r=10cm= A = 1.495(10)2
= 149.5 cm?
r=15cm= A = 1.495(15)2
= 336.38 cm?
(vii) Using A = 7r?:
2
atr=25, A= 77(25) = 39.27 cm?
2
atr=10, A= 77“20) — 157.08 cm?
2
atr=15 A= @: 353.43 cm?
39.27 — 37.38 _ 100
- 0 = = [0)
.. % error 3927 X 1 4.8%
_157.08 —149.5 100 _ 0
15708 <1 8%
35343 —336.38 , 100 _ 0
35343 <7 8%

As can be seen, there is a consistent error of 4.8% with this formula.
We also note that the formula reading is always 4.8% less than the true reading as would
seem reasonable as the trapezia all lie below the real curve.

(i) (a) Length:
31=1+I+h+/1+h

= 2/=30—2h
I=15—nh

(b) Width:
2=1+h+w+h+1
w=20—2h

(c) Height:
Height = h

(ii) Capacity:

Volume =Ixwxh
= (15 — h)(20 — 2h)(h)
= 2h3® — 50h? + 300h
(iii) Square base:

= I=w
=15—-—h=20—-2h
= h=5acm

(iv) V= 2h3— 50h% + 300h
= 2(5)3 — 50(h)? + 300(5)
=500 cm?
(v) 2h® — 50h2 + 300h = 500
= 2h3 — 50h? + 300h — 500 = 0
h = 5is aroot (solution)
= h — 5= 0is afactor.



Solution

2h? — 40h + 100
h —5 | 2h3® — 50h% + 300h — 500

2h3 — 10h?
—40h? + 300h — 500
—40h? + 200h
100h — 500
100h — 500

= 2h? — 40h + 100 = 0 is the second factor
=h2—20h+50=0
=a=1,b=—-20,¢c=50

20 = {(—20)2 — 4(1)(50)
= h= >0
_ 20 =200
2
_20+10/2
2
=10 =52
= 17.07 or 2.929
h # 17.07, as 2h = 34 > 31, the length of cardboard.
.. h = 2.9 cm would also give a capacity of 500 cm?3.
(vi) A

500

§= 400 1

S

= 300t

3 200 (v)
Q.

S 100 t

—1 123456 7 8 9 10112131445 h
=100t h (cm)

(vii) Capacity increased by 10% = Volume = 500 + 50

=550 cm3
This is not possible since no value of h could produce a value of 550 cm3.




Exercise 7.1

1. (i) 1stSpinner  2nd Spinner

3
a G

8
G<
5B
5

QN —
1w

G

B

[© )W NV;]
[on)
oonn/ko

GG==-X

[e N
ol W

GB
BG

X

[e )Y NE,
[e<R N,

BB =

(ii) P (the two spinners show the same colour)

1.3\ ,(5.5
=(e3 2<%
_28_7

48 12

2. (i) 1st Roll 2nd Roll

5
= red

6
red <
green

1
6
red

green <
1 green

6

[e YNV,

o =
ol

(i) P(RR) = %

P(GG) = 31—6

P(same colour) = P(both red) or P(both green)

_1.5
(iii) P(Gand R)—6><6 36

3. BagA Bag B
‘—‘ white
3 7
5 white

3~ blue
7

[

white
Z blue
blue

leA

(i) P(both counters white) = = X

vilw
Nib

" _2,3_6
(ii) P(both blue) = 5 X > =38

ww—§><‘—‘
577
3 3

WB=2=x=
577
2 4

BW ==X =
577
2><3

BB=zX3

12

35




Solution

(iii) P(both white) or P(both blue) = == + —
(i) 1st Throw 2nd Throw
3
5 _Head
3 —
5 Head 5
Tail
5 Head
2 mn<i::
5 2 Tail
5
(i) P(two heads) = P(H, H) = %
- _ 6, 6
(iii) PH,T) or P(T,H)= 25 + 5
_12
25
(i) CUBEA
Red
1
3
1
3 Blue
1
3
Green

(ii) P(RR) or P(BB) or P(GQG)

12
35

6 _ 18
35 35
PREINE )
575 25
qro3,2_6
575725
THo2y3_6
575725
S I
575725
CUBEB
1
g Red
1
2 Blue
1 Green
3
1 Red
6
1
2 Blue
1 Green
3
16 Red
1
Blue
1 Green
3

X
ol =

=)
o
Il
wi =
Il

o
™

Il
wi =
X
NI —
Il
ol -

X

o
[
Il

=]
B

Il

X
o= wi—=

W= Wwl=

w
@
Il
X

or)
o

Il

X
wl= NI =

wl= W=
I
Ol—= ol =

o
e
I
X
I
|

0]
@
Il
X

Wl—= NI—= O|—=

W= Wl= Ww|=

Q
@A)
Il
X

—_

- oi— 5

—
[e]

—_
(o]

Ol = Ol -



6. (i) 1st Throw 2nd Throw 3rd Throw

1 Six =
6
1 six
6 5 not six =
16 Six
1 six 6 —
6 5
6 not six § not six
1 6 six _
; o <
5 r;gt 5 not six
2 ix 2
6 l 6 six
§ not 6
6 Six
§ not six
6

(ii) P(two sixes) or P(three sixes)
(T P N (T TS (T (51 1) 2
_(6X6X6)+(6X6X6)+(6X6X6)+(6X6X6) 27

7. (i) P(1stBlack) and P(2nd Black) or P(1st White) and P(2nd White)

. P(1st Black) = § P(2nd Black) = %
P(1st White) = % P(2nd White) = %
: (1) (23
. P(same colour) (3><5)+( ><5)
1.6
1575
-7
15
(ii) P(different colours) = 1 — P(same colour)
—1-_7
=1735
_8
15
8. (i) 1stRemoval 2ndRemoval
RRo3x2_5
2 57420
1
3 5 3
2
4 _R 2.2_4
<Blue < BR—§XZ—20
5
T8 _2.,1_2
i BB=5X7=15g

(iii) P(cubes are different colours)
= 1 — P(both same colour)

(ii) P(both cubes same colour)
= P(RR) OR P(BB)

3«2} (21 _1_2
_(5X4)+(5X4) 13 5
6 2 = =2
=320 " 20 >

_8_2

20 5

A= O = [N Rl

X

[e)NNE,]

X
ol =

X

X
ol =

ol ol =
X

X
ol =

X

X
ol =

= Olwun



Solution

9. (i) Weather Simon D
1 R/Late = § X Z
2 late
! < R/not late =+ x>
= ini 7 not late == X =
3 - Raining 4 hot late 3 4
1 t Rain/Late = 2>< !
5 5 late not Rain ae—3 5
< Not <
ini 2 4
3 Raining 4~ not late not Rain/not Late = 3 X 5
5
(ii) P(simon late) = P(raining and late)
or P(not raining and late)
101 ) (2 1
e X+ [EX—
’ '(3 4 3 5
1 2
o ' + =
12 15
_13
60
10. (i) Traffic Lights Level Crossing
1
£ stop SS = g X %
4 SN
5 375
< stop
not stop
1 stop 1 1
1 5 ; NS = 3 X 5
3 gt%t 5 NN = & x &
P =375

not stop

(ii) P(not have to stop at lights or crossing)

= P(not stop lights)
1.4

375
-4
15

Get job

11. Get interview

2 get interview

<
3
A . 5
70 - getjob not get interview
2
< 5 _ getinterview
not <

not get interview

2 3
5 Interview 10

<,

3 .
5 Interview

and P(not stop crossing)

J1

J, Not |
Not J, |

Not J, not |



(i) P(interview with no job)

~2x

50

10

P(interview with no job) and P(no interview, no job)

2.,3),(3,3
530l * 570
-6 ,9

50 50

15

=55 =03

Or probability Karen does not get the job = 30%

(ii) P(Karen not get job) = 1 — P(Karen get interview and get job)

N VAN
=17 17075
_,_14_36_18
50 50 25
12. First attempt Second attempt Third attempt
Pass 1
7 ’ 3
—2 Pass b 2 7
2 Fail 5 7 FP= 3 x 12
3 12 12 P 2 5 7
Fail AR PRORF
FFP 2.2 X >
5 ~F BERETIAEY)
12
P(pass at 3rd attempt) = FFP
_2,5,7 _70 _35
357277 432 216
Exercise 7.2
1. outcome (x) Probability (P) | x X P
1 1
10 v 25
1
12 5 6
1 1
6 Z 12
.'.ZX.P(X) =25+6+15
=10
2.
Outcome (x) 2 6 8 9 12
ore 1 1 1 1 1
PrObablllty (P) § g g g g
2 8 9
X. P(X) § 1 g g 2

.'.ZX.P(X)=§+1 FIL 1T +2
6

=6.5

NI—\



3.

4. ZX.P(X) =0.1+0.1+075+06+1.25 + 1.2

5.

Solution

Outcome (x) 2 10 15 20
- 1 3 1 1
PrObablllty (P) § § Z Z
1 3 3
X. P(X) Z 32 32 5
_ 1,353,433
ZX.P(X)—4+34+34+5

=€12.75

=4
Expected value of x

ie. Zx .Plx) =

—0.6 —01+0+04+01

=—-06+04
= —-0.2
6.
Outcome (x) 0 1 2 3 4 5
Probability (P) | 0.21 037 | 025 | 0.13 | 0.03 | 0.01
x.P(x) 0 037 | 050 | 039 | 0.12 | 0.05
Zx. P(x) = 0.37 + 0.5 + 0.39 + 0.12 + 0.05
=143
7.
Outcome (x) HHH HHT HTH HTT THH THT | TTH TTT
. 3 2 2 1 2 1 1 0
Probability (P) 8 8 8 g 8 g 3 3
=341 1, 1, 1,11
ZX'P(X)_8+4+4+8+4+8+8
= E =
=3 1.5
8.
Outcome (x) 5 10 20
TH 1 1 1
Probability (P) 3 3 3
5 10
X . P(x) § ? 10
Costs €10 to play the game.

g _5,10, 10—e3l
.. Since Zx.P(x) 3+6+10 €133,

you expect to win 13% —10

g3l
—€33

The game is not fair as mathematical expectation # 0.




9.
Outcome (x) 1 2 3 4 5 6
e 1 1 1 1 1 1
Probability (P) 3 3 3 3 g =
10| ,10| 5 | _5 |_5|_5
X . P(x) + 6 + 5 : - . 2

~20 _ 20 _
ZX.P(X)— 3 6

Yes, the game is fair since the expected amount is 0 (zero).

10. () Zx. P(x) = 3.52 + 476 + 4.62 + 4.8 + 4.8
— €2250

(ii) Granded will have a loss, since his bet on the 5 horses was €25.

11. P(dying) = 10% = 0.001

I 3
P(disability) = 7000 ~ 0.003
Zx. P(x) = 50000(0.001) + 20000(0.003)

=50+ 60
=£€110

Profit = €300 — €110 = €190

12. (i) y=1-(01+03+02+0.1)
=1-0.7
=0.3

(ii) ZX. P(x) = 1(0.1) + 2(0.3) + 3(0.3) + 4(0.2) + 5(0.1)

=01+06+09+08+0.5

=29
13.

Outcome (x) 1 2 3 4 5 6

ol 1 1 1 1 1 1

Probability (P) 3 3 3 3 E =

_15 | 20 20

x . P(x) 6 6 0 0 0 =

D P =2 =€

6
Costs €5 to play, .. lose5 —4.17 = 0.83
In 20 games .. 20 X 0.83 = €16.67

14. (i) Ex) =3
.01 +2p+09+4g+1=3
2p+4g=3—2
2p +4g =1
Since P(x) =1,
.01 +p+03+g+02=1
p+g=—-06+1
=04




Solution

(i) Solve 2p+4g=1 ... (1)
ptg =04 .. (2)

2 +4q=1 . (1)
-20—2q=-08 ... (2) X =2
2g=0.2
g=0.1
p=04—gq
=04-0.1
=03
c.p=03, g=01
210

15. (i) P(rural claim) = 2600 = 0.0456

(i) Expected value of cost
= 0.0456 X €1705

= 77.836
= €77.84
(iii) No. of households = 6250; Premium = €580
6250 X 580 = €3625000 payments
480 X 2840 = €1363200 claims

€2261800 profit

Profit per household

_ 2261800
6250

= 361.888
= €361.89
(iv) P(rural claim) = 0.05
. 1550 X 0.05 = €77.5
Profit = €350
*. annual premium
= €350 + €775
= €427.50

16. Section 1
P(A), P(B), P(C), P(D)
1 1 1 _1

4 4 4 4
.. 20 questions; expected number of correct answers

=20x%
=5
Section 2
1 1
P(T)=—= P(F)=—
(T) > (F) >
*. with 10 questions, expected number of correct answers
1
=10 X~
2
=5



Section 3

1 1
P(A)=— PB)== P(IC)=
(A) 3 (B) 3 (@)}

.. 10 questions give 10 x;—

1
3

Expected no. of correct answers = 315
.. Total correct answers expected
1
=5+5+ 3=
3

1
=13~
3

17. Table 1
Deck of cards = 52 cards

P(pick one card) = 1

52
Outcome (x) Heart Other suit
- 13 39
Probability (P) 3] >
13 39
.. Expected payout = (0.25 X 30) + (0.75 X (—5))
=€75 - €375
= €3.75
Costs €10 to play the table
€10 —3.75
= expected loss of €6.25
Table 2
Throw 2 dice
Outcome (x) Dice total 10 Dice total 11 Dice total 12
i 3 2 1
Probability (P) 36 36 36
P(sum 10, sum 11, sum 12) = 6 _1
' ! 36 6
*. P(any other sum total) =1- 15= %

.. Expected value
= (l X 50) +2(-2)
6 6

_S0_10_40_ 02

6 6 6
Costs €10 to play the table
62
€10 63

= €3.33 expected loss
Hence, to get the better expected return, play the dice table since with cards we lose 6.25 and
with dice we lose 3.33.
The difference between the two expected returns is:
€6.25 — €3.33
=€2092



Solution

Exercise 7.3

1 5
1. p= e 9%
P(1st success in 4th trial) = g . p

2. Singletrial:  n=36
success = (1,6),(2,5),(3,4),(4,3),(5,2),(6,1)
r==6 1
p = P(success) = 366
P(1st success in 3rd trial) = g> . p

2
3.p=% a-3
P(1st win in 5th trial) = g* . p
_(3)2) = 162
5/\5 3125
4. p=0.1, g=09
P(1st success in 6th trial) = g° . p
= (0.9)°(0.1)
= 0.059
. 1
P(1st success in 3rd trial) = g> . p
- (E)z(i) — 300
1 13 2197
13 _ 1
(i) p=55=%

26 _ 1 1
W p=5=3 973
P(1st successin2nd trial) = g .p

- (l)(l) =1
212 4
6. (i) Thereis afixed number of independent trials, with two outcomes that have constant
probabilities.
= = l =
(i p=5 qg=5 n=8
AR IO - §
7. ) (1)(5 (E) T 1627 32
i [? 13(1)2: A.1_10
) (3)(2) 2] 108373
-3
16
. _1 . _5
8. (i) P(success) = 3 P(failure) = 3
1 _5
P(a three) = 3 P(not a three) = 3

olallel =777



( )(1)1 5\4_ 3125
6/\6 7776
(i) ()(12(53:1 1 .125 _ 625
6 36 216 3888
9. P(success) = % P(failure) = %
( ) 1 .16
27 81
_ 560
2187
_1 =1
10. P(boy) = > P(qgirl) >
— (> 13(1)2_ 1.1_10
P(3 boys) (3)(2) 2l 198273
J10_ 5
""32 16
1o =[SV PP Z 0. 1.1 _10
P(zg'rls)_(zj(z)(z) 10 32
10_5
32 16
11. (i) P(success) = 0.7 P(failure) = 0.3
P(walks to school once)
- (?)(0.7)1(0.3)4 = 5(0.7)(0.0081)
= 0.028
(ii) P(walks to school 3 times)
( ) (0.7)3(0.3)2 = 10(0.343)(0.09)
= 0.3087
=0.31
12. P(success) = P(vote X) = %
P(failure) = P(not vote for X) = %
P(3 people vote for party X)
— (8)(5)3(2)5 —5g. 27 .32 _ 48384
305/ 15 125 305 390625
=0.1238
=0.124
13. P(success) = — P(failure) = %
=p =q
P(3 students completing 4 yrs)
=(315115) =413
303/13 27113
_8
81

P(4 students completing 4 yrs)
R T

~ 8l

Here “Success” equals walking to school and no
walking equal “failure”.

P(3 students at least completing 4 yrs study)

1



Solution

. . 20 1
[0) = == = __
14. (i) 20% defective 100 " 5
P(defective) = %
P(not defective) = 5

P(two bolts defective) = (4)(1)2(%)2 — 6(21—5)(%

_ 9%
625

(ii) P(not more than 2 defective)
= P(none defective) or P(one defective)

or P(two defective)

P(1 defective) = (7|1]/(3] = 4[ 1] St

_ 256
625
14y 256

P(0 defective) = (4) FiG 635

0

. P(not more than 2 defective) = 256 + 256 + 96

625 625 625
_ 608
625

15. P(success) ===p

(9211 8}

P(failure) == =g

ul|w

34

(i) P(none travel by bus) = (4)(3)0 2

(625 625
(ii) P(three travel by bus) = (3)(5) (E)

=47sl3]

T 625
(i) P(at least one of the children travel by bus)
= 1 — P(none travel by bus)

81
625
_ 544
625

16. P(sink a putt) = % =p

'I_

P(not sink a putt) = % =q

(i) n=3
P(sink 2 putts in 3 attempts)

N @(%)1%)1 - 3(100 (10) 1600

(ii) P(miss 3 putts in 4 attempts) n=4

:(g)(%)s(%) _4(13;030)(10) ;23(9)



17. P(A will win race) =

uilw »ni|N

P(A not win race) =

Il
Q

(i) n=5

1515 = vl2sls) = eas

= P(winning exactly 3 races)
(ii) P(A win 1st, 3rd, 5thraces) n=5

P(A win 1st race) = ( )( ) ( ) i(S)(625
_ 162
"~ 625
P(A win 3rd race) ( ) = %
P(A win 5th race) ( )( ) ( ) 3125
P(A lose 2nd race) = (g)(%) (%) B 10(25)( )
_ 720
3125
P(A lose 4th race) = (2)(%)4(%)1 - 5(3?;5)@)
_ 162
3125

-, P(win 1st, 3rd, 5th and lose 2nd & 4th races)
_ 144+ 162+ 32 720 n 162

625 625 3125 13125 3125

_ 882
3125
18. P(boy) = % P(girl) = % n=4
o ravorn = 3371 =3

In 2000 families, those with 4 children
(2 boys) are expected to number:

2000 X % = 750 families

(ii) P(no girls) i.e. 4 boys 0 girls

a2 ] = 1l
4102/ 12 16
With 2000 families expect:

11_6 X 2000 = 125 families

(iii) P(atleast one boy) = 1 — P(no boy)

lollaflaf = =

1

In 2000 families: . ﬁ X 2000

= 1875 families

m|uw



Solution

19. P(answer correct) =

WIN W=

P(answer incorrect) =

(i) e Suitable because there is a fixed number of independent trials
e There are two outcomes (correct or incorrect)
e Outcomes have constant probabilities

(i) P(all 4 answers correct) = (i)(%r(%)o

—q 1)
_1(81)1 81

(iii) P(one answer correct) = (?)(%)1(%)3
1.8 _

Probability that Ray gets the first answer correct = 1 since in the test there

are 3 alternative answers of which exactly one is correct, and he is guessing.

20. When a coin is tossed there are only two outcomes:
(1) Getting Head  (2) Getting Tail
P(success) = P(head) = p
P(failure) = P(tail) = g

21. (i) P(getting a5 on athrow) = % =p
P(not getting a 5 on a throw) = % =gq
n=10

s =[]

115
= 4536)2
= 0.29071
(ii) P(getting 3rd five on 11th throw)
= P(getting 2 fives in 10 throws) X P(5)

= 029071 X -

6
= 0.048451
= 0.04845

8

22. (i) n=52cards
P(card is picture card) = 12_3

52 13

1

o

(ii) P(card not picture card) =

-
vl

P(3rd picture card on 13th attempt)

i.e. 2 picture cards in 12 selections
(123 R10)0 _ gy 9 (10
|5 5[] = 06 g

10

13 169 13
= 0.2548
P(picture card on 13th selection) = %

Thus, P(3rd picture card on 13th selection)
3
=0. X =
0.2548 13
= 0.0588



23. Probability (spinner stops on red) = 0.3
P(spinner stops on another colour) = 0.7
c.p=03 qg=0.7
For 4th red on 10th spin,

.. there must be 3 red on first 9 spins.

(2)(0.3)3(0.7)6 = 84(0.027)(0.117649)
= 0.2668
P(red on 10th spin) = 0.3
.. P(4th red on 10th spin) = 0.2668 X 0.3
= 0.08

24. (i) P(red counter) = 40% = %

P(yellow counter) = 60% =

u|w

n=3=8
P(3 red counters) = (g)(%rgr

.8 243
125 3125
= 0.27869

(i) P(red counter on ninth draw) = %

.. P(4th red counter on 9th draw)

= 0.27869 X % =0.11148

25. (i) P(correct answer) = P(incorrect answer) = %

1
4
p= 2 q 2 n=10
_ (10 1)0(5)10
P(no correct answer out of 10) ( 0 )(4 2
= (1)(1)(0.75)"° = 0.0563

(ii) P(7 correct answers) = ( 170)(%)7(%)3

: 27
7 120X 16384 x 64
= 0.003089
= 0.00309

. . _(9)[1\43V
P(2 correct answers in 9 questions) = —| =
2/\4/ 14
1

2187
6X76 % 16384

=3

= 0.3003387
1

4

.. P(3rd correct answer on 10th question)

= 0.3003387 X %

P(correct answer on 10th question) =

= 0.07508



Solution

Exercise 7.4

_12_2
1. (i) P(A) = 30" 5
_10_1
(i) PB)=35=3
(iii) P(A N B) = P(A).P(B)
=21
573
=2
15
From diagram, P(A N B) = ;—0 = %
-.since PLAA N B) = P(A) . P(B) = %

.. A and B are independent events

2. mmm=%
(ii) P(B) =%
From diagram, P(A N B) = 11—2
P(A N B) = P(A) . P(B)
1.1
32
-1
12

“.P(A N B) = PA).P(B) = =5
.. A and B are independent
3. P(A)=0.8 P(B)=0.6
P(A N B) = P(A) . P(B)
0.48 = 0.8 X 0.6 (given)
=0.48
.. Yes, A and B are independent
since P(A) . P(B) = P(A N B)

4. P(A) =04 P(B)=0.25
P(A N B) = P(A) . P(B)
=04 X0.25
=0.1

5. P(A)=04 P(AUB)=0.7

P(A U B) = P(A) + P(B) — P(A N B)
0.7 =04 + P(B) — [P(A) . P(B)]

0.7 — 0.4 = P(B) — 0.4P(B)

0.3 = 0.6P(B)
- p = 03
.. P(B) 0.6

=05



6. (i) P(A)=045 P(B)=0.35
P(AU B) = 0.7
P(A U B) = P(A) + P(B) — P(A N B)
0.7 =045+ 035—P(ANB)
0.7 —0.45—0.35=—P(ANB)
0.7—-08=—-P(ANB)

..—0.1=—-P(ANB)
S.P(ANB)=0.1
(i) P(A N B)=P(A).P(B)
=0.45 X 0.35
= 0.1575

. P(A N B) # P(A) . P(B)

= Events are not independent

W)HAB%=”%%BL=£%
_2
7
7. P(A) = 0.8 P(B)=0.7
P(A|B) = 0.8
(i) Tofind
P(A N B)
P(ANB
Pals) = 2502
“.P(A N B) = P(A|B) X P(B)
=0.8 X 0.7
= 0.56
(i) P(A N B) = P(A) X P(B)
=0.8X0.7
= 0.56

A and B are independent events
since P(A N B) = P(A) X P(B) = 0.56

_2 pp =1
8. P(A) = z P(B) 3
13
P(AU B) = 30
(i) P(A UB)=P(A)+ P(B) — P(ANB)
13_2,1_
30" + 5 P(A N B)
13_2_1__
30 5 6 P(A N B)
2 _
15 = P(A N B)
-2
P(ANB) = 15
(i) P(A N B)=P(A).P(B)
=251
~5%%
=2 _1
30 15
Since P(A N B) = Land P(A) X P(B) = 11—5they are not equal.

15
.. Events A and B are not independent.



Solution

9. Given P(C|D) = %and PCND) = %
. _ P(CN D)
(i) P(CID)——P(D)

1
23
"3 PD)

2 _1

3P0 =3
_1.2
P(D)—3 "3

_1

2

(ii) Since events are independent

P(C N D) = P(C) X P(D)

10. Given P(B) = 0.7, P(C)=0.6, P(C|B)=0.7
To find P(B N Q):

P(CN B)
P(C|B) = AE)
P(CN B)
507 = 07
P(CNB)=0.7 X0.7
=0.49
Also, P(C N B) = P(C) X P(B)
=0.6 X 0.7
=0.42

B and C are not independent
since 0.49 # 0.42

11. Given P(A) = 0.2 P(B) =0.15
(i) Tofind P(A N B), we use
P(A N B) = P(A) X P(B) since events are independent.
..P(ANB)=0.2X0.15
=0.03
P(A N B)
P(B)
.03
5

(i) P(A[B) =

o

o o

1
2
(iii) P(A U B) = P(A) + P(B) — P(AN B)

=0.2+0.15—-0.03
=0.32



12. Given:
P(A) = 0.2 P(ANB)=10.15
P(A'NB) = 0.6
(i) S

0.2
(ii) P(neither AnorB)=1— P(A U B)
=1-0.38
=0.2
__P(ANB)
(iii) P(A|B) = P
_0.15
0.75
=0.2
(iv) P(A N B)=P(A) X P(B)
=0.2X0.75
=0.15
Yes, A and B are independent as P(A N B) = P(A) X P(B) = 0.15.
13. Given P(A) = 15 P(B) 3 P(A|B)
, __ P(ANB)
.1 _PANB)
"5 1
3
PANB)=—+x1
53
=1
15

.. P(both events occur) = L

15
(ii) P(only A or B occurs) i.e.P(A) + P(B)
_8 .1
1573
_13
15

14. (i) A and B are independent events whereby the outcome of A does not affect the outcome of B;
e.g. B is the event obtaining a head when a coin is tossed.

(i) If P(CorD) = P(C) + P(D), then we can say that C and D are mutually exclusive events; value
of P(Cand D) = 0.



Text & Tests 5 Solution

15. Given P(A|B) = 0.4

P(B|A) = 0.25
P(ANB)=0.12
0 Pale) = 2550
) _012
.04 = P(B)
. 0.4P(B) = 0.12
) _012
. P(B) = 04
..P(B)=0.3
PB|A) = %
C0gs 012
. 0.25 = PA)
. P(A) X 0.25=0.12
_on
PA) = 0.25
P(A) = 0.48

(i) A and Bare not independent
since P(A N B) # P(A) X P(B)
as 0.144 # 0.12.
(iii) P(AN B’
P(A) =048 PANB)=0.12
.. P(ANB’) = P(A) — P(A N B)

=048 —0.12
=0.36
5 : 13 B’ = Shaded
16. Given P(E) = B P(F) = & P(EUF) = 30
P(E N F) = P(E) X P(F)
=2y1_2 _ 1
~5%6730 15
Also, PE U F) = P(E) + P(F) — PEN F)
1321
© 30 5+6 P(E N F)
_4 _
30 P(E N F)
: -2
. PENF) 15
Hence, since P(E N F) # P(E) X P(F) (as % * 11—5) events E and F are not independent.

P(E N F) # 0, so it can be concluded that E and F are not mutually exclusive.



Exercise 7.5
1. (i) 4 cards can be selected from a pack of 52 in
(542)ways = 270725

2 queens can be selected in (;) ways

. - —6
.. P(exactly 2 queens) 570735
(ii) 4 spades can be selected in (143) ways
%)
41 _ 715 _ 11

.. P(4 spades) =

(52) 270725 4165
4
or 0.00264

(iii) 4 red cards can be selected in (246) ways

%)
4] _ 14950 _ 46

.. P(4 red cards) = (52) 270725 833
4

(iv) 4 cards of the same suit can be
4 spades or 4 clubs or 4 hearts or 4 diamonds
.. P(4 cards of the same suit)
= 4 X P(4 spades)

11 _ 44

=4 X165~ 2165

2. (i) Ateam of 4 can be chosen

in(141)ways=330

Selecting 2 men & 2 women on team = (g) X (g) ways
=15X10
=150

. _150_ 5

. P(team of 2 men and 2 women) 330 11

(ii) 1 man and 3 women can be selected

. 6) (5) _

X =

in (1 3 ways = 60

. _60 _ 2

. P(team of 1 man and 3 women) 330 11

(iii) A team of all women can be selected
in (2) ways =5

: -5 _1
.. P(team of all women) 330 66



Solution

3. Four discs are chosen from 16 in

(lf)mmys==1820

5
(i) P(four discs are blue) = M -2
(16) 1820
4
-1
364

(ii) 4 discs same colour means:
4 blue, 4 red
.. P(4 discs blue) or P(4 discs red)

H

1 4

~ 362 1820

_ 1 15 _ 1 .3
364 1820 364 364
4 1

~364 91

.. P(4 discs of same colour) = 91—1
(iii) P(4 discs of different colours)
means P(red disc) and P(blue disc)
and P(yellow disc) and P(green disc)
6 5 3 2
W1%“)41kh):1w:Lg
1820 1820 91

.. P(4 discs of different colours) = 9%

(iv) P(2 blue and 2 not blue)
5 11
:(2)X(2 ): 550 _ 55
1820 1820 182
.. P(2 blue discs and 2 not blue) =

55
182
4. (i) Discnumbersare2,3,...10

Prime numbers are 2, 3, 5,7

P(1st number prime) = %

P(2nd number prime) = g

.. P(both discs show prime numbers)

_44_16

97978

(i) 3 discs can be picked in (g) ways
= 84

Odd-numbered discs are 3,5, 7,9
Even-numbered discs are 2,4, 6, 8, 10



|

w b

L . 4

P(picking 3 odd-numbered discs) = (9) =384
3
H

P(picking 3 even-numbered discs) = \3/_10
(9) 84
3

.. P(3 odd- or 3 even-numbered discs)

4 .10_14_1

“B84 84 84 6

9
3

Drawing the card numbered 8 means there are only
8 numbers to draw 3 numbers from.

(3]s

5. 3 cards drawn from 9 = ( ) =84

(i) P(card number 8 not drawn) = 20 _ %

84
(ii) Odd-numbered cardsare 1, 3,5,7,9

5

P(all 3 cards have odd numbers) = —

H
3
_10_5
84 42
6. Sample space = (234) = 2024
B
| 13 364
(i) P(3 boys celebrating birthday) = 2024 2024
5]
, . _13)_ 120
P(3 girls celebrating birthday) = 2024 2024

.. P(students are 3 boys or 3 girls)

_ 364 . 120 _ 484 _ 11
2024

+2M4_2M4_ 6

(ii) P(a person has a birthday on a particular day in the week)

N|—

P(a person does not have a birthday on a particular day in the week)

N[Oy

Total probability of a birthday is % (i.e. a certainty)

P(one of the 3 has a birthday on a particular day of the week)
_7 .
=3 i.e. 1
P(the next of the 3 has a birthday on a different day from the first)
6

7



Solution

P(the third has a birthday on a different day from the two above)

_3
7
Hence,
P(their birthdays fall on different days of the week)
_ 6.5_30
SIXTXT %
7. (i) (17O)Ways =120

(i) Include Q;, Q;: .. (2) ways = 56

. _56 _ 7
(iii) P(choosing both Q, and Q,) 12018

(iv) P(choosing at least one of Q, and Q,):
We can use 1 — P(neither Q, nor Q, chosen)
Excluding Q, and Q, requires choice of selecting from 8 questions

Selection is (?) =

*. P(neither Q, nor Q, chosen) = %
. 1T — P(neither Q, nor Q,)
-8
8. 2 pupils to be chosen as prefects can be done in (126) ways = 120

(i) P(one girl and one boy):

One girl can be selected in ( 110) ways

6

1 ) ways

One boy can be selected in (

. P(one boy and one girl)

OS] e

(16) 120 120

N|—

(i) To select left-handed girl is (?)
To select left-handed boy is ( ! )
P(one girl left-handed and one boy left-handed)

()() 313

( ) 120 120
2

1
40



(iii) P(two left-handed pupils)

bl 6

:(16)::756::56
2
(iv) P(atleast one pupil who is left-handed)

= P(one pupil left-handed) and P(two pupils left-handed)
P(one pupil left-handed and one not left-handed)

4 12

ZMV(J:4XQ:48
( 16) 120 120
2

P(two left-handed pupils) = % [see part (iii)]
.. P(at least one pupil left-handed)
_48 1 _48 6
~720 720 120 T 120
_24 _ 9

120 20

9. Given 1 fair dice and 2 biased dice. Bias assigns 6 as twice as likely as any other score.
.".Scoring on bias dice = P(6) = %and P(not 6) = %
P(rolling exactly two sixes) =
P(6 on 1st, 6 on second, not 6) or
P(6 on 1st, not 6 on second, 6) or
P(not six on 1st, 6 on second, 6)

Ex2x] 4 [Lx3x2)+ [Ex2x2

7 67777 67777
- 10 10 20
204 + 294 + 294
_ 40 _ 20
294 147

10. Of the 8 letters, there are 2 A’s,3 Psand C, E, L.
(i) P(letters P, E, A drawn in that order)
1 1

(8 5
3

(ii) P(letters P, E, A are drawn in any order)

—_

31 (2) (1
Z(th)xh):3x2x1
(8) 56
3
-6 _3
56 28
(iii) P(Excluding letters E and P)
5|
_3l_4_ 1



Solution

(iv) Consonants=C,L,P
Vowels = A, E
P(three letters all vowels)

H
_13/_10
NE
3
H
P(3 letters all consonants) = Bl_1
(8) 56
3
. P(3 letters are all consonants or all vowels)
10 1
~56 56
_n
56

Exercise 7.6

1. A possible generation can be carried out by generating random numbers 1-20 on a calculator.
A simulation like the one above indicates that you need to buy 34 packets of crisps to get the full
set. Repeat the simulation as many times as you like. The more times you repeat the experiment,
the more confidence you can have in your results.

2. 3 food options = meat, fish, vegetarian

Allocate numbers 1-8, allowing No. 1 and 2 be fish (told probability is %)

Allocate No. 3 to vegetarian i.e. 1

8
Allocate numbers 4, 5,6, 7 and 8 to meat i.e. meat = %

3. A possible simulation would be to toss 4 coins where
H (head) stands for boy
T (tail) stands for girl
Outcomes of one such experiment

1. HHTT 2B 2G
2. HHHT 3B 1G
3. TTTH 1B 3G
4. HHTT 2B 2G
5. HTTH 2B 2G
6. HHTT 2B 2G
7. HTTT 1B 3G
8. HHHT 3B 1G
9. HHTT 2B 2G
10. TTTH 1B 3G
11. HHTT 2B 2G
12. TTHH 2B 2G
13. TTHH 2B 2G
14. TTTT 0B 4G
15. HTTT 1B 3G
16. HHTT 2B 2G

After 16 tosses:

(i) Probability that the girls outnumber the boys is 2 =03125

16

(i) Probability that all the 4 children are girls is 11_6 = 0.0625



4-

5.

6.

7.

You could generate random numbers; Allocate numbers 0 and 1 for cars turning right. Since 80%
of cars turn left, allocate numbers 2, 3, 4, 5, 6, 7, 8, 9 for cars turning left. (The random numbers
can be generated on a calculator or use a random number table.)

(i) P(winaway) = 0.4
P(win at home) = 0.7
.. In 12 home games P(winning)
=12X0.7
= 8.4 games

.. In 13 away games P(winning)
=13X04
= 5.2 games

.. The Ringdogs should win
8.4 + 5.2 =13.6 games
= 14 games
(ii) The results of a simulation do approximately agree with the result above.

Possible simulations with discs, counters, calculators, computers, or even get your friends to buy
the same breakfast cereal so they will have all 8 superhero figures.
Two possible simulations are presented by generating random number tables (numbers 1-8).

Simulation result:

1 4 3 7
5 6 8 1
6 7 2 5
8 2

Based on this simulation, you would need to buy 14 packets.
Another simulation resulted in:

5 1 6 4 2
6 4 6 1 6
3 4 3 1 4
1 7 6 6 1
7 6 8

In this case, 23 packets of Chocopops were purchased in order to collect the full set.
The more the experiment is repeated, the more confidence you have in the results.

P(at least one 6) = 1 — P(no six)
P(no six in 4 rolls of a dice)
~[olls/ (3]
0/\6

6

Since P(6) = % and P(not6)
‘. P(at least one 6)
=1-—048

=0.52

=2
6

The likely size of a family that contains (at least) one child of each gender is 3.

A simulation could assume an equal chance of being a boy or a girl. You could toss coins, or roll
dice, to simulate the gender of the children.

Generally, the probability of boys and girls in families are approximately %



Solution

Revision Exercise 7 (Core)
1. (i) P(AUB)=P(A)+ P(B) — P(A N B)
P(A N B) = P(A) + P(B) — P(A U B)
= (0.5) + (0.4) — (0.7)
=0.2

(i) P(A|B) = PACE)

Il
~

2. (ii) Event; selecting two counters from a bag of red, blue and yellow counters.

R
R<B
Y

3. P(sinka 1 m putt) = 0.7
P(not sink 1 m putt) = 0.3
.. P(sink 3 in 4 attempts)

= (;‘)(0.7)3(0.3)1

=4X0.343 X 0.3
=0.4116

4. (i) Children can be selected in (350) ways

= 142506
(i) No. of selections with 2 boys and 3 girls
10 20
=155
=45 X 1140
= 51300
(iii) P(exactly 2 boys selected)
_ 51300
142506
_ 950
2639
=0.0359

=0.36



5. (i) p=08, g=0.2
P(1st success in 4th trial) = g>. p
4

(i) p=02, g=08
P(1st success in 4th trial) = g*.p

=m&mm=£%

6. P(success — defective) =
P(failure — not defective) =
. . _ [4)[1)°(4)*
P(no item defective) = (0)(5) ( )
(

256

625

7. 1st Match 2nd Match
win WWwW

Hlw

2 win

lose WL

NN

LW

1 win
3
lose
2
3 lose LL

(ii) P(wins only one match) = P(wins 1st, loses 2nd) or P(loses 1st, wins 2nd)
_ 2.1 3.1
= [5x4 * %3]

2 .3
20 " 15
3
10

vl w

8. (i) P(E)=0.5
(i) P(F)=0.8
(iii) PEUF)=0.9
If E and F are independent, then from diagram, P(E N F) = 0.4
Also, P(ENF) = P(E) X P(F)
=0.5Xx0.8
=04
.. Since  P(E N F) = P(E) X P(F) = 0.4, events E and F are independent.



Solution

Drawing an ace wins €10,
so .. Netwin =10 — 1 (entry cost)
=€9

Customer spends €12 on the other turns of not getting an ace.
12—9_ 3

13 13

= 0.23 cents

.. Expected profit =

10. The first number can be taken in 4 ways.
The second number can be taken in 3 ways.
.. the two cards can be picked in 4 X 3 (i.e. 12) ways.

If 1is picked, then 2, 3, 4 are higher = 3 ways

If 2 is picked, then 3, 4 are higher =2 ways

If 3 is picked, then 4 only is higher = 1 way

[Note: Obviously if 4 is picked then the 2nd card cannot be higher, i.e.”0 ways"]

.. P(2nd number is higher than first number) = %
_6 _1
12 2
Revision Exercise 7 (Advanced)
1. A tennis match has 2 or 3 sets.
P(A wins a set) = %; P(B wins a set) = %
To find P(A wins the match in two or three sets) is made up of these three probabilities:
) PLAwins, Awins) = 2x 2 =4
(i) P(Awins, Awins) = 3 X 3°9
i) PAwi ing=2x1x2-4
or (ii) P(A wins, A loses, A wins) = 3 X 3 X 3= 37
i ins, Awins) = 1 x 2x 2= 4
or (iii) P(Aloses, Awins, Awins) = 3 X 3 X 3= 27
: _4, 4,4
P(A wins the match) = 9 + >7 + 57
12 4 4 20
BEYA YRV ISy
- _ 749 _63
2. P(team fully fit and win game) = 10 X 10 = 100
P(team not fully fit and win) = 3 A _12
10" 10 100
.. P(team wins next home game) 100 + 100



3. P(E)
(i)

4.

(ii)

(iii)

(iv)

1

=1
—5 PP=7

Since events are independent,
.P(ENF) = P(E) X P(F)

P(student does not study Biology) = %
-3
8
Number of students who study at least 2 subjects = 26
P(student studying 2 subjects at least does not study Biology) = 24_6
-2
13
There are 56 students in the class. ”
. . _(2)_378_27
P(both students picked randomly study Physics) = (56) =520 110
2

25 students study Chemistry. C N B = 13 students studying both.

P(one of the two students picked studying Chemistry studies
13

Biology) = b

2
36
Hence C and D are independent.

PXNY)
P(Y)

= P(CND)

1
><_
4

(@ P(X|Y)=

_P(Biology, not biology)
or P(Not biology, biology)

S (13012, 12 13
35 %22 725 X 2
_13

5



Solution

6. (i) P(A qualifies for 5000 m race) = %

P(A qualifies for 10000 m race) = %

.. P(A qualifies for both races) = % X %
_3 _
=30 0.15

(i) P(exactly one of the athletes qualifies for 5000 m)
= P(A qualifies and B does not) or P(A does not qualify & B does)

[

573 375
-3 .4
=15 " 15
:l
15

(iii) P(athlete A qualifies for 10000 m) =

VI A=

P(athlete B qualifies for 10000 m) =

. 1 2 2 1
P(both athletes qualify for 10000 mrace) = - X £ = == =
( quality )=3%5720" 70
7. (i) 1st Throw 2nd Throw 3rd Throw 111 1
1 6 333 »y7
3
2
1 6 3 112_2
3 note 3 33 27
121_2
6 1 . 333 27
3
l 2
3 = not 2
3 6 3 122 4
note 3 33 27
211_2
333 27
1 6
3
: 6 2 212_4
> ! 3 ¢ 3 33 77
3 " 221 4
not 333 27
6 1 6
3
2
3 not 2 222_6
6 3 333 »y7
not 6

At least 1 six in three throws means 1 six, or 2 sixes, or 3 sixes.
1 2 2 4 2 4 4

. P(atleastonesixin3throws) =—+ =+ %+ —-+ =+ —+-—=

27 27 27 27 27 27 27

19

27



(ii) Given:

2 =3 =2
P(A)—3 P(A UB) a1 P(ANB) 12
To find P(B):

P(AUB) = P(A) + P(B) — P(AN B)
3_2 _ 2
4 3 + PB) 12
32,5 _
4 3 12 PB)
6 =
5 = P@)
1
P(B) >
8. Expected value of payout
Payout (x) | Probability (P) XXP
€50 1 1
4 122
€10 1 1
4 22
€5 1 1;
3 3
€20 1 1
6 33

> x.P(x) =125+ 2.5 + 1.6666 + 3.3333
=£€20

.. Expected value of the payout is €20.

But it costs €25 to spin the spinner, so you expect to lose €5.

This game is not fair since expected payout does not equal zero.

i = i e l P é
9. () n=6 P(six) 5 P(not 6) 3
P(two sixes in first 6 rolls)
_(6|[1)
N (2)(6)
_ 1 . 625
=15 X35 X 1296
_ 3125 _
15552 0.2

(ii) P(second 6 on sixth roll) and P(a six in the first 5 rolls)

()()()

P(a six on 6th roll) =



Solution

.. P(a second 6 on the 6th roll)
= 1
=0.40187 % 3
= 0.0669

= 0.067

-m.a)@wmma=§ P(E|F) =
To find P(E N F):

P(F) =

WIN
INE.

_PEENF)
P(E|F) = )
.2 _PENF
3 1
4
_2.1
P(EmF)—§><Z
—2_1
12 6
_ P(FNE)
(ii) P(F|E) = PO
1
P(FIE) =2
3
~1.3_3
62 12
_1
4

Yes, E and F are independent events as P(E N F) = P(E) X P(F).

Revision Exercise 7 (Extended-Response Questions)

1. (i) Possible paths are:

ABEH and ACEH
(ii) Paths from A:
ABDGL ABDGM
ABDHM ABDHN
ABEHM ABEHN
ABEJN ABEJP
ACEJN ACEJP
ACFJP ACFJN
ACEHN ACFKQ
ACFKP ACEHM
P(marble passes through H or J)
~12_3
1 4
(iii) P(marble lands at N)
_6_3
16 8

1
16
Both go separately but there is only 1 way.

(iv) P(two marbles from A land at P) =



2. (i) P(success) =0.7, P(failure)=0.3
P(1st goal on 3rd attempt) = P(not goal) . P(not goal) . P(goal)
=0.3X03X0.7
= 0.063

(ii) P(score exactly 3 goals in 5 attempts)
“3ll6] 156!
3/110/ \10
—10- 343 9 _ 3087
1000 108 10000
= 0.3087
= 0.309
(iii) P(two goals in six attempts)

(S)(%L(%J“

_ 49 81
= 15%900 * 70000
= 0.059
P(a goal on seventh attempt)
-7
10
.. P(third goal on seventh attempt)
- A
0.059 X 5
= 0.0416
= 0.042
: _13 _9 _5
3. (@) GivenP(A) =7, PB) =7, P(AIB) )
(i) To find P(A and B), i.e. P(A N B);
__ P(ANB)
5 P(ANB)
9 2
25
_58,9_9
P(ANB) g X =%
=1
5
- _PBNA)
(ii) P(B|A) = A
1
_5
13
25
128 _ 5
5, 13 13
(iiiy P(AUB) = P(A) + P(B) — P(AN B)
_13,9 1
25725 5
17



Solution

With a fair dice, all throws 1-6 have a probability of %

Number of possible outcomes with 2 dice = 36.
Scores totalling 7 are (3, 4), (4, 3), (5, 2), (2, 5), (6, 1), (1, 6);

all independent of p.

". P(rolling a total of 7) = —

_1
6
(i) The chartis filled in below.

6
36

Girl Boy Total
Basketball 6 8 14
Does not play basketball 9 5 14
Total 15 13 28
_15 _6_2
(i) PG) =2 (vi) P(B|G) T
_14_1 n—38
(iii) P(B) = T (vii) P(B|G") 3
(iv) PB") =1—P(B) =+ (vii) PBNG) =2 =3
2 28 14
_6_3
(v) P(G|B) = 4= 7

(i) Bag has 4 red, 6 green counters.
4 counters drawn at random.
P(all counters drawn are green)

(461) 15 1

(10) 210 14

(ii) (at least one counter of each colour is drawn)
P(1R, 3G) or P(2R, 2G) or P(3R, 1G)

019,19
KN

4%X20 , 6 X15 , (4)(6)
210 + 210 + 210
:ﬁzﬂ

21 105

.. P(one at least of each colour is drawn) =

97

105



(iii) (at least 2 green counters drawn)
P(2R, 2G) + P(1R, 3G) + P(all 4 green)

RGN

210 210 210

90 80 15
=210 " 210 T 210
_ 185
~ 210
_ 37
)
(iv) P(atleast 2G drawn given that at least one of each colour is drawn)
Choices are:

1R, 3G or 2R, 3G

,_hls], Bl3

210 210
_ 420 , 6.15
210 © 210
_80+90 _ 170
210 210

6. () PGIP)====

" 48 _ 8
(i) PGNP) = 150~ 25
48 + 16 +24 _ 44

150 ~ 75

. _ 72 , 64 _128
(iv) No,as P(G). P(P) = <25 X 755 = 635

(v) No, as itis possible for a person to be getting good reception (G) while using Provider A(P).

7. (@) (i) Since Y_ probabilities =1
©01+a+b+02+01=1
~at+b=06

(i) D_x.P(x) =29
. 01+2a+3b+08+05=29
. 20+3b=29—-14

(iii) PGUP) =

which is not the same as P(GN P) = %

. 2a+3b=15
Solve:
at+b =06 2d+3b=15
2a+3b=1.5 26+2b=12 (subtract)
b=03

a+b=0.6
a+03=06

a=03

a=03 b=03



Solution

(b) 16girls 8 boys
12 study french
let girl studying french = x
let boy studying french = y
Sx+ty=12 (i)
P(girl study F) = % P(boy study F) =
L X E(Z)
16 218
xX+y=12, so ..x=12—y
12—y 3y ) o
6 16°%° S12—y=3y
SAy =12 ..y = 3 (boy)
Hence, x = 12 — 3 = 9(qirl)
.. 3 boys and 9 girls study french.

o<

(ii)

8. (i) The spinner since scores are added.

(ii) Ann: Dice
Outcome (x) 1 2 3| 4|56
- i1l
Probability (P) 61 6l5!5!l6!5
1 1 1 2 5
x % Plx) 6|3/2]/3]|6]"
S Y X.Px) =35
Jane: Spinners
Outcome (x) 1 2 3
- 1 1 1
Probability (P) 3 3 3
1 2 3
X X P(x) 3 3 3
2 4
2[x.P = -
[x. P(x)] 3 3 2
Y X.PX) =4

Spinners have a better chance of reaching 20 points first as expected outcome is 4, whereas
for the diceitis 3.5.

; 1 1
9. (i) P(H)_2 P(T) >
ey = (2 13(1)2: 1.1
P(3H, 2 tails) (3)(2) > 10><4><8
- 1 _10_5
_1°X32 32 16

i.e. 16 outcomes with 5 showing 3H’s, 2 tails.
Note: You can fully write out the outcomes also.
(i) If the 5 coins are tossed 8 times:
5

.. Probability (3H, 2T) = 16

.. P(not getting 3H, 2T) = !

1
16



.. P(getting 3H, 2T exactly 4 times)
=lale] el
4116/ 116
~70- 625 X 14641
4294967 296

= 0.1491
= 0.149

10. Given 10[R], 15[G], 8[R], 12[G]

E = event| |is drawn.
F = event that green shape is drawn.

pE) =25
.. P(E) 7T
) = 27
.. P(F) a5
(i) P(ENF) = P(asquare thatis green)
~15_1
45 3

(ii) P(ENF) = P(square drawn or a green shape drawn)
_10+15+12 _37
45 45
(iii) Yes, evens E and F are independent as P(ENF) = P(E) X P(F).
PENF) = % and  P(E) X P(F)
_25,27
45 X 5
675 _ 1
2025 3
(iv) No, E and F are not mutually exclusive events as

.37 .25 27
P(EUF) # P(E) + P(F) |i.e. 25 * 25 + 5
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Exercise 8.1

1.
2.

Not a function because the input 2 has two different outputs, ie. 5 and 10.

(i
(ii
(iii

)
)
)
(i) Yes
)
)
)

Is a function
Not a function because the input —2 has two different outputs, ie. 1 and 5.
Is a function

(i) No, as inputs a, c each have two different outputs.
(iii
(iv

No, as input 9 has two different outputs, ie. 14 and 20.
Yes

. Rule:y =2x—4

x=—1=y=2(-1)—-4=-6

X=0 =y=20)—4=-4

x=1 =y=201)—-4=-2

x=2 =y=22)—4=0

x=3 =y=23)—-4=2 = couples = (—1, —6),(0, —4),(1, —2),(2,0), (3, 2)
= Range ={—6,—4,—-2,0,2}

filx) =3x—2
(i) 2)=32)—2=4
(i) i—3)=3(-3)—2=—-11
(iii) flk)=3k—2
(iv) fRk—1)=32k—1)—2=6k—3—2=6k—5
glx) = (x — 2)?
(i) g4 =@4—-22=22=4
(i) g(—=4)=(—4—-2?=(-6)%=36
(i) g(8)=(8 —2)?=(6)*=136
(iv) g@=@—22=a*—4a+4
fix) =3x—4
flk) =3k — 4

f2k) = 3(2k) —4 =6k — 4

Hence, fik) + f(2k) = 0
=3k—-4+6k—4=0
=9%—-8=0 =9%=8 =k=

O |0

. fx)=4x and gx)=x+1

f3)=4(3)=12 gB)=3+1=4
Hence, g(3) + k[f(3)] = 8
=4+k(12) =8

- -4_1

=12k=4 = k 73
fX)=2x*—1 and gx)=x+2
(i) Solvefix) =3 =2x*—1=3
= 22— 4=0

= x2—2=0 =xX=2=x==*y2



Solution

(ii) Solve gx) = f(3)

=x+2=232%—-1=17 =x=17-2=15
(i) fix) = g(x)

=2*—1=x+2

=2*—-x—-3=0

=2x-3)x+1)=0

=2x—3=0 OR x+1=0

= 2x =3 OR x=-—1
1
:>x—12, 1
10. fx) =1 + 2
X
) = 2 _._1_1
0 fA-4=1+2=1-1-1
n_..2_ B
f(g)_1+§_1+10_”
(i) fix) =2
S 1+2=2
X
= 2-12x=2
X
1
(i) kA2) = f(z)

= 2k=1+4=5 jk:%

11. glx) =1 — 4x
(i) gk+1)=1—-4k+1)=1—4k—4=—-4k—3
(i) Solve gtk + 1) = g(—3)
= —4k—-3=1-4(-3)=13
16 _

= —4k=13+3=16=k=—,=—4
12. g(x) =3x — 2
() g(=x) =6
=3(-x)—2=6 = -3x=8 = x:_%:_g
(i) g2x) =4
=32x) —2=4 = 6x—2=4 = 6x=6 = x=1
1T _ 1 :g
W)mm_6:¢y—2 1
=18x—12=1 = 18x=13;sxz%

-
w
o

—
=
P

X)=x>—2Xx =>x*—2x=13
=x2—2x—3=0
=KX+1Nx—3)=0
=x=-1,x=3

(i) g)=x>—x—6 =gx) =0

=x2-x—6=0

=Kx+2x—-3)=0
=x=-2,3



(i) h(X) = x +1 =
X
:>x.x+l-x=2.x
X

=x2+1=2%
=x>—2x+1=0

=x—1Tx—1=0 =x=1

14. Use the vertical line test to determine if each of the following is the graph of a function where

X E€R.
M \ v (N7 (i) y
Yes
Yes Yes . 0 X
0 X / 9 x /2-\\
YA (vi) y
3/ ¢ :
Yes /-\ No <
o 13 «x ol \i_ ~x
YA ('X) y )
y=x !
Yes No/\
X 0/ X

15. The graphs and the ranges of six relations are given below. Connect each graph to its correct

range.
@—)@ Z (4, 5) —>© y ©—>® y (1.4
’I/ 3
2110 X
0,1 1 (0] X
a Jov_ e
0-Q %’ ®e-@ % @22 ®&-@ VY
R “
_Z\OZJZ X (=1,-10 X
- \<o,—2) 50 5%

©— () Range = (—x, 4]
®— @ Range = [0, 4]

16. (i
(ii
(iv
(v
(vi

0,9
Domain = (—3, 1); Range = (—6, 2)
Domain = (—4, 0); Range = (0, 4
Domain = R; Range = [—, 4]

®-Q
O— @Range =[-2,2]
®— (B Range = (—», 5]

) Domain = R; Range = [—2, «]

) Domain = [—x, 2]; Range = R
(iii) Domain = (—2, 3); Range =

)

)

)

! )

! )

(3® Range = (—, 2]
®— (® Range = [1, %)



Solution

17. (i), (iii), (iv) and (vi) are functions

18. f(x) = kx(x — 6) = k(x* — 6x)
Point (3, —18) = f(3) = k[(3)2 — 6(3)] = —18
= k[9— 18] = —18

= —%k=-18 =k=—0"=2

19. fix) =x>+px+q

=f3)=06B2+pB)+qg=4
=9+3p+qg=4 =3p+qg=-—
and(—1)=(=1)?+p(-1)+qg=4
=1—-p+tqg=4 =-p+qg=3
Hence, 3p+g= -5
and p—qg=-3
Add= 4p = -8 =>p=-2
= 3(=2)+g=-5
= —6+g=-5 =qg=1
Solve x* —2x+1=0
=x—-—1Tx—1)=0 =x=1
20. f(x) =x2+ bx+ ¢
(i) (=3,0=f—-3)=(=32+b(-3)+c=0

=9—-3b+c=0 = -3b+c=-9

(i) (0, —3)=f(0) =

=c=-3
= —-3b—-3=-9
= —3b=—6 :>b=:—g=2
(iii) fX) =x>+2x—3=0
=Kx+3)x—1)=0
=x=-3, x=1 = D=(1,0)
Exercise 8.2
1. f{x) =x>+1 and gkx)=2x—1
(i) 3)=0)2+1=10
(i) gf(3) =g(10) =2(10) —1 =19
(iii) g(3)=2B)—1=5
(iv) fg(3) =f(5) = (52 +1=26
(v) f2(3) = f(f(3)) = f(10) = (10)2 + 1 = 101
(vi) g%(3) =9g(@B) =g(5) =2(5)—1=9
(vii) gf(—4) =gl(—4)? + 11 =9(17) =2(17) — 1 =33
(viii) ( )-f[Z( ) 1]—7‘
fx)=2x+1 and g(x)=4x—3
(i) 3)=2B)+1=7
(i) gf(3) =gl71=4(7) —3 =25
(i) fg(—2)=f[4(—=2) —3]1=f—11)=2(—11) + 1= —21
(iv) gflx) =g2x+1)=4(2x+1)—3=8x+4 —

(0) +b(0) +c= -3

(6,0) /

(3, —18)

<V

3=8x+1

(-3, o)\ol




Solve fg(x) = 19.
= fldx —3)=19
=2(4x—-3)+1=19
= 8&—-6+1=19
= 8 —5=19

2

= 8=24 Sx=77=3

3. fx) =2x—1 and g(x) = x>+ 2
g(—2) = fl[(=2*+ 2] =fi6) =2(6) — 1 =11

ff%) opa] - 1]=om =2 r2=2

olve gfix) = fg(x).

=4x* —4x+3=2x*+3
=2 —4x=0

= x*—2x=0

= xx—2)=0 =x=0,2

4, fix) =21 and g(x) = 3 + 4x
(i) fgx) = f3 + 4x) = 2341 = Qox+2
(i) gfix) = g2 ") = 3 + 4(2x 1) = 3 + 22 2x
=3+ 22+x—1
=3+ 2
5. filx) =3x* and gx)=2x+1

fgx) =f2x + 1) =32x + 1)2=34x* +4x + 1) = 12x* + 12x + 3

= fgla) =12a®> +12a+3=¢g(1)=2(1)+1=3
=12a’+12a+3 =3
= 12a>+ 12a=0
= a*+a=0
= aa@a+1)=0 =a=0,—1

6. f(x) =2x+ 3 gx)=2x—3
(i) fgx) =f2x—3)=2(2x—3) +3
=4x—-—6+3=4x—3
gflx) =g(2x +3) =2(2x + 3) — 3
=4x+6—3=4x+3
(i) fg(x) X gfix) = (4x — 3)(4x + 3)
=16x>+12x—12x—9
=16x2—9
= least value = 16(0)>—9=0—9= —9

7. fix)=2x+1 and g(x)=3x+¢
(i) gf)=g2x+1)=32x+1)+c=6x+3+c
fgx) =f3x+c)=2Bx+¢c)+1=6x+2c+1
gflx) = fg(x)
= 6x+3+c=6x+2c+1
= —c= -2 =c=2

gx) =fx*+2)=2x>+2)—1=2x2+4—-1=2x*+3
(iv) gfx) =g2x—1)=2x—1)2+2=4x>—4x+ 1+ 2 =4x> —
S

4x + 3

(i) 2Pm=Mfm=Mm+1)=22m+1)+1=4m+2+1=4m+3

Hence, f2(m) = m
=4d4m+3=m
=3m =—3 = m=-—1



10.

11.

12.

. flx) =cosx and gix)=x+Z

Solution

fx) =s+tx gx)=x>—4 and h(x) =3x + 1
= hgf(x) = hg(s + tx)
= h[(s + tx)? — 4]
= h[s?> + 2stx + t2x*> — 4]
=3(s2+ 2stx + t2x2 — 4) + 1
=352+ 6stx + 3tx2 — 12 + 1
= 3t%x% + 6stx + 352 — 11
Solve hgfix) = 4(3x*> + 3x — 2).
=32+ 6stx+3s2—11=12x>+ 12x — 8
=32 =12 and 6st=12
= P=4 = st=2
=>t=2asteN = s(2)=2
= 25=2 = s=1

6

fx) =x2—x+10 gx)=5—x and h(x) = log, x
(i) hfx) = h(@ — x + 10) = log, (x2 — x + 10)
hg(x) = h(5 — x) =log, (5 — x)
(ii) Solve hf(x) — hg(x) = 3.
=log, x* — x + 10) — log, (5 — x) = 3 = log, 8

2—x+10
élogz%=lo%8
2 __
X x*t10_8 o 4 10=140—8x
5—x 1
=x>+7x—30=0
=Kx+10)(x—3)=0
=x=-10,3 =x=3asx>0
fix) =2x+ 3

(i) f2x) =ffix) = f(2x +3) =2(2x + 3) + 3
=4x+6+3=4x+9
=2%+3(22— 1)

(i) 3(x) =fffix) = f(4x +9) = 2(4x + 9) + 3
=8x+ 18 +3 = 8x + 21
=2x+3023-1)

(iii) f(x) = ffffix) = f(8x + 21) = 2(8x + 21) + 3

=16x +42+ 3 =16x + 45
=2%+302%-1)
x) =2"x + 3(2" — 1)

fx) =x*+1 and gx)=1—2x

gix) =gx®>+1)=1-22+1)=1-2x2—2=—-2x>— 1

fg) =f1—2)=01—-2x2+1=1—-4x+4x2+1=4x> —4x + 2
= gf(x) # fg(x); composition of functions is not commutative.



1 _
13. 00 =91 +1| and gb0 =51
- LI =1y — =1y =
fab) = flo=| =3[ =+ 1| = 3@x— 1+ N =320 = x
2x —1
_ 1
gf(x)_glz(x H 2 1)1
1 1
= =—_=x
x+1—-1 =

= Yes, fg(x) = gf(x) as both are equal to x.

14. p(x) = Bx —4)®> and f(x) =3x,9(x) = x — 4, h(x) = x*
hgfix) = hg(3x) = h(3x — 4) = (3x — 4)3 = p(x)
15. (i) h(x) = 3x — 1)? = fg(x)
= fix) = x? and g(x) = 3x — 1

1
5x 13 9™

= flx) = 5x + 3 and g(x) =
(i) h(x) = sin?(3x) = fgk(x)

= fix) =x%, gx) =sinx and k(x) = 3x
(iv) b(x) = cos(V2x) = hgfix)

=flx) =2x, gx) =+vx and h(x) = cosx

(i) hix) =

1
X

16. f) =2 and g(x) =3 + 4x
= fg(x) = f(3 + 4x) = 23+41 = 24x+2
Hence, solve fg(x) = 64
= 2%+2 = g4 = 26
=4x+2=6 = 4x=4 =x=1

17. fin =2t T

(i) fA) = r? w
C

(i) fA) = w(%t)z

18. (i) flx) = €0.04x = thisfunction represents 4% of sales
(i) gx) =€(x —4000) = value of sales in excess of €4000
fg(x) = flx — 4000) = 0.04(x — 4000) = average weekly commission
fg(8000) = 0.04(8000 — 4000) = 0.04(4000) = €160

Exercise 8.3
1. (@) (i) fisafunction;only one arrow from each elementin A.
(i) fis notinjective; Two elements in A map to the same element in B.
(iii) fis not surjective; an elementin B is not in the range of f.
(b) (i) gisafunction;only one arrow from each elementin A.
(ii) gisinjective; each element in A maps to only one element in B.
(iii) gis surjective; each element in B is the image of some element in A.

There is an exact one-to-one correspondence between the elements in A and B;
hence bijective.



(iii)

(ii)

Solution

Yes, h is a function; only one arrow from each element in A.

No, h is not injective; Two elements in A map to the same element in B.
No, h is not surjective; an element in B is not in the range of h.

Not both injective and surjective.

Surjective (b) Injective (c) Bijective

Yes
No
Yes
Not a one-to-one correspondence

(a), (b), (d), (e) and (f) are functions
Only (b) and (e) are injective functions

6. Injective because any horizontal line will intersect the curve at most once.
Surjective because any horizontal line will intersect the curve at least once.

7. (i)
(ii)
8. (i

(iii)

Yes
Yes

Range not equal to codomain

Codomain:y= —1

Horizontal line intersects the curve more than once.
x=3 orx=<3

No; a horizontal line will intersect the curve more than once.
Yes; as range and codomain are equal
X=2or x<2

Not injective
Is surjective
No; not both injective and surjective

11. A vertical line will intersect the curve more than once.
y=0orys<0

N

N

all even numbers

Codomain and range not equal

Yes

Codomain should be the set of even positive numbers.

No; a horizontal line will intersect the graph more than once.
Yes; a horizontal line will intersect the graph at least once.
T<X<3T

Yes, as a horizontal line will intersect the graph at least once.
No, as a horizontal line will intersect the graph more than once.



15. (i
(i
(iii
(iv

y>0

Yes, as a horizontal line will intersect the graph at most once.
Yes, as a horizontal line will intersect the graph at least once.
Because it is both injective and surjective.

_

Exercise 8.4
l.y=x—4 = x=y+4
S =x+4

2. y=2x—3 =2x=y+3

_y+3
)
gy X+ 3
L f(X) 5
3. y=5x+3 =5x=y—3
_y—3
= X="=
—1 _X_3
f~'(x) z
4. y=3x $x=x
3
“1) — X
f71(x) 3
_ 2 —
5.y—? = 2x =5y
_Y
= X—7
ey 5X
f~1(x) >
6. —4X2 3 =4x—3=2
= 4x =2y +3
_2y+3
= I
1y = 2X+ 3
1) 7
7.y=X_6 = Xy=x—6
= Xy—x=—6
=xly—1)=-6
. x=_—6_
y—1
—1 — _6
i x—1
_ 3x =
8.y—X_1 = xy—y=3x
= Xxy—3x=y
=xly—3)=y
y
= x—y_3
fx) ==X
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_10—2x
3

9.y =10 —2x =3y

= —2x=3y—10

= 2x=10—3y

10— 3y
X7

. £—1 210_3X

S = ==

=

10. y=4x+5 = 4x=y—5
_y—->

Hence, f'f(x) = ff(x)

_X_ X _
11.y—3 2 :>3 y+2
= x=3(+2)
S0 =3+ 2)
Hence, ff~'(x) = f[3(x + 2)] = w— 2=x+2—-2=x
12. . .o _ P
(I) YA (“) YA ,y' X (“I) YA y=x
o+ 53
ol /1 X
—4 (0,0) X
(iv) (v) VA y=x (vi) VA y=x
3

(vii) y=x (ix)
YA @ 4) YA E y=x
4_ I ; : //.
310,277 NV
2- _///— .
1- o1/ x
o 133 4f S Ry




13. Line €: (—4,0) and (2,2)
. ) x5 ¥5)
. YN _2-0_2_1
() SIOpe_xz—x1 2+4 6 3
Equation of line €: y — y; = m(x — x,)

=

=

y—0=10c+4

3y=x+4

= x—3y+4=0

Line m: (0, —4)
. y)

Slope = Y2

and

_2+4_

(2,2)
x5 ¥,)

6

PR
Equation of linem
=

=

=3x —

(i) Line€: 3y=x+4
x+4

= Y=
x+4
3
(x) =

= flx) =

Hence, ff™!

f(3x

3

2—-0 2

Y=y, =mx —x)

y+4=3x—-0)
y+4=3x
y—4=0

Linem:3x —y—4=0

=fx)=y=3x—14

= Equation of ¢ is the inverse of the equation of m.

14. g(x) = and

-2
=gflx) =x = gfix)

=

f(x)

y

_ 1+ kx

1
k
1‘;X_2

1+kx):
X

1 —

1+ kx — 2x
X
X

1+kx—2x:

N 1

1+ kx N

— 2X

= 14+kx—2x=1

=
=

xtk —2) =

0
k=2

15. fix) =2x—3 and gx)=x—4

(i) ()= g2x —=3)=2x -3 —
=x-7 =

4=2x—7
2x=y+7
y+7

grx
y

= 2
X+7
2

= [gfx)] ' =



Solution

(i) y=2x—3 and y=x—4

=>2X=y+3 = x=y+4
+3

= x=yT = g'=x+4

= fipg =233

=f1g7'x) = f'(x + 4)

2 2
_X+3_ _0+3_.1 . 1
16. f(x) = > Y = f(O)——2 12 :>Pomts(0,12),(5,4)
—x+3=2y f(5)=¥=4
=x=2y—3
=f1x)=2x—3
. 1
Points (15, 0), (4, 5)
Domain of f1(x) = [1%,4}
= Range of f

Range of f~'(x) = {0, 5}

17. () f)=y=x>+4x—6
=>y=x*+4x+4-6—-4
=y=Kx+2?2-10
=Kx+2?2=y+10
= x+2={y+10
= x=-2+y+10

) =—-2+{x+10, x=-10
(i) fx)=y=x>*—2x—-5
=y=x*—2x+1-5-1
=y=Kx—-1?2-6
=KX—-1)2=y+6

= x—1={y+6
= x=1+{y+6

) =14+Vx+6, x=-6
(iii) fx) =y=x*—8x—3

—y=x—8x+16—3—16

=y=Kx—-4)2-19

=>Kx—4)2=y+19

= x—4={y+19

= x=4+x+19

') =4+1{x+19, x=-19

(iv) fix) =y=x*+8x+20

=y=x>+8x+16+4

=y=Kx+4)2+4

=>Kx+4P2=y—4

= x+4=|y—4

= x=—4+y—4
S =—44+x—4, x=4




18. f(x)=y=3;X =2y=3—x
= x=3-2

ST =3 —2x
2 points on f(x) = (—1, 2) and (4, -

2 pointson f~'(x) = (2, —1) and (—

Domain of f~1(x) = [—l, ZI

2
Range of f'(x) = {—1, 4}
19. A<3 [OR(—,3)]
20. b=0
gx)=y=1-x*
=x=1-y
= x=41-y

g ) =1 —x,x<1
Domainof g7 '(x) = {1, —3}or{—3,
Range of g7 '(x) = {0, 2}

Exercise 8.5

2
2
1

2[

1}

4

YA

1. Graph the function f(x) = 2x> + 3x — 4 in the domain —3 < x <2

X 2x2+3x—4 y
=3 18—9—-4 5
=2 8—6—4 =2
—1 2—3—-4 =5
0 0+0—4 —4
1 2+3—4 1
2 8+6—4 10

2. (i) fix) =x2—4x
=y=xx—4)=0
=x=0,x=4

Points on x-axis (0, 0), (4, 0)

(i) fx)=x2—2x—8
=y=Kx+2)x—4) =0
=>Xx=—-2,x=4
Points on x-axis (—2, 0), (4, 0)
Points on y-axis (0, —8)

(iii) fX)=—x*+2x+3
=y=—x-2x—3)=0
=—-xx+1x—3)=0
=x=—-1,x=3
Points on x-axis (— 1, 0), (3, 0)
Points on y-axis (0, 3)

YA

y=2x+3x—4

;\
e —_
o
<Y

YA
0 W X
y

N
xY

/
<Y



Solution

3. (i) x¥*—4x+2
=x*—4x+4+2—4
= (x— 20 -2
(i) x2—12x+ 36 =(x — 6)2
(iii) —x*> +8x— 12

=—(x*—8x+12)
=—(x2—8x+ 16+ 12 — 16)
=—[x—42—-4=-x—-4)?*+4

4. y=x*+4x— 12
=x*+4x+4-12-4
=Kx+2?-16

5. y=x*+4x—5

Onx-axis =y=0
=x*+4x—-5=0
= Kx+5x—1)=0
=x=—5x=1

On x-axis = (—5,0)and (1,0)

On y-axis = (0, —5)

y=x*+4x—-5=x>+4x+4—-5-14

=Kx+2?-9
= Turning point = (=2, —9)
2 —10=x2 9 _10-92
6. x-+3x—10 x+3x+4 10 2
— [+ 3P -4
_(’“Lz) 4

. . 3 49
= Turning point = (_f’ _T)
Onx-axis,y=0 = x*+3x—10=0
= Kx+5x—2)=0
=x=—-5x=2
Points on x-axis (—5, 0), (2, 0)
Point on y-axis (0, —10)

7. y=ax*+c

Point(—1,4)=4=a(—1)2+c =a+c=4
=c=28

Point (0,8) = 8 = a(0) + ¢

(x + 2)2 — 16; Intersects x-axis at (—6, 0)
and (2, 0); Turning point = (—2, —16)

y

\ |/

<Y

— O|/2
\X//—TZ
(=2, —16)

YA

(=2,-9)

YA

=ad+8=4=a=—-4

8. (i) y=x?

(i) y=alx— 1)(x — 3) = alx* — 4x + 3)

Point(0,3) =3=a(0—0+3)
=3=3a =a=1
= Equation:y = x> — 4x + 3



(iii) y=alx+3)x—1) =a(x*> + 2x — 3)
Point(—1,5) =5=a[(—1)>+2(=1) — 3]
=5=a(1 —2-3)

_ )
=5=—-4a=a 7

= Equation:y = —%(x +3)x—1)

9. y = (x —4)> =3 = Turning point = (4, —3) minimum
= Graph (B)
10. y =3 — (x — 4)? = Turning point = (4, 3) maximum
:>Graph@
11. Turning point = (—1,3) =y =k(x + 1> + 3
Point(0,4) =4=k(0+ 1)+ 3
=1=k.()=k=1
= Equation:y=(x+1)2+3 or y=x*+2x+4
12, (@) (Hy=Kx+MNx+2)x—3)=0
=x=-1,—-2,3
Intersects x-axis at (—1, 0), (—2,0) and (3, 0)

(i) y-axis=x=0 =y=(0+1)(0+2)(0—3)=—-6 = point(0, —6)

b) () y=xx—6)x+3)=0
=x=0,6,—3
Intersects x-axis at (0, 0), (6, 0), (—3, 0)

(i) y-axis =x=0 =y=00-6)0+3)=0 = point(0,0)

@ (Hhy=xx—Tx+22%=0
=x=1,x= -2
Intersects x-axis at (1, 0) and (—2, 0)

(i) Ony-axis =x=0 =y=(0—-1)(0+2?=—-4 = point(0, —4)

d) () y=x(x*—9) =x(x+3)x—3)=0
=x=0,—-3,3
Intersects x-axis at (0, 0), (—3, 0), (3, 0)

(i) Ony-axis =x=0 =y=0[0)2—-91=0 = point(0,0)

13. (i) y=x(x—1)x—3)
Intersects x-axis at (0, 0), (1, 0) and (3, 0); y-axis at (0, 0)

(i) y=x—2)x +3)2x— 1)

Intersects x-axis at (—3, 0), (%, 0) and (2, 0); y-axis at (0, 6)

(i) y=—(x— 1+ 2)x — 4)
Intersects x-axis at (—2, 0), (1, 0) and (4, 0); y-axis at (0, —8)

1.

/

/

/X

1

/

A

\/
[\

3 X
6
s/
|\/2x
1 4

~8

\

>
X



Solution

(iv) y=x>—9% =x(x*—9) YA
= x(x + 3)(x — 3)
Intersects x-axis at (—3, 0), (0, 0) and (3, 0); y-axis at (0, 0) -3 /
3

14. (i) Graph (ii) Graph@ (iii) Graph (iv) Graph

15. y = x> — x?and graph C
y=1—x*and graph A
y = x — x?>and graph B
y= _T3X+ 3and graph F
y =x*+ 3xand graph E
y = 9% — x*>and graph D
f(3) = —27
Maximum Turning point = (—1, 5)

)
)

) Rootsx = —2.8,x=1.8,x=3.9
(iv) f(x)is decreasing= —1<x<3
)

)
)

(v) Liney = 10 intersects the graph at one point only.
(vi) Liney = —10intersects the graph at three points.
(vii) f(x) = k has three real roots

= —27<k<5

17. y = x(x — 2)(x + 4) YA
Points on x-axis = (—4, 0), (0, 0), (2, 0)
y=x—3 =-2points (0, —3),(3,0) /
—4 2 3
0 X
=3

3 intersection points

18. y = k(x + 2)(x — 1)(x — 5)

Point (0, —4) = —4=k(0+ 2)(0— 1)(0—5)
- ——4_2
= 10k=—-4 =k 10 s
:>y=_?2(x+2)(x—1)( —5)
19. (i) Length=+¢ = perimeter=x+ ¢ +x=60m A
=4{=(60—2x)m 450~

Area A = x(60 — 2x) m?
(ii) Points on x-axis = (0, 0), (30, 0)
(iii) Maximum occurs atx = 15

= A =15[60 — 2(15)] = 450 m?

XV



20.

21.

(i)

(a)

As —1is arootand 2 is a double root, the equation of the curve can be written:
y =k(x + 1)(x — 2)%

This curve also contains the point (0, —2). Thus

—2 = k(1)*(—2)?

—2 =4k

=1
k==

Thus the curve is

y =3+ x -2

Because every output does not have a unique input, or because some

horizontal lines cut the graph more than once.

Yes, because each element of the codomain is the image of some element in the domain.
The function is not bijective because it is not injective.

y= —%(x+ (x* —4x + 4)

= —%(x3 —3x*+4)
Then
% = —;(3x2 — 6X)
Put % =
—%3x(x —2)=0

x=0 or x—2=0
x=0 or XxX=2
Whenx = 0: y= —2.Thus (0, —2) is a stationary point.
When x = 2: y = 0.Thus (2, 0) is also a stationary point.

(i) y=3x—x2
dy 5
a—d9x 2x
Put—yZO: x9x—2)=0
dx
XxX=0 or 9%—2=0
X=0 or xzézau

When x = 0: y = 0.Thus (0, 0) is a stationary point.

When x = 0.22: y = —0.02.Thus (0.22, —0.02) is a stationary point.
(i) x-intercepts: Lety =0.

3 —x2=0

xX*Bx—1)=0
x2=0 or 3x—1=0
x=0 or x=0.33

The curve crosses the x-axis at the points (0, 0) and (0.33, 0).
y-intercept: Letx=0.

x=0: y=0
The curve crosses the y-axis at (0, 0).



Solution

The graph is shown below.

y
0.04+
0.02
A =(0,0) C=(0.33,0)

—0.3-0.2—01 N_02 08 04 05 X
0.02-

B =(0.23, —0.02)
—0.04+

(b) () y=x>+6x2+9x+4

d

3120+ 9

dx
d

Put—y=0: 32+ 12x+9=0
dx

X +4x+3=0
x+3)x+1)=0
x+3=0 or x+1=0
xX=-—3 or x=—1
Whenx = —3: y=4. Thus(—3,4)is a stationary point.
Whenx= —1: y=0. Thus(—1,0)is a stationary point.
(i) x-intercepts: Lety =0.
X+6x2+9%+4=0
Letf(x) = x>+ 6x>+ 9x + 4
f(—=1)=0
Thus (x + 1) is a factor of f(x).
x> +5x+4
x+ 13 +6x2+9x+4
X+ X
5x2 + 9x
5x? + 5x
4x + 4
4x + 4
0

Thus f(x) = (x + 1)(x2 + 5x + 4)
fix) = (x+ 1)x+ 1)(x + 4)
fx) = (x + 1)2(x + 4)

Thus the curve intersects the x-axis at —4 and at —1 (where there is a double root).
y-intercept: Letx =0.
x=0: y=4
The curve crosses the y-axis at (0, 4).
The graph is shown below.

I'=(0,4)

F=(-40) Gx ( 16)

—45 14—3.5 —3-25-2—-15-1-050 05 x




22, y=x3—6x2

%23%— 12x
Puty=0: 3x2—12x=0
dx
xx—4)=0
x=0 or x—4=0
x=0 or xX=4

Whenx=0: y=0. Thus (0, 0) is a stationary point.
Whenx =4: y = —32. Thus (4, —32) is a stationary point.

Also

d?y

W =6x—12
d?y . : .

When x = 0: - —12 < 0.Thus (0, 0) is a local maximum point.
d%y . - .

When x = 4: P 12 > 0.Thus (4, —32) is a local minimum point.

. . . d’y
Also, to find the point of inflection, put e 0:
6x—12=0
xX=2

Whenx = 2: y = —16.Thus (2, —16) is the point of inflection.
x-intercept: Lety =0.
x> —6x2=0

Xx—6)=0
x=0 or x—6=0
x=0 or X=6

The curve crosses the x-axis at the points (0, 0) and (6, 0).
The graph is shown below.

v4

10

5

Local max|A = (0, 0) Cr (6,00

S NI ERERRE;
5

104

. D=(2,-16)

oint of inflegtion
_20 4

_25.
—30-
351 Local min'g = (4, —32)




Solution

23. (i) The three types of stationary point are: local maximum point, local minimum point and
saddle point.
(i) y=4x> —3x*

dy =12x* — 123

dx

(@) The curve is increasing for
Yo
dx
12x2 —12x3 >0
12x3(1 —x) >0
1—x>0, andx#0
1>x (orx>1)

(b) The curve is decreasing for
¥ o
dx
12x*(1 —x) <0
1—x<0, andx=0
1<x (orx>1)

dy , B

(iii) Put& =0: 12x(1 —x) =0
x=0 or 1—x=0
x=0 or x=1

Whenx=0: y=0 Thus(0,0)is a stationary point.
Whenx=1: y=1 Thus(1,1)is a stationary point.
x-intercept: Lety =0.

433 —3x*=0
x4 —-3x)=0
x=0 or 4—3x=0
x=0 or x=§=1.33

Thus the curve crosses the x-axis at (0, 0) and (1.33, 0).
The graph is shown below.

] A=(1,4)
0.8+
0.6+
0.4

0.2

B = (0/0) C=1(1.33,0)

—0.8-06-047020 02 04 06 08 1 12 |4 16 18 X
—0.2

—0.4
—0.6




24. (i) fx)=x>*—6x+18
=x2—6x+9+9
=(x—32+9

(i) P = (0, 18), minimum point Q = (3,9)

(i) y=x*—6x+18 N y=41
=x2—6x+ 18 =41
=x>—6x—23=0

—b*Vb®>—4ac _ 6*36 — 4(1)(—23)

—X= 2a 201)
_6+4128 _6*8/2 _
2 2

=x=3+4/2 (asx=0)

Exercise 8.6

1. (i) Graph@ andf(x) = a%a>1
Graph® and fix) = a%,0<a <1
(i) AtP= x=0 = fix) =a®=1 = P=(0,1)

(iiy A:y=0;B:y=0

2. [y 2 | = 0 1 2
x 1 1

2 " ] 1 2 4

4.2¢ 1 2 4 8 16

f(0.5) = 5.65 = 5.7

3. Aisf(x) = 3.3

3+402

y=41 )
40
20
‘X
0 6 g

Bis f(x) = 3*
Cis flx) = 2%

4. (i) Point(0,5) = fl0)=k.2° =5 OR fl0)=k.3°=5
= k.1=5 = k.1=5
= k =5 = k =5

(ii) fix) =5.2% OR fix) =
Point (2, 20) = f(2) = 5. 2% = 20 (valid) f2)=5.32=
Hence, functionisy = 5.2%
5. y=a(2
Point(1,3) =3 =a@)=2a=3 = a=%
6. x 2 =1] o 1 2 3
- 1 1 1
fix) =3 9 3 1 3 ) >7
(i) (—1.5)=5.2

L3
45 (not valid)




10.

11.

Solution

X -2 —1 0 1 2

2X

N|—

—

1

4

3

X =
3.2 2

24

3.2+ 2 2

N|—=|N|—

3
4

26

_[,3
Range = [24, 26]

.y=ae*+b

Point (0,00 =0=ae®+b=a.1+b

=a+b=0

=14=qge'+b=ae+b

= age+b=14
—-a—b= 0

= age—a=14

Point (1, 14)

14

=ale—1)=14 e

=a=

a+b=0=>b=—a :>b:e_—_141
(i) y=3 x4
Point(g,6) = 6=3X47=4=2-=

= 49 = (22)(1 — 22a — 21

w|oy

- _1
= 2a=1=a >

(ii) Point(—%, b) lieson y = 3 X 4%

=b=3X4

INTEN
I

w

X

N|—
I
N w

y=3andy=x+3
x=0 = y=3"=1
x=1 = y=3=3
x=2 = y=32=9
line: y=x+3
x=0 = y=0+3=3 0,3
x=1 = y=1+3=4 Point(1,4)
x=2 = y=2+3=5 Point(2,5)
=  Solutionfor3*=x+3 = x=1.3

Point (0, 1)
Point (1, 3)
Point (2, 9)

Point (0, 3)

!
7

fix) = log, x

!

(1,0)
2,1
= log, 4 = 2, Point (4, 2)
(8,3)
t(

I

I

AN
A
22E8 =

16, 4)

YA 3, 26)
3 3
(=2,2 T).—/
2 0 1 X

M\

YA f(x) = log,x
pu
3-
7-
1
?_/i 4 6 8 10 12 14 16 X



12. y=alog,x + b
Point(8,10) = 10=alog, 8 +b=a(3)+b=3a+b
Point (32,14) = 14 =alog,32+b=a(5)+b=5a+ b
hence 5a+ b=
and —3a—-b=-10
2a =4 =a=2
3a+b=10=3(2)+b=10
=6+b=10 = b=4

13. y =log, x
Point(3,1) = 1=log,3
=a=3 = a=3

14. (c): fix) = logs(x — 3)
Test (4,0) = f(4) = logs(4 — 3) =log 1 = 0True
Test (6, 1) = f(6) = log;(6 — 3) = log; 3 = 1True

15. B):y = logs(x — 2)
Test (3,0) = logs(3 —2) =logs 1 = 0True
Test(7,1) = logs(7 — 2) =logs 5 = 1 True

16. y = log;(x — 4)
Point(q,2) = logs(q —4)=2 = q—4=3?
= qg—4=9 = =13
L
17. T=Tye®
10

(i) t=10 = 165 = T2

1
= T,e? =165

165 165
= T,=—=—-—-==100.07 =100
e% 1.6487
t
(i) T=100%

ﬁ
t =24=T=100e® = 100e'? = 100(3.32) = 332°C
18. At = Aoe*0.002t
(i) 600 = A,e0002(1000
= 600 = Aje 2

= A, = 990 _ 443343 = 4433

(i) 2216.5 = 4433 0002

2216.5 — e_o_oozr
4433

= 0.5 =e 000
= In(0.5) = In e 0002
= —0.693147 = —0.002t(In ) = —0.002t

_0.693147 _ _
=>t= ~0002 346.57 = 347 years




Solution

t
19. N =200 — Ae 20

_10
(i) t=10years =91 =200—Ae 20
= Ae % =109

= A=19 1797 =180
=

_0

(i) t=0= N=200— 180e 20 = 200 — 180e® = 200 — 180 = 20
t

(iii) N =200 — 180e 20

_t
= as time increases, x-axis (y = 0) is an asymptote fore 20
= N =200 — 180(0) = 200

20. m = mee X

m= im0 whent=10 = 0.9m, = mye K19

10
= 0.9 =e 10k
=1n(0.9) = Ine 1%
— —0.10536 = —10k(Ine) = — 10k
— 10k = 0.10536
k= % — 0.010536 = 0.0105
m = %mo = 0.5my = mye 0010

= 0.5 = e70.0105t

= In(0.5) = Ine 0010

= —0.693147 = —0.0105t(Ine)
= 0.0105t = 0.693147

_ 0.693147 _
:>t——0.0105 66 years
Exercise 8.7

1. y = f(x) [Shown]

(i) y=f(x) + 3 [Shown] (iii) y = —f(x) [Shown below]
(i) y = 2f(x) [Shown] (iv) y = f(—x) [Shown below]
Yy =fx)+3 YA
i
34

y=1f—x)




Chapter 8

2. glx) = —flx)
hx) = fix) + 3

3. y = f(x) [Shown]
(i) y = fix + 3) [Shown]
(i) y = fix — 2) [Shown]

4. Graph (D) YA y = f(x)

y=flx+3) y=flx—2)

355400 1 2 3 4 5 67 X

5. (i) y = f(x) [Shown]
y = —f(x) [Shown]
T3 3%
(i) y = fix) [Shown]
y = fix) — 3 [Shown]
12 3 X
6. Graph @
7. Graph @
8. y = f(x) [Shown] A
y =4 + f(—x) [Shown] y = f(x)
y= 4+ f(—x) /
2 o0 4 X
(27 _4)




Solution

9. (i) y=fix)[Shown] YA
y = 2f(x) [Shown]
/ y=fx)
a »
0 X
—by//y =2fx)
/ —2b
(i) y = flx) [Shown] YA
y = f(—x) [Shown] y=f(—x) y = fx)
—a0 a X
—b

10. (i) fix) = (x—2)(>+1)
(@) x-axis = fx) =0 = x—2)x*+1) =0
= x=2only = point(2,0)
(b) y-axis = x=0 = f(0)=(0—2)[(02+1]=(-2)(1)= -2
= point (0, —2)

(ii) Graph @

Revision Exercise 8 (Core)
1. fix) = 2x — 3 and g(x) = x?
= g(flx)) = g(2x — 3) = (2x — 3)?
Solve g(fix)) = 9.
= (2x—3)?=9
= 42 —12x+9-9=0
= 4x>—12x=0
= x*—3x=0
= xXx—3)=0 = x=0O0R x=3

2. (Aandy = x> — 2 because (i) Curve for +x?is“U-shaped”
(i) Pointon y-axis is (0, —2)
andy =2 — x? because (i) Curve for —x? is“M-shaped”
(i) Pointon y-axisis (0, 2)
@ and y = 2x because it's a linear graph

3. f(x)z)(j:1
fig) = 4—=12
= Rangez{lz 3 i,E]



4, Curve meets x-axisat0and —7
= y=kx(x +7)
Point (4,4) = 4=k4(4 + 7)

~ 1=11k = k=--
11
= y=dxix+7) =X (x+7)
11 11

5. g(x)=y=5+§

= 2y=10+x = x=2y—10
Hence, g '(x) = 2x — 10
(i) g'(=2)=2(-2)—-10=—-4—-10=—14
(i) Solve g(x) = g '(x).

= 5+§=y—1o

= 10+x=4x—-20
= —3x=-30 = x=10

6. y=a"
(i) Cisonthey-axis= x=0= y=ad°=1 = PointC=(0,1)
(i) B2,16)= 16=a> = a=116 =4
7. (i) x=-2,1,3
) x=14 or x=28
) X3 =22 —5x=0 =x2—2x—5x+6=0+6=6
=y=6 =x=—150rx=0
No: a horizontal line will cut the graph at more than one point;
Surjective: any horizontal line will cut the graph at least once.

X
(i) x
(iii

8. y=2m*

(i) Point(3,54) = 54 =233
1

=m’=27 = m=27?=3
(i) y = 2.3
Pisonthey-axis = x=0 = y=23°=21=2 = P(0,2)

9. () y=fx)=x>+ax>*+b

d
Y 3x2 + 2ax

dx
dy

Put—==0; 3x2+2ax=0
dx

x(3x+2a)=0

x=0 or 3x+2a=0

2a

3

Thus the curve has a stationary point at x = 0.

_2a
=

x=0 or x=-

(ii) The other stationary point is when x =
2a
_ ? = -2
a=3
When x=—-2: y=(-23+3(—-22+b
y=b+4
The y co-ordinate of the turning point is 6. Thus
b+4=6
b=2.



Solution

10. 2+ 2x=x>+2x+1—-1 YA
=x+1)2-1
= Turning point = (—1, —1) \

xY

-2 o)
(=1,-1)

a) Domain = R;Rangeisy = —2
b) Domainis x = 2; Range is R
)
)

—_~ o~

¢) Domainis —4 =x=0;Rangeis0=y=4

11. ()
i) (a) is the only function; a vertical line will intersect graphs (b) and (c) more than once.

—_ o~

(ii)
12. Aandy = (%) Bandy =3 OR (%)
Candy =55Dandy = 2¥

13. s = 0.25¢!
_ds _ t
V=gt 0.25e
The table is completed below.
t 0 1 2 3 4
v 0.3 0.7 1.8 5.0 13.6
The graph is sketched below.
AS
14
12 s=0.25¢"
10
8
6
4
’ :
0 1 2 3 4

14. fix) = 10x and gx)=x+3

(i) fglx) =fix +3)=10(x + 3) = 10x + 30

y=10x+30 = 10x=y — 30

_y—30
10
_x—30

10
(ii) fgla) =b = fgla) =10a + 30 =0

_10a+30—30_ 10a _

(fg)~'(b) = (fg)~'(10a + 30) = 5 =2 =

= X

Hence, (fg)~" (x)

a

15. fix) =x*+3 and gkx)=x+4
@@ fgx)=fix+4)=x+4)?2?+3=x2+8x+16+3=x>+8x+ 19
gfix) =gx* +3)=x>+3+4=x2+7
(b) fgix) +gfix) =0 = x> +8+19+x>+7=0
= 2>+ 8x+26=0
= X2 +4x+13=0
No real roots if b> — 4ac < 0
= (4> —4(1)(13) =16 — 52 = =36 < 0... True



16. (i) Rangeoffisy=0
1

) y=s5"g5 =20-3y=1
=2xy =3y +1
3y+1
= X=
2y
gy — X F 1
Hence, g7 '(x) 2

(iii) Domain of g: xeR,x#% = range ofg‘%xeR,x#%
, _ 111 1
W)@m‘fhy—3J @x 37 42 —12x+9

1 _
W 1xT9
= 36x2> — 108x + 81 =1
= 36x> — 108x + 80 =0
=9x>—27x+20=0
=(Bx—503Bx—4)=0
=3x=5 OR 3x=4

4
3

fgx) =9 =

:>ng OR x =

Revision Exercise 8 (Advanced)
1. fx) =x—1,gx) =2x* —x—1 and h(x) = log;x
(i) hfx) = h(x — 1) = logs(x — 1)
hg(x) = h(2x* — x — 1) = log;(2x* — x — 1)
(ii) Solve hg(x) — hf(x) = 2.
= log;(2x> — x — 1) — log;(x — 1) = 2

2 —x—1_
= logs " =2
2y
:>2x X—1_32_9
x—1

=2%—-x—1=9%—9
=2x*—10x+8=0

=x>—5x+4=0

=xX—-—1)x—4)=0 = x=1 OR x=4

2. (a) and graph (O) = x-axis (—4, 0), (8, 0)

o (
(b) and graph = y-axis (0, 2)
(c) and graph @:> minimum point (1, —10)
(d) and graph (A) = x-axis (—3, 0) and (3, 0)
3. (i) Graph of line m: points (0, 0), (5, 3)
Graph of line n; the inverse of m: points (0, 0), (3, 5)
(i) fix) = +116 — x?
Domainoff. —4=x=4
Rangeof f0=y=4

3.5)




Solution

4, x> —4x+12=x*—4x+4+8 YA
=x—22+8
Turning point = (2, 8)
12

(2,8)

5. x cm cut from each corner
= Length = (24 — 2x) cm, Width = (18 — 2x) cm, height = xcm
Volume V = (24 — 2x)(18 — 2x)(x)
18—2x>0
= —2X>—-18=2x<18=x<9
= domain: 0 <x <9

6. () y=a.t
Point(0,2) =2=a.b°=a.1=a=a=2
y=2.b"
Point (3,54) = 54 = 2. b3

b =27=b=(27) =3
(ii)

(@ x=1

(b) Domain: x € R\{1}

(c) Range = R\ {0}
)

(d) Yes; a horizontal line will intersect the graph at most once.

7. (i) Areaofcanvas=2x2=£2x=9 YA
= 2x=9—2¢ (12,74

9 V=09x—2x3
Volume V = (; — 2x)(x)(x) =Ox — 2x3

(i) Onx-axis,y=0=9% —2x=0
=x9—-—2x)=0

=Y

=x=0,x2=45 ° 1 2\ 3
=x=145=2.1
x=1=y=901)—-2013=7
Xx=2=y=902) — 223 =2
Points are (0, 0), (1, 7), (2, 2), (2.1, 0)
(i) @ x=1.2
(b) y = 7.4 m3 = largest volume.

8. f(x) =3x—1andgx) = x> + 1
(@) Rangeofg;y=1
(b) gfx) =gBx—1)=0Bx— 12+ 1=9x* —6x + 2
fgx) =fx*+1)=3x>+1)—1=3x>+2
Solve gfix) = fg(x).
=92 —6x+2=3x2+2
=6x2—6x=0
=x>—x=0
=xx—1)=0=x=0 OR x=1

<V



()

10. (i)

(ii)

11. P=

|f(X)|:8 y A
I3x — 1| =8
= +(Bx—1)=8 OR —-(Bx—1)=8 L
= 3x—1=8 = —-3x+1=8

= 3x=9 = —3x=7 ' =15 5
_ _ _ X

h(x) = x*> + 3x L1

One-to-one = minimum point occurs

atx = —1.5= h(—1.5) = (=1.5)2 + 3(—1.5) L2

=225—-45=-225

(—1.5,—2.25)
Hence,g=—-15= —%

y=kix—=1?Kx+t)=kix—1)>%*(x—-5) =t=-5
Point (0, 10) =10 = k(0 — 1)2(0 — 5)
=10= -5k =k=-2
From part (i), the equation of the curve is
y=—2(x—1)*x—5)
(@) Under reflection in the x-axis, the image curve is found by replacing
y by —y.The image curve is then
—y==2(x—1)%x—5)
y=2(x—1)%x —5)
(b) Under reflection in the y-axis, the image curve is found by replacing
x by —x.The image curve is then
y=—=2(—=x—1)*(—x—5)
y==2[-1x+ NP[—1(x+ 5)]
y=2(x+ 1)%x + 5)

Suitable domain; =5=x=5

Corresponding range; [0, 5]

(@) Curvey = 3*cutsthe
y-axisatx =0=y =3%=1
= point = (0, 1)

(b) Graph(A)=y = 3*
Graph(B)=y =37
Graph(O =y =3
Graph @ =y=23

y = 23"

<Y
O
<Y

Ae%:>whent=0:>P=A.e°=A P A

From table == A =5whent=0 20

P:

t=10=P=5.e" =82
t=15=P=5.e% =106
t=20=P=5.e" =136

5eB s t=5= P =5, e% = 50025 = 6.4

Y~

5 10 15 20

t

5 10 15 20

P

5 6.4 8.2 10.6 13.6




Solution

10 = 5e%
:>2=e7t°

=1In(2) =1In e7t°

_ t o)=L
= 0.693 = 20 (Ine) >0

=t =20(0.693) = 13.86 = 13.9 days

12. () x¥*—7x+12>0 = KX—4)x—3)>0=x=4o0rx=3

(ii) (a) Avertical line will intersect the graph once only.
(b) NO
(c) YES
(d) Injective if %S X= 3%

13. Graph@ Check (1,3)inlog;y = x=log;3 = 1 = x = True

14. (i) n>0asthere cannot be a negative number of predators, and there must
be at least one predator.
(i) P=n3*—12n?>—60n + 850

dpP

——=13n>—24n — 60

dn

put9P —0: 302 —24n—60=0
dn

n?—8n—-20=0

(n—=10)(n+2)=0
n—10=0 or n+2=0
n=10 or n=-2

dap_ .
an? - 6n — 24.
2
When n =10, % = 36> 0. Hence n = 10 gives a minimum for the population.
When n = 10, P = 50, which is the minimum population size.
(iii) The graph is shown below.

3z

A = (10,50)_
—'10f8—'6—'4—1'30 2 4 6 8 10 12 14 16 x




Revision Exercise 8 (Extended-Response Questions)
1. @) X*+4x—2=x>+4x+4—-2—-4
=x+22—-6=Kx+a?+b
Hence,a=2,b= —6
= Turning point = (—2, —6)
(b) Ony-axis,x=0=y=(0)?—4(0) —2= -2

Point (0, —2)
Onx-axis,y=0=x*+4x—2=0

=4 4(4)2 - 4(1)(—2)
- 2(1)
— 424 12' 24 _ 5.5
—2—J/6=—-44and —2+16 =04
= Points on x-axis: (—4.4, 0) and (0.4, 0)
(c) Discriminant = V24; Since discriminant > 0, the curve will intersect the x-axis at two distinct
points.
(d) x2+ 4x + k = 0 has no real roots = b2 — 4ac < 0
= (42 -4k <0
=16 —-4k<0
= —4k< —16
=4k>16=k>4
2. (a) Curve meets x-axis at A(—10, 0), B(10, 0)
=y =alx +10)(x — 10) = a(x* — 100)
|0Z| = 9= PointZ = (0,9)
=9 = ag((0)? — 100)
~9= —100a:>a=%= ~0.09
=y=-009%*+9=b=9
(b) PointC=(—7,0)=y= —0.09(—7)>+9 =459
= |DE| = 4.59 — 1.8 = 2.79
(c) [OH|=63=y=6.3
= —0.09x> + 9 =6.3
= —0.09x> =63 —-9=-27
2.7

=X

2 — & —
=X 0.09 30
=x=130

= |FG| = 2V30 = 2(5.477) = 10.954 = 10.95 m

3. (@) y=alog, (x — b)
Point (5,2) =2 =alog, (5 — b)
:>Iogz(5—b)=%

1 1
=49 p=5—47

Ql—

2
=5-b=21=(2?
Point (7,4) =4 = alog, (7 — b)

=log, (7 — b) =%

QN

7 b=20= (228 = 47 = (48]

Q=
|

:>b=7—(4%)2
5 49=7— (4]
N V) R



Solution

1

letk=47=k>*—k—-2=0
=(k—-2)k+1)=0
=k=2 OR k= —1(NotValid)

=y =2log, (x — b)
Point (5,2) =2 = 2log, (5 — b)

= log, (5 —b)=%=1
=5—-b=2"=2=b=3
(b) Statement (iii) is not true
4. (a) Graph©®

(b) (i) (@ N,= 20000
(b) Decrease by 20% = N = 80% of 20000 = 16000

t=1=-16000 = 20000 ek"

16000
20000

=In08=Inek=klne=k.1=k
=k =1In(0.8) = —0.2231 = —0.223
(b) (ii) N=20000e 0223t
N = 5000 = 5000 = 20 000e 0223t

=0.8=¢k

= In e 0223t = |n(0.25)
= —0.223t(Ine) = —1.386
= 0.223t = 1.386

_ 1.386 _ _
= t 0223 6.21 = 6.2 years

5. f(x) =x* and g(x) =
(@) Rangeoff=R

B ) fo = 5| =15 =~

1
X—3

(x—3)3
- _ 1 _
(ii) Solve fg(x) = 64 = *x—3F 64
1
—33=_"L
= k=3 =g
_3=3/1 21
=x—3 64 2
., 1_13
:>x—3+4 7
1
(@ (@) gx)=y 3
=xy—3y=1
= Xy =143y
1+3
=X = 4
y
Hence, g '(x) = k.



(i) Rangeofg~'=domainofg=R,x# 3

1y 1T+ 3x) _ 1
(iii) gg (X)_g( X )_1+3x_3
X
_ 1 _1_
R
X X

(iv) Graph of g~ '(x) is not continuous at x = 0

6. M = Ae Pt
(i) A=€130000

7.

(i)

(iii)

(a)

(b)

t=1=-€122000 = €130000e P"

_ 122000 _ 61
. p = =
€ 130000 65
_ 61
p —
=Ine —In—65

= —p(lne) = —0.0635

= p = 0.0635 = 0.064
1 January 2006 to end of 2011 is 6 years
=t=6=M = 130000e %0640
= 130000e 038
= €88547.085 = €88500

Graph®:y = logs (x — 2)
Check point (3, 0) = logs (3 — 2) = logs 1 = 0, True
Check point (7, 1) = logs (7 — 2) = logs 5 = 1, True
(i) y=&%nNy=32x

= 4X =32

= log, 4* = log, 37

= xlog,4 = (2 —x)log, 3

= xlog,4 =2log,3 — xlog, 3

= xlog,4 + xlog,3 = 2log, 3

= x(log, 4 + log, 3) = log, 32

B _ log,9
= x(log,4.3) =log,9=x = log, 12
. _ log,9 _ _
(i) x= 09,12 log,, 9 = 0.884228

=y = 40884228 = 340 = 34

8. 3 y=x*—4x+5

(b)

=X —4x+4+1 (©)
=(x—2)?2+1

= Turning point = (2, 1)

(x—22+1=y="1(x

= x—=22=y—1
= Xx—2=4y—1
= x=2+y—1
= Fl)=2+x—1

y=x"—4x+5

y=2+yx=T

>V



Solution

9. C=Cpe™™
(i) Co=5kg/ha
t=1 = 2.8 =>5e K0

= —k(Ine) = —0.57981
= k = 0.5798
(i) C= 5—0.5798t
= 0.2 = 505798t

— @ 05798t — % - 004

= |n e702798t = |n(0.04)
= —0.5798t(Ine) = —3.218876
= 0.5798t = 3.218876

_ 3.218876 _ _
=>t= 05798 5.551 = 5.6 years



Exercise 9.1
1. ()
(ii)

(iii)

(iv)

Since y increases as x increases graphs C and E show positive correlation.

Since y decreases as x increases graphs A and F show negative correlation.

In graphs B and D, the variables x and y show no linear pattern so we say there is no
correlation.

Graph A shows a strong negative correlation, as the variables are in a straight line.

Graph F can be described as reasonally strong negative correlation.

2. (i)
(ii)
(iii)
3. (i)
(ii)

4. (i)

Graph B shows the strongest positive correlation with y increasing as x increases.
In graph C the variables x and y have a negative correlation with y decreasing as x increases.
The weakest correlation is shown in graph D as the points are more widely spread out.

The correlation can be described as strongly positive.
The better grade a student gets in her mock exams, the better he/she tends to do in
the final exam.

100
90
80

70 XX

MATHEMATICS %
x

60 «

60 70 80 90 100
STATISTICS %
A strong positive correlation.
There is a tendency for those who do better at statistics to also do better at mathematics.

Negative: The older the boat, it is likely its second-hand selling price decreases.

Positive: Generally, as children age they grow taller.

None.

Negative: The more time spent watching TV means there is less time for studying.

Positive: There is a greater likelihood of accidents when there are higher numbers of vehicles
travelling on a route.

B: As boys get taller they generally require larger shoe sizes as their feet also increase in size.
C:There is no relationship between mens weight and time taken to complete a crossword
puzzle.

A: As cars age, the selling price is reduced.

D: Students generally get similar grades in maths paper 1 and paper 2. There is a positive
correlation.

Reasonably strong negative correlation.
Yes, as the age of the bike increases, it causes the price to decrease.

@



Solution

80 X

70

60 X X

50

40

NUMBERS OF RADIUS SOLD

30

50 60 70 80 90 100 110
NO. OF TELEVISIONS SOLD

(ii) A strong negative.
(iii) No, there is not a causal relationship. An increase in sales of one does not cause a decrease in
sales of the other.

Exercise 9.2

1. A=0.6
B=—1
=-04
=0.8
2. (i) 0.9is strong positive correlation.

—0.8 is strong negative correlation.
0is no correlation.

(iv) —1is perfect negative correlation.
(v) —0.1is a very weak negative correlation.
(vi) 0.2is a very weak positive correlation.

3. (i) Line of best fit.
(ii) Approximately an equal number of points lie on either side of the line.
(iii) Draw a line from the height (cm) axis at 150 cm to cut the line of best fit and read the answer
on the weight (kg) axis.
solution: 55 kg.
(iv) Strong positive.

4. Solution: 0.86
Use your calculator methods (Appendix 1 p.178)

5. 0.86



6.

30

25

20 x X

NO. OF FIRES

5 10 15 20 25 30
RAINFALL (cm)
(i) Line of best fit
(i) r=-0.9
(iv) From the graph, points (27.5, 8.0) (24, 12) are 2 points on the line of best fit.
The equation of the line of best fit is of the form
y = mx + corin this case

y=a+ bx

slope of the line of best fit
™

X T X

_ 12-—-8
M=24—-275
__4 _
=g =114

Equation of the line of best fit.

y =y =mlx —x,)

y—12=—1.14(x — 24)

y—12=—1.14(x) + 27.36

y =39.36 — 1.1x
Sy =39 —-1.1x

The equation of the line of best fit can be worked out using a calculator. Using this method,
the solution was found to be

y=41—1.1x
(v) Substitute y = 25 in the equation
25=41—-1.1x

2.25—41=-11x = x=145
.. Approximately 15 fires



Solution

80

60

TESTB

40

20

20 40 60
TESTA
(ii) Strong negative correlation [
(iii) Using two points on the line of best fit the slope is found using m = H

Point (48, 18) and (6, 94)
94 — 18 _

LM = T -1.8
Equation of line y — 18 = —1.8(x — 48)
Sy =104 —1.8x
Using a calculator, the exact equation is
y=—17x+ 98

(v) Using the graph, draw from score 18 on Test A to the line of best fit on the diagram and read
off the solution on Test B axis.
.".The student scored approx 68.
Alternatively: substitute x = 18
in the linear equation
y=—17(18) + 98
Cy=674

8. Calculator value: r = 0.85

9. (i) & ii)

~ 20 (18, 20)

g

9 . 155 _ 5615

g 12,1

5 (12.13) X I'%(17,12)

'—

<

= 10 X7 ™ (14,10.25)

[N

2 |

v

£ 5

3 (1115, 2.25)

I 1

102 Xii,25 N7

0 5 10 15 20

AGE, x (YEARS)



10.

(iii) Equation of the line of best fit
y=19x — 16 (calculator)

(iv) Using the graph, draw a line from 16% on age axis and read where this cuts the line of best fit
off the y axis.
Solution 15.5 approximately.

Alternatively: substituting x = 16% in the equation of the line of best fity = 1.9x — 16 gives

y=1.9(16.5) — 16
= 15.35 hours
Solution = 15 hours  (approx)

20
16
>
€
2 12
o
vt
K9]
S5
[N,
8
4
Line of best fix
0 1 1 1 1 1 1 1 1

Engine Size

(ii) Strong negative correlation
(iii) r=—0.9250 (Calculator)
(iv) Line of best fit
y = —3x+ 18 (Calculator)
(Line of best fit is shown in diagram for part (i)
(v) Solution can be read from the graph showing the line of best fit or by substituting into the
equation of the line of best fit.
Substitute engine size 5.7 litres
y=—3(57)+18
=-17.1+18
=09
This result shows the fuel economy of value less than 1, so this may not be reliable.



Solution

11. (i)

25
20
15

10

NUMBER OF REJECTS, y

10 15 20 25 30 35

BONUS, x (€)

(i) Fairly strong positive correlation
(iii) r =0.8591 (calculator)
(iv) Using (12, 5) and (30, 16) from the line

_16—-5 _
of best fit the slope m = 30 =13 0.61
Eqg.lineisy —5=0.61(x — 12)
y=061—-23

Alternatively:
y =0.63x — 2.2 (calculator)

(v) y=0.63x—22

9+ 2.2 =0.63x
11.2 = 0.63x
178 =x

.".max bonus should be set at €18 approx.

Exercise 9.3
1. (i) The percentage of all the values in the shaded area is 68%, as it is a characteristic of a normal
distribution that 68% lie within one standard deviation of the mean.
(ii) Again, according to the Empirical Rule, 95% of values lie within two standard deviations of
the mean.
(iii) Values between —gand 0 = %(68%)

Values between 0 and 20 = %(95%)

1 1
- 34% + 47-9% = 81-9
.. 34% 472A> 812A)

81%% of values lie between —gand 20

(ivy u=60, o=4
56=60—4=upu—o
64=60+4=u+o
There are 68% of all values in the range [w — oand u + o]
.. 68% of values lie between 56 and 64



4.

2, u=72, o=6
60=72—-12=pu— 20
78=72+6=u+o

()

(ii)

(iii)

3. (i)

(ii)

There are %(68%) of values in the range 72 to 78

.. 34% of teenagers are that height.

The percentage of teenagers taller than 78 cm is
50% — 34% = 16%

n=72, oc=6

60=72—12=p— 20'2%(95%)

78=72+6=M+U=%(68%)

. lO 0fH = lO

..472/o+ 34% 812/0

81%@ of teenagers are between 60 cm and 78 cm in height

= 55km/h, o=9km/h
given z-score = —1
X —55
T: —1
x—55=-9
x=55—-9
= 46 km/h

Two standard deviations above the mean
= z-score =2
X — 55
9
x—55=18
x=55+18
=73 km/h

=2

(iii) Three standard deviations above the mean

()

X — 55
9
x —55=27
X =55+ 27
=82 km/h

m =60 og=5

. X—
Using z-score = ———
g

=3

x — 60
5

X — 60 = =5(1)

x—60=05 or x—60= -5
= X =65 = x=60—5

=55

Hence, the range within which 68% of the distribution lies is
55 <x <65

+1 =




7.

(ii)

(ii)

(ii)

(iii)

(ii)

(iii)

Solution

95% will lie between = 20 of the mean

x — 60
2= T
. x—60==10
. x—60=10 or x—60=-10
x=170 or .. x =50
.. the range within 95% of the distribution lies is
50<x<70
68% of the sample will lie between =10 of the mean
m =170, o=38
z-score S
o
_X —81 70 _ 4+
x—170= =8
x=170+8 or x=170—-8
=178 or x =162

the limits within which 68% of the heights lie are [162, 178] cm.
99.7% of the sample will lie between =3¢ of the mean
Using z-score
x—170

3 = =*3
x— 170 = *£24
Xx—170=24 or x—170= —24
x=170+ 24 x=170 — 24
X =194 X =146

99.7% of the heights lie within the limits [146, 194] cm

35—-23=12 = 20 belowthe mean

47 —35=12 = 20 above the mean

There are 95% of all values in the range [uw — 20 and u + 20]

.".95% of all workers take 23 to 47 minutes to get to work.

Since approximately 47.5% of time values lie within w plus two standard deviations
of the mean

~.50% — 47%%

= approx 2.5% lie above 47 minutes

.. Approx 2.5% of workers take more than 47 minutes to get to work.
95% take 23 to 47 minutes to get to work

With 600 workers:

..600 X 95 = 570 workers

68% of bulbs tested lie within =10 of the mean

= 68% of 12000 = 8160 bulbs

.. the lifetime of 8160 bulbs lie within one standard deviation of the mean.
=620 hrs o= 12hours

644 = p + 20

47%% of bulbs tested would lie in this range 620 to 644.
12000 X 47%% = 5700 bulbs
50% — 47%% = 2.5% lie more than two standard deviations above the mean 2%% of

12000 = 300 bulbs



8. w=134cm og=3cm
Balls with rebound less than 128 cm rejected
The range 128 cm to 134 cm
is134 — 20 ie.u— 20

%(95%) of balls lie in this range and are accepted

47%% are accepted
..50% — 47%% = 2%% of balls are rejected
2%% of 1000 = 25 balls

9. (i) Therange140gto 180gis

(@) 160 = 20
.. 95% of the portions have weights between 140 gand 180 g

(b) Therange 130gto 190 g is
160 = 30
.. 99.7% of the weights lie in this range

(i) The number of portions excepted to weigh between 140 g and 190 g is
160 — 20 to 160 + 30

47%% +  49.75%
= 97194
4
Of a box with 100 portions approx 97 are expected to be of this weight

X —
Z-SCcore = —M
o
_84—-80_ 1
4
(i) x =72, nw=280, o=4
Z-score = u = —2
4
(iii) x = 86, uw=280, o=4
z-score = M =15
(iv) x =70, nw=80, oc=4
z-score = @ =-25

11. (i) A z-score of 2 means a value which lies 2 standard deviations above the mean.

(ii) A z-score of —1.5 means a value which lies 1% standard deviations below the mean.

12. (i) Karl's markis 1.8 standard deviations above the mean which was 70 marks.
Tanya's mark is 0.6 standard deviations below that same mean of 70 marks.
(ii) Karl's z-score = 1.8, his mark, x,
m=70marks o= 15marks
X —
Usingz = e
x—170

1.8 = 15




13.

14.

15.

Solution

S x—70=15(1.8)

x=70+ 27
= 97 marks
Tanya’s z-score is —0.6, her mark is x, u = 70 marks, o = 15 marks
. ne_XxX—70
. —0.6 15
. x—70=15(—0.6)
S.x=70—9
= 61 marks
Weight:
x=48kg, m=44kg, o=28kg
Use z-score formula z = X m
., _48—44 _
.z —5 05

Height: x=160cm, w=175cm, o=10cm

_160—175 _ —15 _ _
zZ= 10 10 1.5

(i) Anna’s score for Maths
Mark(x) = 80, w=75mark, o= 12mark

.".maths z-score = 0.417
Anna’s score for History
mark =70, n=78 o=10

zscore=—~>—"2=_"=-08

.. Anna’s history z-score = —0.8
(i) Anna performed best in maths as she is found to have a higher z-score in the subject.
(i) Ciara’s history z-score = 0.5

x—78
0.5 = 10
. x—78=10(0.5)
x=78+5
=83

.. Ciara got 83 marks in history

(i) A z-score of 1.8 in a maths test means that Sarah-Jane’s mark was 1.8 standard deviations
above the mean.

(ii) x =80, o=12, findu
Using z-score

80 — u
1.8 = )
. 80— pn=12(1.8)
S 80— =216
: —wnw=—80+21.6
—u=—584

=584 = mean
(iii) Senan scores 50 in the same test
ie. x=050, n=>584, o=12
50 — 584 _
12
Senan’s z-score = —0.7

zZ-score = —0.7



16. Paper 1:
(i) Sarah'sFrenchmark =59, w=45 o=28

z-score = SgT% = % =1.75
(ii) To do equally well on Paper 2, Sarah would need a z-score of 1.75
Paper 2:
marks = x, =56, o=12
z-score = 1.75
175 =X 1256
S.Xx— 56 =12(1.75)
X =56+ 21
.x =77 marks

17. (i)

HISTORY ———
MARKS

PHYSICS
MARKS

30 40 50 60 70 80 90
HISTORY: 34 — 70
PHYSICS: 36 — 84
(i) Kelly: History

X = 64, n=42, o=6
_64—52_ 12 _
z-score = 3 3 2
Kelly: Physics
x=72, u = 60, oc=38
_72—-60 _12 _
z-score = 8 8 1.5
So yes, Kelly did better in history so her claim to be better at history is supported.
18. Beach 1: L =8 mm, o=14mm
z-score when x = 10 mm long
10-8_ 2 _
z= T2 14 1.428
..z-score = 1.43
Beach 2: ©=9mm, o=0.8mm
z-score when x = 10 mm long
_10—-9_ 1 _
z= 08 08 1.25

..z-score = 1.25
. it can be concluded that Alison’s claim is correct.

Exercise 9.4
1. (i) P(Z=1.2)=0.8849
(i) PZ=1)=1—-P(Z=<1)
=1-0.8413
= 0.1587
(iii) P(Z=<—1.92)
=1-PZ=1.92)
(because the curve is symmetrical, we find the area to the left of 1.92)
S PZ=-192)=1—-P(Z=1.92)
=1-—0.9726
= 0.0274



Solution

(iv) P(-1.8<Z7<1.8)
Area to the left of 1.8 = 0.9641
Area to therightof —1.8 =1 — P(Z=< 1.8)

=1—0.9641
= 0.0359

.. Area shaded portionis  0.9641 — 0.0359
= 0.9282

2. P(Z=<1.42) =0.9222
3. P(Z=<0.89) = 0.8133
4. P
5. P

(Z =< 2.04) = 0.9793
(V4

\%

2) =0.9722
6. P(Z=1.25) = 0.8944
7. P(Z=0.75) = 0.7723

8. PZ=< —23)
Use the fact the curve is symmetrical
SPZ<=-23)=1—-PZ=23)
=1-0.9893
= 0.0107

\%

\%

9. PZ<=-13)=1—-P(Z=13)
=1—0.9032
= 0.0968

10. P(Z < —2.13) = left talil
S PZ=<-213)=1—-P(Z=2.13)
=1-—0.9834
= 0.0166

11. P(Z=<0.56) = 0.7123

12. P(—1<Z<1)
(i) Areatoleftof 1 =0.8413
(ii) Areatorightof —1 =1 —0.8413 = 0.1587
Then subtract (ii) from (i)
Shaded area = 0.8413 — 0.1587
= 0.6833

13. P(-15=<Z=<15)
Area to left of 1.5 = 0.9332
Areatorightof —15=1—P(Z=<1.5)
=1-—0.9332
= 0.0668
.".shaded portion = 0.9332 — 0.0668
= 0.8664




14. P08 <7<22)
Area to left of 2.2 = 0.9861
Area to right of 0.8 = 0.7881
.. Area (ii) — Area (i) = 0.9861 — 0.7881
= 0.1980

15. P(—1.8<72=<2.3)
Area to left of 2.3 = 0.9893
Areatorightof —1.8=1— P(Z=<1.8)
=1—0.9641
= 0.0359
.. Area (ii) — Area (i) = 0.9893 — 0.0359
= 0.9534

16. P(—0.83 <7< 14)
Areato left of 1.4 = 0.9192
Area to right of —0.83 = 1 — P(Z < 0.83)
=1-0.7967
=0.2033
0.9192 — 0.2033 = 0.7159

17. P(Z=<z,) = 0.8686
Sz =112
18. P(Z=<z) = 0.6331
5.z;=034
19. P(—z,<Z<2z)=0.6368
z; =091
20. P(—z;,<Z=<2Zz)=0.8438
5.z, =142
21. w =150 o=10
(i) PX=60)

S PX=<1)=0.8413
(i) P(X=55)

zZ-score ZTZW_ 0.5
s P(X=0.5) =0.6915
(iii) P(X = 45)

S PX=—-0.5) =0.6915

. 60—55_ -6
22. (i) z-score = 5 = 55
. PX= —0.24)
= 0.5948
(i) PX=<312)
312 —300 _ 12
Z-score = T= 25
=0.48

. P(X'=0.48) = 0.6844



Solution

23. (i) u =250, o=40

P(X = 300)
_ 300 —250 _ 50
z-score = 0 20
S PX=1.25)
=1-—0.8944
= 0.1056
(i) PX=<175)
_175-250 _75
z-score = 0 20
S P(X<1.875)
=1 —0.9699
= 0.0301
24, (i) =50 o=28
P(52 < X < 55)
_52—-50_2_
z-score = ~3 38 0.25
_55-50_5_
zZ-score = 38 38 0.625

. P(0.25 < X< 0.625)
= 0.7357 — 0.5987

=0.1370
(ii) P(48 < X <154
_48-50_ -2 _
z-score = 3 3 0.25
_54—-50_4_
zZ-score = 3 3 0.5

S P(—0.25 < X<0.5)
P(X<0.5) = 0.6915
P(—0.25<X)=1—P(X=<0.25)

=1 —0.5987
= 0.4013
S P(—0.25=<X=<0.5) =0.6915 — 04013
= 0.2902
25. 1 =100, o=280
(i) PB5<X<112)
_8—-100 _ —15 _ _
zZ-score = 30 30 0.1875
_112—-100 _ 12 _
zscore——80 30 0.15

. P(—0.1875 = X =< 0.15)
= P(X =< 0.15) = 0.5596
P(—0.1875<X) =1 — P(X =< 0.1875)
=1-0.5753
= 0.4247
o P85 =X=112) = 0.5596 — 0.4247
= 0.1349



(i) P(IO5=X=<115)

z-score :T =30~
_115—-100 _ 15 _
z-score =~ =8 80 0.1875

. P=P(0.0625 < X< 0.1875)

S P(105 = X=<115) = P(0.0625 < X =< 0.1875)
= 0.5753 — (0.5239)
= 0.0514

26. u =200 o=20
(i) P(190 < X < 210)
190 — 200 _ —10:_0.5

z-score = 50 20
_210—200 _ 10 _
z-score = >0~ 20 0.5

S P(—05=<X=<0.5)
=0.6915 — (1 — 0.6915)
= 0.6915 — 0.3085
= 0.3830

(ii) P(185 < X =< 205)

z-score = 0 20
_205—-200 _ 5 _
zZ-score =50 20 0.25

S.P=P(—0.75 < X=<0.25)
= 0.5987 — (1 — 0.7734)
= 0.5987 — 0.2266

=0.3721
27. (i) x = 240, n =210, o=20
_ 240 — 210 _ 30 _
zscore——20 >0 1.5
P(x > 240) = P(z > 1.5)
=1-0.9332
= 0.0668

(ii) P(bulb last < 200 hrs)
200 — 210 _ —10 _ 05

z-score = 20 50
o Pz=—-0.5)
=1-0.6915
= 0.3085
28. (i) w=101cm, o=5cam, x =103 cm

P(customer has chest measurement < 103 cm)
= writing expression in z-scores

z-score ZT—g— 0.4
.P=Pz<04)
= 0.6554

. P(chest < 103 cm) = 0.6554



Solution

(ii) P(chest size = 98 cm)

98 — 101 3
= z-score ofT =%
=-0.6
. P(z= —0.6)
= 0.7257

(iii) P(chest measurement between 95 cm and 100 cm)
101 and 100 — 101

— 95 —
= z-score of 5 5

= %6and z= _?1
=—12andz= —0.2

S P(—12<z<-0.2)

..0.8849 — 0.5793

= 0.3056
29, (i) w=12 o=2

P(postman takes longer than 17 mins) is changed to z-scores

z-score = 5 5 22

S Pz>25)=1—-Pz<25)
=1-0.9938
= 0.0062
(ii) P(taking less than 10 mins)

S P=Pz<—-1)=1-0.8413
= 0.1587
(iii) P(taking between 9 and 13 mins)
15t get P(taking 9 mins) and
then get P(taking 13 mins)

z-score = % =05

.. P(between 9 and 13 mins)
=P(—1.5=<z=<0.5)
=0.9332 — (1 — 0.6915)
=0.9332 — 0.3085

= 0.6247

30. n=53 o=15
To find P(bill between €47 and €74):

z-score=T=E= —-04
_74—53_21_
zscore——15 15 14

.. P(bill between €47 and €74):
=P(—-04=<z<14)
= 0.6554 — (1 — 0.9192)
= 0.6554 — 0.0808
= 0.5746

-15 0 \



31. (i) w=165 o=35cm
P(a student is less than 160 cm high)

z-score = — 35 35 1.428
.P=Px<160cm)
= P(z < 1.428)
=1 - 0.9236
= 0.0764
.. P(a student is less than 160 cm high)
= 0.0764
(ii) P(student with height between 168 cm and 174 cm)
168 — 165 _ 3
z-score: — 35 35 0.857
174 — 165 9
z-scorer s = 25 = 2.571

.. P(a student with height between 168 cm and 174 cm)
= P(0.857 <z =< 2.571)
=1-—0.8051 — 0.0051
= 0.1949 — 0.0051
=0.1898 = 18.98%
= approx. 19% of student from this group would satisfy the condition of having a
height between 168 cm and 174 cm.

32, Given:
x=500, w=151mm, o=15mm
(i) P(having leaves greater than 185 mm long)

. P(z> 2.266)
=1—0.9881
=0.0119
Of the 500 laurel leaves, then
500 X 0.0119
=595
= 6 leaves
measure greater than 185 mm long.
(i) z-score for a leaf 120 mm long

_ 120151 _ _
=15 2.066
z-score for a leaf 155 mm long
_ 155 —151 _

= 15 0.26

.. P(leaves between 120 and 155 mm)
is P(—2.06 < z=<0.26)
= 0.9808 — 0.3936
= 0.5872.
Of the 500 leaves, then 500 X 0.5872 leaves have lengths between 120 mm and 155 mm.
= 500 X 0.5872
= 293.6 leaves
= 294 leaves



Solution

33. Given: m = 300 grams, o = 60 grams
(i) P(weight less than 295 grams) shows
295 — 300 _ —?5 — 0833

Z-score = 6

. P(z< —0.833)
=1—P(z>0.833)
=1—-0.7967
= 0.2033

Out of the 1000 packages then 1000 X 0.2033 weigh less than 295 grams
(ii) To find the number of packages between 306 and 310 grams, write the weights in z-scores.
.306 —300 _ 6 _
z-scores: 3 6 0.1
310 — 300 % ~ 166

z-scorer ———— =
6

.. P(a packet of weight between 306 and 310 grams)
=P(1<z<1.66)
=(1—0.8413) — (1 — 0.9527)
= 0.1587 — 0.0475
=0.1112
.. 1000 X 0.1112
= 111 packets weight between 306 and 310 grams.

34. (i) uw=160% o= 10%
(@) P(mark less than 45%)
has z-score
45 — 60 15
P(z< —1.5)
=1—Pz>1.5)
=1-0.9332
= 0.0668
(b) P(mark is between 50% and 75%)
has z-score
50-60 _ 10 _ _,
10 1
75—60 _ 15
0 10

S P(—1=2z<15)
=0.8413 — (1 — 0.9332)
= 0.8413 — 0.668
= 0.7745
.. P(a randomly selected student scored between 50% and 75% in Geography)
= 0.7745 (= 77.45%)
(ii) P(attaining more than 90%) will give a special award.
Let x be the number of students attaining more than 90% so
..z-score
60

_Xx—60 _
T 0.9

From the tables, a z-score of 0.900 is given by 1.29,
i.e.0.9015

.x—60 _
T 1.29




. x — 60 =10(1.29)
S.X—60=1290
SX=72.9%
=73%
.. the percentage mark student need in order to get a special award is more than 73% in
Geography.

Revision Exercise 9 (Core)
1. On left-hand side of 0,

between —20 and 0 there is %(95%) = 47.5%

Between 0 and 10, there is %(68%) = 34%
.".shaded region under curve = 81.5%

2. (i) B — positive correlation
(i) A — negative correlation
(iii) C — no correlation

) A

) B

(iv) A — negative correlation
(v) B — correlation coefficient of approx 0.7
3. w=180cm o=10cm
(i)

a b C d e
160cm 170cm 180cm 190cm 200cm

(i) z-score = ———=—=11

sz=1
(iii) 34% of sample have height between 180 and 190.
..50% — 34% = 16%
.". 16% have height greater than 190 cm

4. (i) 40

35
33 1
30

25

paper 2 (marks)

20
N
<

15 20 25 3032 35 40

Paper 1 (marks)

(i) Strong positive
(iii) Line on graph



Solution

(iv) Taking two points on the line of best fit

(25, 27.5) (40, 37.5)
_375-275_10_
slopem = 20 — 25 15 0.666
=m=0.7
Eq. of line

y —275=0.7(x — 25)
y—275=07x—175
S y=07x+10
Using calculator line of best fit is
y=0.713x + 9.74
(v) Drawing in the line from x = 32
on the graph gives y = approx 33.

or
Substituting x = 32 into the equation of the line of best fit
x =32
oy =0.713(32) + 9.74
= 22816 + 9.74
= 32.556
.. score is 33 marks
5. w=175cm
x =160+ 15 x =190 — 15
=175 =175

..160=175 - 1o
-.190=175+ 10
Given 95% of students have heights between 160 and 190

ie.uw=* 220
s.20=15
So=175
6. P(Z>0.93)=1—P(Z=0.93)
=1-0.8238
=0.1762

7. (i) Correlation is a measure of the strength of the linear relationship between two sets of variables.
(ii) (@ r=10.916 (calculator)
(b) Itis very likely that a student who has done well in test 1 will also done well in test 2.

8. (i) Since 95% of a sample lies between 20 of the mean, then diagram (i) has a 95% probability
that a bamboo cane will have length falling in the shaded area.

(ii) Here in diagram (ii), %(95%) is shaded so the probability of a bamboo cane having

a length falling in the shaded area = 47.5%

9. (i) Simon’s French test:
x = 76 marks, u = 68 marks, o = 10 marks

(ii) Simon’s German test:

x = 78 marks, u = 70 marks, o = 12 marks

(iii) Simon did better in his French test



10. There may be a strong positive correlation between house prices and car sales but that does not
imply that one increase causes the other.

Revision Exercise 9 (Advanced)
1. P(—1=7Z=1.24)
P(Z=1.24) =1 — 0.8925
=0.1075
P(—1=2)=0.8413
S P(—1=7=1.24)=0.8413 — 0.1075
= 0.7338

2. () P1<Z<2) BN

P(Z<2) ie. leftsideof2is0.9772

P(Z>1) =0.8413

SoP(1<Z<2)=0.9772 - 0.8413
=0.1359

3. () x=60, u=48, o=38

_60-48_12_ 1
zZ-score = 3 8 12
SP(Z>15)=1-0.9332
= 0.0668
. _35—-48_ —13 _ _
(ii) z-score = 3 3 1.625
- P(Z < —1.625)
=1 —0.9484
= 0.0516
= 0.052

4, P(—k=Z=<k) =0.8438
Since this is a normal distribution, and because of symmetry,

P@<Zs@=%@%%)

=0.4219
S P(—k=Z=k)=0.5+0.4219
= 0.9419 (formulae & tables p 36 & 37)

SZ=142

5. (i) x=3000hours, w =4000hrs, o =500 hrs

3000 — 4000 _ —1000 _
500 500

% (95%) = 47.5% of bulbs last between 3000

Z-score = -2

and 4000 hours

.50% — 47.5% last less than 3000 hours —20 ~lo 0 lo 20
. 2.5% last less than 3000 hrs 3000 4000 >000



7.

Solution

(ii) The probability that a tube will last between 3000 and 5000 hoursi.e. u = 20 = 0.95
(iii) 2%% of the tubes will be expected to be working after 5000 hours. In a batch of 10000
tubes = 250

() r=0.959 (calculator)
(i) This value show a very strong positive correlation between the number of employees and the

units produced.

Tree 1:
x=7cm, pw=5cm, o=1cm
zscore=1"2=2->
1 1
Tree 2:
x=7cm, pw=8cm, o=15cm
—7-8_—1__
z-score = —— G 0.666
= —0.67
Mr. Cross is correct since z = —0.67 has a greater chance of happening on the normal

curve thanz = 2.

Time (minutes)
N w
o o

—
o

0 5 10 15 20 25 30

TEMPERATURE (°C)

(ii) Strong negative correlation
(iii) Two points on line of best fit are (10, 29) and (30, 8)

_8-29 _ —21
slope = 35— = 20
m=—105

Equation of lineisy = mx + ¢
229 =—-1.05(10) + ¢
29=-105+¢c
.c=395
sy =—1.05x+ 395
Using calculator
y = —1.12x + 41.6 is the equation of the line of best fit.
(iv) Whentempis = 0°C
0=—-112x+41.6
_416
1.12
=375
= 38 minutes
(v) r=—1 (calculator)



9. (i) w=135cm, x=120cm, o=10cm
120—135 _ =15 _ .1

zZ-score = 0 =70 —15
.. David’s height is — 1.50 below the mean
(i) w=180cm, o=18cm, z-score=—1.5
X —
zZ-score = I E
. _1z_Xx—180
s.—15 T
o.x— 180 = —1.5(18)
s x =180 — 27
= 153 cm tall
(iii) w =135
o =10

Height (cm)

100 120 140 160 180 200 220

Revision Exercise 9 (Extended Response)
1. () @) w=20mm, o=3mm
17mm=pu—1lo
22mm=u+ 1o
17 =23mm=20x 10
68% of a normal distribution lies within this area (Empirical rule)
(b) 14mm=pu — 20
22mm=u+ao
.14 mm = 20 below mean = 47.5%
223 mm = 1o above mean = 34%
.. the percentage of nails measured 14 mm — 23 mm is
47.5% + 34% = 81.5%
(i) 17 = 10 below mean = 34%
26 = 20 above mean = 47.5%
.. 81.5% are of 17 — 26 mm nails.
When 10000 are measured

81.5 .
So—=X =
100 10000 = 8150 nails
(iii) 23 mm = 10 above u

= 34%

50% of all nails are > 20 (mean length)

.. 50% — 34% of nails are more than 23 mm long
= 16%

240



Solution

80 X X

70 X X

60 X

Physics marks

50

40> X

30 40 50 60 70 80
Mathematics marks
(ii) Equation of line of best fit
y=0.7x + 25 (calculator)
Using two points:
(30,50) (80, 85)

_85—-50_35_
slope ~80-30 50 0.7

y —50=0.7(x — 30)
y—50=0.7x — 21
y=0.7x—21+50
y=0.7x + 29
(iii) r=0.737 (calculator)
(iv) There is fairly strong positive correlation between the mathematic and physics results of the
students.

(i) w=176and o = 7.Let X be the height of a randomly selected man.
190 — 176
—== 2
P(X > 190) = P(Z > 2)
=1-PZ=<2)
=1-0.9772
= 0.0228
(ii) P(both) = P(1st and 2nd)
= (0.0228)(0.0228)
= 0.00052
(iii) Single Male: success: p = 0.0228, g = 0.9772
Let X be the number of successes in n trials. Then

PX=r) = (’r’ )(o.ozzs)f(0.9772)"*'

(iv) Let X be the number of males taller than 190 cm from a group of 10 males.
PX=2)=1-PX<2)
=1—-PX=0)—-PX=1)

—1- (100)(0.9772)10 - (110)(0.0228)(0.9772)9

=1—-0.7940 — 0.1853
= 0.0207

Xx = 190: zZ=



4. nw=60yrs, o=8yrs
(i) (@) Abdul z-score:
X—p _70—60 _
o 8
(b) Marie z-score:
52 — 60
8
(c) George z-score:
60 — 60
8
(d) Elsie z-score:
_92—-60
8
(i) 76 =60 + 16 = u + 20
=47.5%
Hence, the percentage of people more than 76 years is
50% — 47.5% = 2.5%
(iii) Ezra
25 =

z= 1.25

- —8_ _
= 8 ‘|
=0

z =4

X — 60
8
X — 60 = 8(2.5)
s.x—60=20
x =60+ 20
= 80 years
(iv) x =40yrs
40 —60 _ —20
8 8
Since the z-score = —2.5 it is very unlikely as the probability will be less than 1%

=—25

Z:

5. (i) r= —0.85approx
(ii) Outlier: age =37, bpm =139
(iii) Read from x (age value) = 44 to cut the line of best fit and read y (bpm value)
Solution (44, 180 bpm)
(iv) Possible points: (20, 200) (80, 150)
150 — 200 _ —50 _
80 — 20 60
..m=—038
(v) Equation of the line of best fit
y=yir=mkx—x)
y — 200 = —0.833(x — 20)
y — 200 = —0.833x + 20(0.833)
y=—-08x+16
=200 + 16 — 0.8(age)
Replacing y with MHR
MHR = 216 — 0.8(age)

slope = —0.833

(vi) | Age Old rule | New rule
20 200 200
50 170 176
70 150 160

For a younger person (20 years) the MHRs are roughly the same. For an older person
(50 years or 70 years) the new rule gives a higher MHR reading.

(vii) At 65 years, the old rule gives MHR = 155 and the new rule gives MHR = 164.To get more
benefit from exercise, he should increase his activity to 75% of 164 instead of 75% of 155.






Chapter 10

Exercise 10.1

- on 5 150 _
1. (i) The sample proportion, p = 500 0.3
" . 1
Margin of error = — = ——
(i) qgi = OO
= 0.04
: %level) = L <p<pt L
(iii) Confidence interval (95% level) = p = <p<p-+ =
-.03-0.04<p<03+0.04
-.0.26 <p<0.34
. .o~ 136
2, The sample proportion, p = —=
(i) ple proportion, p = 7o
=0.34 = 34%

*.34% of computer shops are selling below the list price

M f =—=—==-—-=0.05
(i) Margin of error 77 = Taoo 20
Confidence interval (95% level) = J_ —<p<p+ %
=0.34—-0.05<p<0.34+0.05
=0.29<p<0.39

This means that the interval obtained works for 95% of the time and would give this result.

36000

10000 _ 236

3. The sample proportion, p =

Margin of error = — = ——=—— = 0.01
9 in 41000' 100
1

—<p<p+—
p- {7 p<p+—=

=036 — 0.01 <p < 0.36 + 0.01
=035<p<037

95%, confidence interval =

4. The sample proportion, p = % =0.3

Margin of error = ln =1 _—0082

1
—<p<p+—
J_ P=P™ IR

— 0.3 —0.082 < p <03+ 0.082
= 0218 <p < 0.382

Confidence interval (95% level) =

5. Sample proportion, p = % =0.713

.".Sample proportion not in favour = 1 — 0.713 = 0.287

Margin of error = —= = —=0.111
9 /n 180

Confidence interval (95% level) = p — ‘/1_ <p<p-+ %

=0.287 —0.111 <p <0.287 + 0.111
=0.176 < p < 0.398
or17.6% < p < 39.8%




Solution

. . _ 1
6. (i) Margin of error = W
a1 - i % =
T 0.05 since 5% = 0.05
1
( r) (0.05)
1
= (0.05)?
_ 1
"= 0.05)
= 400 = sample size
i i = L 0 =
(ii) Margin of error e 3% = 0.03
L — 0.03
1
— (0.03)2
(r)
-1 = (0037
oy
-~ = 10,03
= 1111 = sample size
. _ 1 _
(iii) Margin of error = W 1.5=0.015
l = 0.015
(l) (0.015)2
=
L= (015
1
~M = 100157
. n = 4444 = sample size
7. Sample proportion, p = 84 _ 0.42
200
1 1
M f =—=——=0.07
argin of error = - T300
Confidence interval (95% level) = p — F —<p<p+ %
=042 —-0.07<p<042+ 0.07
=035<p<049
8. Sample proportion, p = A _ 15
300
1 1
Margin of error = — = —— = 0.057
9l m Y300
i i 9 —p5— L 54+ L
(i) Confidence interval (95% level) = p = <p<p-+ =

..0.15 —0.057 <p <0.15 + 0.057
= 0.093 < p < 0.207
=0.09 <p<0.21

(i) If 100 samples were taken we would expect 95 of them to have defective items ranging
between 9% and 21% (or between 27 items and 63 items)

(i) If 200 such tests were performed we would expect 2 X 95 of them to have defective items
.. 190 defective items.



9.

10.

11.

12.

13.

45

n = 300, the sample proportion p = 300 0.15
The 95% confidence interval [Cl] for a proportionp = p + 1.96
0.15(1 — 0.15)
. = + it S
S C=015=*1.96 300
= 0.15 = 1.96(0.0206)
= 0.15 = 0.0404

= 0.1096, 0.1904
= 0.1096 < p < 0.1904

n = 200, the sample proportion p = 72 _ 0.36

200
The 95% confidence interval [Cl] for a proportion p = p = 1.96
0.36(1 — 0.36)
. = + == e
o.C=036=*1.96 300

= 0.36 + 1.96(0.03394)
= 0.36 = 0.06652
= 0.29348, 0.42652

= 0293 < p < 0.427

n = 235, the sample proportion p = % = 0.31915

The 95% confidence interval [Cl] for a proportionp = p = 1.96

0.31915(1 — 0.31915)
235

. Cl=031915 % 1.96\]

= 0.31915 =+ 1.96(0.03040)
= 0.31915 =+ 0.05959
= 0.25956, 0.37874

— 0.260 < p < 0.379

n = 50, the sample proportion p = % =0.24

The 95% confidence interval [Cl] for a proportionp = p = 1.96

0.24(1 — 0.24)
50
= 0.24 = 1.96(0.06039)
—0.24 =0.11838
=0.12162, 0.35838
—0.122 < p <0358

.Cl=0.24 £1.96

n = 400, the sample proportion p = % =0.34

The 95% confidence interval [Cl] for a proportionp = p = 1.96
0.34(1 — 0.34)

. = —+ - - -

o.Cl=034+196 200

= 0.34 = 1.96(0.02368)
— 0.34 = 0.04642
= 0.29358, 0.38642

= 0.294 < p < 0.386

p(1 — p)
n

p(1 — p)
n

p(1 —p)
n

p(1 —p)
n

p(1 —p)
n



Solution

14. n = 120, the sample proportion (fiction) p = % = 0.73333
the sample proportion (paperback) p = % = 0.84090
. 11—
The 95% confidence interval [Cl] for a proportion p = p = 1.96 M

0.73333(1 — 0.73333)
120

(i) -.C1=10.73333 = 1.96\/

— 0.73333 = 1.96(0.04036)
= 0.73333 = 0.07912
— 0.65421,0.81245

— 0654 < p < 0.812

0.84090(1 — 0.84090)
88

(i) .-.Cl =0.84090 = 1.96\/

= 0.84090 * 1.96(0.03899)
= 0.84090 = 0.07642
= 0.76448,0.91732

= 0.764 < p < 0917

15. n =400
136

() The sample proportion p = 200~ 0.34 = 34%

(i) The 95% confidence interval [Cl] for a proportionp = p + 1.96
0.34(1 — 0.34)
400
= 0.34 = 1.96(0.02368)
= 0.34 = 0.04642
= 0.29358,0.38642
= 0.294 < p < 0.386
= 29.4% < p < 38.6%
The true proportion lies in this interval 95 times out of a 100
(iii) 2% = 0.02

. +1.96 \{M — +0.02
— 2
N (i1.961/w) — (0.02)?

= .86205
n

p(1 —p)
n

o.Cl=034*196

= 0.0004

=n = 2155.13
.".2156 shops would be needed as a sample.

16. n = 1200, the sample proportion p = 324 _ 0.27

1200

The 95% confidence interval [Cl] for a proportionp = p + 1.96
0.27(1 — 0.27)
~ 1200

= 0.27 = 1.96(0.01281)

=0.27 = 0.025119

= 0.24488,0.29511
= 0.245 <p < 0.295

p(1 —p)
n

.Cl=0.27 £1.96



17. n = 100, the sample proportion p = 700 0.15
- 11—
The 95% confidence interval [Cl] for a proportionp = p + 1.96 u
0.15(1 — 0.15)

D - = +
() .Cl=0.15*1.96 100

= 0.15 =+ 1.96(0.03570)
= 0.15 + 0.06998
= 0.0800, 0.21998
— 0.080 < p < 0.220
(i) 1.5% = 0.015

196 015( —0.15)

:("‘1961015 —0.15) ) (£0.015)?

48980 — 0.000225

= *£0.015

=n= 2176.91
.. 2180 people would be needed as a sample.

Exercise 10.2

. A 357
1. Sample proportion, p = 1000 = 0.357
1 1
Margin of error = — = —— = 0.0316
g Jn 11000
. 1
9 —<p<p+—
95% confidence interval = p — \/_ p<p 7

= 0.357 — 0.0316 < p < 0.357 + 0.0316

+.0.325 < p < 0.389
No. The leader’s belief is not justified as 0.4 is outside the above range at the 95% confidence
interval

* Step 1: State Hyand H,
H,: The true proportion is 0.4
H,: The true proportion is not 0.4

Step 2: Sample proportion p (above)

Step 3: Margin of error, (above)

Step 4: Confidence interval (above)

Step 5: The population proportion 0.4 is not within the confidence interval. So we reject the
null hypothesis and accept H,. We conclude that the leaders belief is not justified at the 95%
confidence level.

2. 1. Hy: The college admits equal numbers
H,: The college does not admit equal numbers
267

2. Sample proportion, p = 200 = 0.534
1 1
3. Margin of error = — = —— = 0.0447
9 in \/500
. 1
. <p<p+—
4. Confidence interval = p — \/_ p<p e

— 0.534 — 0.0447 < p < 0.534 + 0.0447
0.489 < p < 0.5787
+.0.489 < p < 0.579



Solution

5. There is evidence to suggest that the college is not evenly divided in admitting equal numbers

of men and women, since 0.5 is within the confidence range found for men at the 95% level.

i on. p = 52
3. (i) Sample proportion,p = 40
=0.2166
1
Margin of error = — = —— = 0.065
(i) Marg n \/240
(i) Probability of throwing a 6 = 0.1667
(iv) Hy:The dice is not biased
H,: The dice is biased
From above p = 0.2166
Margin of error = 0.065
.. Confidence interval
=0.216 — 0.064 < p < 0.216 + 0.064
=0.152<p <0.28
Since 0.1667 is within the 95% confidence interval found we accept Hy and conclude that the
dice is not biased.
4. 1. Hy:The proportion of overdue books had not decreased
H,: The proportion of overdue books had decreased
.15 _
2. Sample proportion, p = 200 = 0.075
1 1
3. Margin of error = — = —— = 0.07
d n vzoo
. 1
4. Confi | = —<p<p+—
onfidence interval = p — F p<p W
= 0.075 — 0.07 < p < 0.075 + 0.07
=0.005 < p <0.145
.. Confidence interval at the 95% level is 0.5% < p < 14.5%
5. Since 12% lies in this interval the survey is correct and the University’s claim that the
proportion of overdue books had decreased is not justified.
5. 1. Hy: The company claims 20% will not have red flowers
H,: The company claims 20% will have red flowers
2. Sample proportion, p = 5 =0.134
1 1
3. Margin of error = — = — = 0.11
J mTe
. A 1
. —<p<p+—=
4. Confidence interval = p — \/_ p<p+ =
=0.134-0.11 <p<0.134 + 0.11
= 0.024 < p < 0.244
-.24% < p < 24.4%
5. Since the claim of 20% of plants will have red flowers lies within the 95% confidence interval
the company’s claim is correct.
6. 1. Hy: Atleast 60% of its readers do not have third level degrees.
H,: At least 60% of its readers do have third level degrees.
2. Sample proportion, p = % = 0.6666
1 1
3. Margin of error = — = —— = 0.0566
J w312



4. Confidence interval (95% level) = p — 1< p<p-+ 1

n n
.~.0.6666 — 0.0566 < p < 0.6666 + 0.0566
= 0.61 <p<0.723
61% < p < 723%
5. Hence the “Daily Mensa’s” claim that at least 60% of its readers have third level degrees is

justified.
7. (i) Sample: n =500
5 267 _
P =200 0.543

(0.543)(1 — 0.543)

200 = 0.0437

Margin of error, E = 1.96\]

95% confidence interval for p:
0.543 — 0.0437 < p < 0.543 + 0.0437
0.4993 < p < 0.5867
(i) Hyp =05
Hi:p#05
As p = 0.5 lies inside the 95% confidence interval based on p, the result is not significant.
Hence there is no evidence that the coin is biased.

8. p = 0.36.
(i) E=0.02
1.96 w — 0_02
n
0.2304 _ 4 010
n
% = 0.0001041
0.2304 = 0.0001041n
n=2213
(i) E=0.03
1.96 w — 0.03
02304 _ 4 0753
‘)'Znﬂ — 0.0002343
0.2304 = 0.0002343n
n = 983

Exercise 10.3

1. (i) When alarge number of samples of size n are taken from a population, then the distribution

of x, the sample mean, is known as the “sampling distribution” of the mean.
(ii) Asthe sample size increases, the standard deviation of the sampling distribution of the
sample means will decrease.

(i) If the mean of the underlying population is w, the mean of the sampling distribution of the

means is u.

(iv) If the standard deviation of a population is o-and samples of size n are taken from it, then the

standard deviation of the distribution of the sample means is %.

2. Arepresents the distribution of the sample means.
[Note, same mean, smaller standard deviation].



Solution

3. (i) The curve will have a Normal distribution shape based on the “Central Limit Theorem”.
(i) Because the sample size is greater than 30.

4. (i) (4,6),(4,8),(4,10),(6,8),(6,10),(8,10)

i) 476 _54+8_,4+10_,6+8_,6+10_o8+10_,
2 2 "2 "2 "2 T2 '
(iii) They are a statistic obtained from the samples
(iv) The mean of the population = w =7,
The mean of the samples of size 2 = S+t6+7 ;r 7+¥8+9 =%= 7

5. (i) Distribution A is positively skewed (as most of the data is to the left)
(ii) Distribution B is a Normal distribution.
(iii) Because the sample size is = 30 the Central Limit theorem applies

6. The sample mean is normally distributed as n = 30
X~ _13—-12 _

Standard unitz = 3 3 2
n 136
P(x>13)=P(Z>2)
=1-PZ<2)

=1-0.9772 = 0.0228

7. The distribution is normal with w = 60and o= 4,n = 15
X~k _58—60_ —2

Standard unitz = 3 = 703 = —1.94
n s
P(x < 58) = P(Z< —1.94)

=1—-—PZ=<1.94)
=1—-0.9738 = 0.0262

8. The sample mean is normally distributed as n = 30
X~k _ 177176 _ 1
[
- i 1.23
P(x > 177) = P(Z > 0.81)
=1-PZ<081)
=1-0.791 = 0.209
X~k _ 1748 —176 _ —1.2 _

K N - 1.23
n 780

P(x <174.8) = P(Z < —0.98)
=1—PZ=<0.98)
=1—0.8365=0.1635

(i) Standard unitz = = 0.81

—0.98

(ii) Standard unitz =

9. u=4.2hoursand o= 1.8 hours,n =15
(i) Standard error = ln ~18 _ 0.3
(ii) Greater than 4.8 hours = x > 4.8 hours

X~k _48—-42_06

Standard unitz = 3 i 03 =2
n 136
P(x>4.8) = P(Z> 2)
=1-PZ<2)

=1-0.9772 = 0.0228



10.

11.

12.

13.

14.

(iii) From 4.1 to 4.5 hours

X — _ _
Forx = 4.1 hours, standard unitz = —; g4l 5 42 _ 003'1 = —0.333
¥ 36 )
X — _
For x = 4.5 hours, standard unit z = — £_4s 3 12 % =1
in 736 :

P(41 <Xx=<45)=P(—0333=7=<1)

P(Z<1) — P(Z> —0.333)
P(Z=1)—[1— P(Z=0.333)]
0.8413 — [1 — 0.6293]

= 0.4706

w=58ando=1.2,n=900

X~ _585—58_005_

For x = 5.85, standard unitz = =1.25

K 12 0.04
n 1900
P(x < 5.85) = P(Z < 1.25)
= 0.894

© = 8years [= 96 months] and o= 6 months, n = 144
X—k_97-96_ 1

Forx = 8 years and 1 month = 97 months, standard unit z = a s 05 2.0
n V144
P(x >97) = P(Z> 2)
=1—-PZ=<2)
=1-0.9772
= 0.0228

.. Out of the 40 samples taken we would except 0.0228 X 40 = 0.912 = 1 sample to have a mean
lifetime of 8 years and 1 month

u=200and o=10,n=10
X~ K _198—200 _ —2

Forx = 198, standard unitz = — o =376 —0.63
i Tio -
X — _
For X = 205, standard unit z = == = 205,200 — > — 158
in 110 '

P(x <198,x > 205) = P(Z < —0.63,Z > 1.58)
= P(Z < —0.63) + P(Z> 1.58)
=[1—-PCZ=<0.63)] +[1 —PZ=<1.58)
=[1—0.7357] + [1 — 0.9429]
=0.3214

Since both distributions have the same mean C = 80
Since the standard deviation, o = 8, the pointD = p + 20 = 80 + 2(8) = 96

For distribution B the standard deviation o, = % = % = %

.. ThepointE= pu — 0}(:80—%:78%
u=75and o =9,P(x>73) = 0.8708
If P(x > 73) = 0.8708 = z = 1.13 using page 37 of the tables.
X—p
T

=1.13

Z =

S92 7 9
~73-75 1’13(m)

—2Vn = 1.13(9)



Solution

Squaring both sides 4n = 103.4289
n = 25.86 = 26

15. u=30and o0 =V5,n=40

, . L _ X~ K _305-30__05
(i) Forx = 30.5, standard unit z = 03535

{40
P(x > 30.5) = P(Z > 1.41)
=1—-PZ=<147)
=1-—0.9207
= 0.0793

(i) mw=30and o =15,P(x>30.4)=0.01
If P(x > 30.4) = 0.01 = [1 — P(x < 30.4)] = 0.01
. P(x =< 30.4) = 0.99 = z = 2.33 using page 37 of the tables.

=141

Sls

X—p
zZ= ra

n

..304 - 30= 2.33(E)
yn

=233

0.4Vn = 2.33(/5)
Squaring both sides 0.16n = 27.144
n=169.6 =170

16. w=52gando=4g
(i) P(x>60q)

For x = 60, standard unitz =~ £ =60—-52 _8 _,
(o 4 4
Px>60g)=PZ>2)=1[1—-PZ=<2)]
=1-0.9772
= 0.0228
(i) P50=x=<559g),n=5
X — — _
Forx = 50, standard unitz = (,'u =20 4 22 _ 7 758 =-1.12
n 75 :
For X = 55, standard unit z = ;’M =22 = 22 ] ;88 =1.68
" = :

P50 =Xx=<55)=P(—1.12< 7= 1.68)
=P(Z=<168) —PZ>—1.12)
=PZ=<1.68) —[1 —PZ=1.12)]
= 0.9535 — [1 — 0.8686]

0.822

(i) P(52.1 <x<5229),n=90

X—p _521—52_ 0.1
(%

Forx = 52.1, standard unitz = xa 2 04216 0.24
n 7% :
X — _
Forx = 52.2, standard unitz = i’u = 52'24 52 _ 02.2216 =047
n 190 '

P(52.1 <x=52.2)=P(0.24 <Z=<0.47)
=P(Z=<047) — P(Z=<0.24)
= 0.6806 — 0.5948
= 0.086
Since n = 30, in part(iii) the sample means will approximate to a normal distribution regardless of
population distribution therefore the answer to (iii) will be unchanged.



Exercise 10.4
1. x=63and o= 12,n = 800

The 95% confidence interval [CI] for wis X * 1.96%

12
S CA=63%£196—
V800

=63 + 0.83
= 62.17,63.83
= 6217 < 1 < 63.83

2. Xx =284 kgand o =42kg,n = 280
The 95% confidence interval [Cl] for wis X * 1.96%

- Cl=284 + 1.96-22_

1280
=284 = 4.92

= 279.08, 288.92
= 279.1 kg < p < 288.9 kg

3. x=227gando=75g,n=70

(i) The 95% confidence interval [CI] for p is X =+ 1.96%

7.5
cA =227 % 1.96ﬁ
=227 *£1.76
= 225.2,228.8
= 22529 < pu<2288g
(i) A probability of 95% in the interval 225.2 g < u < 228.8 g

= a probability of 5% outside this interval.
4. X = 62.7 marks and o = 9.2 marks, n = 100
The 95% confidence interval [Cl] for wisx = 1.96%

- Cl=627 + 1.96-22_

V100
=627*18

= 60.9,64.5
= 60.9 marks < u < 64.5 marks

5. x=5.12mgand 0 = 0.04mg,n =12
() The 95% confidence interval [CI] for wisx £ 1.96%

0.04
12
= 5.12 + 0.0226

= 5.097,5.142
= 5.097 mg < u < 5.142 mg
(i) 5.10 mg and 5.14 mg
(iii) A 95% confidence interval means that the “mean”lies in the interval 5.10 mg to 5.14 mg
95 times out of a 100.

o.C=512%196



Solution

6. x = €280 and o= €105,n = 400
The 95% confidence interval [Cl] for wis X 1.96%

-.Cl =280 + 1.96192

V400
=280 *= 10.29

= 269.71, 209.29
= €269.71 < u <€209.29

7. x=292cmand o= 1.47cm,n = 180

(i) The 95% confidence interval [Cl] for wis x * 1.96%

Q=292+ 196147

V180
=29.2*£0.215

= 28.985,29.415
= 28.99 cm < p < 29.41 cm
(ii) Because the sample size, n = 180 = 30, is sufficiently large to apply the Central limit Theorem.

8. x=0932gandoc=0.1g,n =64

i -o_01
(i) Standard error on the mean = = =a
=0.0125¢g

(ii) 0.932 g the same as the sample.
(iii) The 95% confidence interval [Cl] for wis X £ 1.96%

=
.CI=0.932 £ 1.96 (0.0125)
= 0.932 * 0.0245
= 0.9075 g, 0.9565 g
= 0.9075g9 < © < 0.9595 g
(iv) The 95% confidence interval would change to
Cl =0.932 +1.96 (0.01)
= 0.932 = 0.0196
=0.91249,0.9516 g
=09124g< u<095169g
(v) Increasing the sample size reduces the standard error and hence the confidence interval gets
smaller.

9. x = 4.6 years and o = 2.5 years, n = 240

(i) The 95% confidence interval [CI] for . is X = 1.96%

- Cl=46+ 1.96-22

V240
=46 =*=0316

= 4.284,4916
= 4.28 years < u < 4.91 years

(ii) 11.96% = +0.2 years

=240~ 004

= n = 600.25
.".601 cars needed as a sample.



10. x=748gand 0 =3.6g,n =150

(i) The 95% confidence interval [Cl] for wis x * 1.96%

- Cl =748 + 1.96-35_

V150
=748 = 0.5761

= 747.42,748.58
= 747429 < . < 74858 g

.. o _
(i) i1.96\m ==*15g

3.6
+ 29 — +
= +1.96 n *1.5

:>(i1.96 =] =(*1.5)2

35|
n
N @ — 225

=n=22127
.. 23 boxes are needed as a sample.

11. X = 69 beats and o = 4 beats, n = 80

(i) The 95% confidence interval [Cl] for wis x * 1.96%

4
S0 =69 196 ——
V80

=69 * 0.8765

= 68.12, 69.88
= 68.12 beats < u < 69.88 beats

H -+ l: -+
(ii) _1.96m *1.5 beats
— +1962 = +15
n
—[+1062)
(_' m)

i“-iﬂ: 2.25

= (*=1.5)?

=n=27.318
.. 28 people needed.

12. wu=48.6gandoc=8.5g,n=50
(i) P(x<49q)
X~k _49—-486 _ 04

ForXx = 49 g, standard unitz = — oE = 1503 0.3327
n 150 )
P(x < 49) = P(Z < 0.3327)

= 0.629
(i) x=48.6gandoc=8.5g,n=50
The 95% confidence interval [Cl] for wis X * 1.96%

- Cl=486+ 19682

50
= 48.6 + 2.356

=46.2,51.0
= 4629 <pu<5109



T O _ +
(iii) _1.96m *2
N i1.96%= +2
8.5\2 5
+ OO\ — (+
:>(_1 96m) (£2)
N 277.555 4
n
= n = 69.388

.. 70 pebbles would be needed as a sample.

13. Confidence interval = (54.09, 60.71), n = 80
(i) x= 54.09 -; 60.71
(ii) Interval width = 60.71 — 57.4 = 3.31

+1.96-L = +3.31
/80

+0.2190 = *£3.31
o = 15.1 marks

=574

Exercise 10.5
1. (i) Hy:The mean wis 50
H,: The mean is not 50
(i) 5% level of significance = —1.96 <z < 1.96
(iii) w=50,x=524,0=143andn =100

X — _
(iv) Standard unitz =—; g 52'11‘43 20 _ 12:;) =1.67
n 100 '

Since 1.67 < 1.96, the test statistic is not in the critical region and hence we accept the null
hypothesis, the mean is 50.
There is no evidence to suggest that the true mean is different from the assumed mean.

2. (i) Hoy:The students do not differ from the normal
H;: The students do differ from the normal
(i) 5% level of significance = —1.96 <z < 1.96
(iii) w=70,x=68,0=6andn =64
X~k _68—-70_ —2 _

K 6 075
n V64

Since —2.67 < —1.96, the test statistic is in the critical region and hence we reject the null
hypothesis that the students do not differ from the normal.
Yes there is evidence to suggest that they differ from the normal.

—2.67

(iv) Standard unitz =

3. (i) Hy:The mean age of patients is 45 years
(ii) H,:The mean age of patients is not 45 years

X— [ _484—45 _ 34 _
= =g = 189
n 100

(iv) 5% level of significance = —1.96 <z < 1.96

Since 1.89 < 1.96, the test statistic is not in the critical region and hence we accept the null
hypothesis that the mean age of patients is 45 years.
No there is no evidence to suggest that the mean age is not 45 years.

(iii) The test statisticisz =



4. (i) Hy:The mean length has not changed
(i) Hy:The mean length has changed
X~ K _211.5-210 _ 1.5 _
T T s 06
n 100

(iv) 5% level of significance = —1.96 <z < 1.96

Since 2.15 > 1.96, the test statistic is in the critical region and hence we reject the null hypothesis
that the mean length has not changed.
Yes there is evidence to suggest that the mean length has changed.

(iii) The test statisticisz =

[e))

5. (i) Ho:The mean lifespan is 258 days
H;: The mean lifespan is not 258 days
(i) 5% level of significance = —1.96 <z < 1.96
(iii) u = 258,Xx =269, 0 =45andn = 64
X~ _269—258 _ 11
% % 5.625
Since 1.9555 < 1.96, the test statistic is not in the critical region and hence we accept the null
hypothesis that the mean lifespan is 258 days.

There is no evidence to suggest that the drug has altered the mean lifespan.

(iv) Standard unitz = = 1.9555

6. (i) Hg:The mean number of children is 3.8
H,: The mean number of children is not 3.8
(i) 5% level of significance = —1.96 <z < 1.96
_ 144 _

(iii) w=3.8x= 20 3.6,0=06andn =40

, Lo _ X"k _36-38_ —-02 _ _

(iv) Standard unitz = - I3 0.09486 2.1
n 40

Since —2.11 < —1.96, the test statistic is in the critical region and hence we reject the null
hypothesis that the mean number of children is 3.8.
There is evidence to suggest that the mean number of children has changed.

7. (i) Hy:The mean mark of students in this town is 48.7
H,: The mean mark of students in this town is not 48.7

(ii) 5% level of significance = —1.96 <z < 1.96
(iii) w=487,x=46.5 0=95andn =120
X~ MK _ 465 —487 —2.2

v T s oserz >t

n 1120
Since —2.54 < —1.96, the test statistic is in the critical region and hence we reject the null
hypothesis that the mean mark of students in this town is 48.7.

There is evidence to suggest that the mean mark has changed.

(iv) Standard unitz =

p-value =2 X P(Z > |z,))
(i) zy =173, p-value =2 X P(Z>|1.73])
=2X[1—-PZ=<11.73))
=2 X[1—0.9582)
= 0.0836
(i) zy=—191, p-value=2XPZ>|-1.91|)
=2 X[1—-PZ=<[191))
=2 X[1—0.9719)
= 0.0562

(iii) z, = —1.65, p-value =2 X P(Z>|—1.65|)
=2X[1—PZ=<]1.65))
=2 X [1 — 0.9505)
= 0.099



Solution

(iv) z, = —2.06,  p-value =2 X P(Z > |—2.06)
=2 X[1 - P(Z=<2.06|)
=2 X [1 —0.9803)
= 0.0394

9. u = 85 hours, x = 86.5 hours, o= 12 hours and n = 200
X~ _865—-85_ 1.5

. . X B
(i) The sample statisticis z = 3 5PN 0.8485 1.77
n 1200

(ii) p-value =2 X P(Z> |z,|)
=2 X P(Z>11.77))
=2X[1-PZ=<177)
=2 X[1—-0.9616)
= 0.0768
(iii) = p > 0.05 we accept H,, the result is not significant at the 5% level of significance.

10. w=70,x=685 0c=6andn =36
X~k _685—70_ —1.5 _

Z 6 1
n 36

—-1.5

(i) The sample statisticisz =

(i) p-value =2 X P(Z>|z])
=2 X PZ>|-1.5])
=2X[1—-PZ<]15]
=2 X[1—0.9332)
= 0.1336
(iii) = p > 0.05 we accept H,, the result is not significant at the 5% level of significance.

11. 1 = 12 minutes, X = 12.3 minutes, o = 1.2 minutes and n = 36

X“pm_123-12_03_,;

(i) The test statisticisz = = 2 0:2

n 36

(ii) 5% level of significance = —1.96 <z < 1.96
Since 1.5 < 1.96, the test statistic is not in the critical region and hence we accept the null
hypothesis that the average time is 12 minutes.
(i) p-value =2 X P(Z > |z,|)
=2 X P(Z>[1.5])
=2X[1—PZ=<|15])
=2 X [1-0.9332)
=0.1336
(iv) = p > 0.05 we accept Hy, the result is not significant at the 5% level of significance so we
reach the same conclusion.

12, w=420cm,x=423cm,o0=12cmandn =100

X— [ _ 423 —420
TS
n 700

(i) The sample statisticisz = = % =25
(i) p-value =2 X P(Z>|z])
=2 X P(Z>[2.5])
=2X[1—=PZ=<|25])
=2 X [1 —0.9938)
= 0.0125
(iii) = p < 0.05 we reject H,, the result is significant at the 5% level of significance so we reach
the conclusion that there is a change in the mean length of the bars.



13.

©=5mm,Xx = 5,008 mm, o= 0.072 mm and n = 400

Standard error on the mean = — = —= = 0.0036
n {400
The 95% confidence interval [CI] for wis x = 1.96%

.. Cl =5.00 £ 1.96(0.0036)
= 5.00 = 0.007056
= 4.9929, 5.007056
= 4.993 mm < u < 5.007 mm
5% level of significance = —1.96 <z < 1.96

X~ _5008—=5_ 0008 _, 55

K 0072 0.0036
n 1400

Since 2.22 > 1.96, the test statistic is in the critical region and hence we reject the null hypothesis
that the mean length is 5 mm, the sample does differ significantly from the stated mean.

The test statisticis z =

Revision Exercise 10 (Core)

1.

3.

4.

w=25kg, o =15 kgandn = 50

From 24.5 kg to 25.5 kg
X~ _245-25_ —05

Forx = 24.5, standard unit z = —; = =~ 031622 —1.58
n 50 '
X — —
Forx = 25.5, standard unit z = —; £ 255@ 2 0 301'222 =1.58
n 150 '

P(24.5 < Xx < 25.5) = P(—0.1.58 < Z =< 1.58)

= P(Z=<1.58) — P(Z> 1.58)
P(Z=1.58) —[1 — P(Z=< 1.58)]

=0.9394 — [1 — 0.9394]

um =285 0=0.07andn =20
Mean of sample x = u = 2.85

X = 26.2 beats and o, = 5.15 beats, n = 32
-
The 95% confidence interval [CI] for wisXx = 1.96 Fr:
5.15
S0 =262 +1.96—
32
=26.2 = 1.7843
= 24.4157,27.9843
= 24.42 beats < u < 27.98 beats
Xx=266ml,c=20mlandn =40
The 95% confidence interval [CI] for wis X *+ 1.96 %
20
o.Cl=266 =196 —
V40
= 266 £ 6.198

= 259.802,272.198
= 259.80 ml < u < 272.20 ml



5.

6.

Solution

n = 150, the sample proportion p = % = 0.6
N 1-
The 95% confidence interval [Cl] for a proportion p = p = 1.96 M
0.6(1 — 0.6)
. = -+ . E———
-.Cl=06=*1.96 150
= 0.6 = 1.96(0.04)
= 0.6 = 0.0784
= 0.5216,0.6784
= 0522 <p <0678
n = 100, the sample proportion p = 0.55
A 1-
The 95% confidence interval [Cl] for a proportionp = p + 1.96 w
0.55(1 — 0.55)
. = + e e
. Cl=0.55=*1.96 100

= 0.55 = 1.96(0.04975)
= 0.55 =+ 0.09750
= 0.4525, 0.6475

= 0453 < p < 0.648

(i) Ho:The height of the Irish students does not differ from the height of the German students
H,: The height of the Irish students does differ from the height of the German students
(i) 5% level of significance = —1.96 <z < 1.96
(iii) w=176cm,x=179cm, o= 11 cmandn = 60

X~k _179—176 _ 3
o a 1.42
n 160

Since 2.11 > 1.96, the test statistic is in the critical region and hence we reject the null hypothesis
that the heights are the same.

Yes there is evidence to suggest that the average German student is taller than the average Irish
student.

(iv) Standard unitz = =211

(i) Ho:The mean quantity of honey has not changed
H;: The mean quantity of honey has changed
(i) w=46039g,x=461.29,0=3.2gandn =60

X~ [h_4612—-4603 __09 _ g
Z 32 0.4131
n 760
(iii) 5% level of significance = —1.96 <z < 1.96
Since 2.18 > 1.96, the test statistic is in the critical region and hence we reject the null hypothesis
that the quantity of honey has not changed.

Yes there is evidence to suggest that the sample mean is different from the population mean.

Standard unitz =

(i) A Normal distribution. Central Limit Theorem
(i) Because the sample size n > 30
(iii) w=96hrs,c=6hrsandn =36
Greater than 98 hours = x > 98 hours

Standard unitzzx_o_'“: 98;96:%:2
n 736
P(x > 98) = P(Z> 2)
=1-PZ<2)

=1—-0.9772 = 0.0228
P(x > 98)(40) = 0.0228(40) = 0.912 =1



rejection
region

rejection
region

1 T 1
—1.96 0 1.96

(i) z< —1.96,z>1.96

(iii) The sample statisticisz, = 1.6

(i) p-value =2 X P(Z > |z)|)
=2 X P(Z>]1.6|)
=2X[1—PZ=<|16)
=2 X [1—0.9452)

= 0.1096
. L~ 170 _
11. (i) Sample proportion, p = — = 0.68
250
. 1 1
Margin of error = — = —— = 0.063
g A 1250
(i) Confidence interval (95% level) = p — 1 - p<p-+ 1

n n
=0.68 — 0.063 < p < 0.68 + 0.063
- 0617 <p<0.743
062 <p<074
is confidence interval for the proportion of households that own at least one pet.

Revision Exercise 10 (Advanced)
1. u=74and o= 6,P(x >72) = 0.854
If P(x > 72) = 0.854 = z = 1.05 using page 37 of the tables.
X— W
=

9 94— 6
7274 LOS({H)

—2vn = 1.05(6)
(Squaring both sides) 4n = 39.69
n=992=10

=1.05

Z =

2. u=121kgand o= 0.4kg
X7k _12—-121_ —0.1

For x = 12, standard unit z = - 0a =04 —0.25
P(x<12kg) = P(Z=< —0.25) = [1 — P(Z < 0.25)]

=1 —0.5987

= 0.401

3. x=314kgand o =24kg,n=36

The 95% confidence interval [Cl] for wisX * 1.96 %

24
SA=314*£196=—
V36

=314 +0.784
= 30.616,32.184
=30.6 kg < u<322kg



Solution

4. (i) Since n = 30, the central limit theorem can be applied.
(i) The 95% confidence interval [Cl] for a proportionp = p + 1.96
p=20% = 0.2

o.C=02=*=196

p(1 —p)
n

02(1 - 0.2)
30
= 0.2 = 1.96(0.073)
= 0.2 = 0.1431
= 0.0569, 0.3431
= 0.057 < p < 0.343
= 5.7% < p < 34.3%

5. (i) If 100 samples of the same size are taken, then the true population mean (or proportion) will
lie in the given interval on 95 occasions out of 100.
(ii) x=13.52km/land o= 2.23 km/l,n = 150

The 95% confidence interval [CI] for wis X * 1.96 %
2.23

c.C=13.52 £ 196 =
V150

= 13.52 = 0.35687
= 13.163, 13.877
= 13.16 km/l < u < 13.88 km/I

6. (i) Hy:The mean response time is unchanged, uw = 1.2s
H,: The mean response time changes, u # 1.2s
(i) z< —1.96,z>1.96

rejection
region

rejection
region

T T T
—1.96 0 1.96

= 1.2s,x=1.05sand o= 0.5s,n = 100

X — _ _
(iii) The test statisticis z = (,'M = 1'050,5 12 _ 006135 = -3

n {100
Since —3 < —1.96, the test statistic is in the critical region and hence we reject the null

hypothesis that the mean response time is 1.2s
Yes the drug has an effect on the response time.
(iv) p-value =2 X P(Z> |z,|)

=2 X PZ>|-3])
=2X[1—-PZ=<|3|)
=2 X [1 —0.9987)
= 0.0026

Since p < 0.05 we reject the null hypothesis that u = 1.2s

7. n = 72, the sample proportion p = % = 0.6944



(iii) The 95% confidence interval [Cl] for a proportionp = p =
_ 50 1

T 727472
0.577 < p < 0.812

(iv) Since 80% = 0.8 is within the confidence interval we accept the school’s claim.

Sl

8. (i) Hy:The mean weight has not changed, u = 25 kg
H,: The mean weight has changed, u # 25 kg
(i) w=25kg,x=245kg, 0=15kgandn =50

X~ _245-25_ —05

15 0212
{50

Sample statistic, z = = —236

Sls

(iii) p-value =2 X P(Z>|z,)
=2 X P(Z>|-2.36|)
=2X[1—PZ=<|236|)
=2 X [1 —0.9909)
= 0.0182
(iv) Atthe 5% level of significance since p < 0.05 we reject the null hypothesis that u = 25 kg, the
wholesaler’s suspicion is justified.
(v) The p-valueis the smallest level of significance at which the null hypothesis could be rejected.

9. (i) Mean = 68 kg,
Standard error = = = — = 0.65 kg

(ii) Standard unitz = —0.769

X~k _675—-68 _ —0.5 _
T 3 0.65
n 125

P(x < 667.5) = P(Z < —0.769)
=1-PZ=<0.77)
=1-—0.7794 = 0.2206

No of samples = 0.2206(80) = 17.64 = 17

10. (i) Sample proportion, p = % =0.26

Margin of error = == oo 0.022

(ii) Confidence interval (95% level) =

=0.26 — 0.022 <p< 0.26 +0.022
= 0241 <p <0286

11. Hy: The party has 23% support
H,: The party does not have 23% support

(i) Margin of error = = T = 0.03 at 95% confidence

(i) Sample proportion, p = W =0.21

1
<p<p+—
pr”pm

=0.21 — 0.03<p<0.21 + 0.03
=0.18<p <024
. 18% < p < 24%
The political party has claimed to have 23% support of the electorate.
This is within the confidence interval. Hence, this is not sufficient to reject the party’s claim.

Confidence interval =



Solution

12. 1. Hy: 20% purchase at least one product

13.

14.

H,: 20% do not purchase at least one product

s 64
. Sample proportion, p = 200 0.16
. 1 1
Margin of error = — = —— = 0.05
g A Y400
. ~ 1 Ao
0 = —_ L
. Confidence interval (95% level) = p & <p<p+ o
=0.16 — 0.05 < p <0.16 + 0.05
=0.11<p<021

1% <p<21%
. (i) 20% is within this interval. Hence, there is no evidence to reject the company’s claim that
20% of the visitors purchase at least one of its products

. Hy: 70% are claimed to be in favour of change
H,: 70% are claimed to not be in favour of change

. Sample proportion, p = 134 _ 4744
180
. 1 1
Margin of error = — = ——— = 0.0745
9 n 180
. S~ Ao
0, = _ -
. Confidence interval (95% level) = p T <p<p-+ =
= 0.744 — 0.0745 < p < 0.744 + 0.0745
= 0.669 < p < 0.8185

.66.9% < p < 81.85%
.66.9% < p < 81.9%
. Since 70% is within this range at the 95% confidence level the NCCB's beliefs are borne out and
the claim that 70% are in favour of syllabus change accepted.

. Hy: Claim is that 10% of apples attacked
H,: Claim is that 10% of apples have not been attacked

Margin of error = — = ——— = 0.02
J A 12500
o274 _
. Sample proportion, p = 2500 0.1096
; ~ 1 A 1
[0) = _ LI
. Confidence interval (at 95%) = p N <p<p-+ v

=0.02 — 0.1096 < p < 0.02 + 0.1096
0.0896 < p < 0.1296
.8.96% < p < 12.96%
9% < p < 13%
. Yes, the owner’s claim is justified at the 95% confidence level as 10% is within the above range

Revision Exercise 10 (Extended-Response Questions)

1.

(i) Ho:The mean weight has not changed, u = 500¢g
H,: The mean weight has changed, u # 500 g

(i) w=500g9,x=505g,0=18gandn =36

X— 505 — 500
I
V36

Sample statistic, z =

—é:—
=3 1.67

Sls

(iii) p-value =2 X P(Z> |z,])

=2XPZ>1|-16.7])
=2 X[1—-PZ=<|167)
=2 X [1 — 0.9525)

= 0.095



(iv) Since p > 0.05 we accept the null hypothesis that u = 500 g. The result is not significant, the
mean weight has not changed.

(i) n =80, the sample proportion p = % =0.35

The standard error = \jp(1 n_ P) = \lo'35(1 — 035)

80
= 0.0533

" 1-—
(ii) The 95% confidence interval [Cl] for a proportionp = p = 1.96 w

0.35(1 — 0.35)
80

= 0.35 + 1.96(0.0533)
= 0.35 + 0.1045
= 0.245,0.455

= 0.245 < p < 0.455

~.Cl=035*=196

79.93 + 82.87
2

(ii) The 95% confidence interval [Cl] for wis X = 1.96%

(i) Mean weight =Xx = =814g¢g

7_{_ . l: . X — . i: .
=X 196m 82.87 and x 196m 79.93

=814+ 1.96—Z_ = 8287
1400

g _
= 1.96 20" 1.47

og=15¢
() x<4759,u=500g,0=120g
X~ i _ 475 —-500 _ —25 _
o 20 20
P(x < 475) = P(Z < —1.25)
=1—PZ=<125)
=1—0.8944 = 0.1056
=10.6%
x>530g, 4 =500g,0=20g
X— K _ 530 —500 _ 30 _
20 20
P(x > 530) = P(Z > 1.5)
=1—-P(Z<15)
=1—0.9332 = 0.668
=6.7%

Standard unitz = —1.25

Standard unitz = 1.5

(i) w=500g,x=495g,0=20gandn =40

X~k _495-500_ -5 _
Z 20 3.1622
n 140

(iii) p-value =2 X P(Z> |z,)
=2 X P(Z>|—-1.58))
=2 X [1 - PZ=<]1.58])
=2 X [1 —0.9429)
=0.114
(iv) Since p > 0.05 we accept the null hypothesis that u = 500 g. The result is not significant, the
mean weight has not changed.

—1.58

Sample statistic, z =



Solution

5. (a) Mean = , the standard deviation o, = -~

n
(i) When nislarge (n > 30) the distribution is Normal
(ii) When the population distribution is normal the distribution of the sample means is
Normal.
The Central Limit Theorem can be applied to (i) if n > 30. If the underlying population is normal
the distribution of the sample means is always normal.
(b) () w=€37, 0=€85andn =100
Greater than €37.5 = x > €37.5
X— W _375-—37_ 05

Standard unitz = A 55 085 0.5882
n 1100
P(x > 37.5) = P(Z > 0.59)
=1—-P(Z=< .59

=1-0.7224 = 0.278
(i) P(x>37.5) <0.06
PZ>2z)=11—-PZ=<2z)]=0.06
P(Z=<2z)=0.94
z;, =155

X — _
2 =155 XM _375-37

o 85
n n
85 _
1.55 X o 0.5
Vyn = 26.35

n =694.3 = 695

6. (i) Thelower quartile is €12.80 = 75% earn more than this amount
P(x>12.8) = 0.75
|
(i) 4 out of six earn more than €12.80 = 0.75 X 0.75 X 0.75 X 0.75 X 0.25 X 0.25 X ﬁ
= 0.2966

(iii) The distribution of the sample means will be normal with a mean of €22.05 and the standard

(iv) P(x > €23)

X~ _23-2205_ 095

o, 1064 07524
200

P(x > €23) = P(Z>1.26)=[1 — P(Z < 1.26)]
=1-0.8962
=0.1038

Number of samples = 0.1038(1000) = 103.8 = 104

7. n=3.05kg, o= 0.08 kg
(i) x=3.11kg

Standard unitz =

Standard unitz = = 1.2626 = 1.26

X— B _3.11-305_ 006
0.08 0.08

P(x <3.11) = P(Z=<0.75) = 0.7734 = 77.34%
(ii) P(3.00 < x<3.15)

=0.75

X~ _300—3.05_ —005_
0.08 0.08
X~ M _315-3.05_ 0.1 _
008 0.08 1.25

—0.625

For x = 3.00, standard unit z =

For x = 3.15, standard unit z =




P(3.00 < x < 3.15) = P(—0.625 < Z < 1.25)

(
=P(Z=<1.25) — P(Z< —0.625)
= P(Z<1.25) — P(Z > 0.625)
=P(Z<1.25)—[1—P(Z=<0.625)]
= 0.8944 — [1 — 0.7357]
= 1.63
8. (@) = 65min, o =60min
(i) x=185
oo _X— M 185—65_ 120 _
Standard unitz = p ) 60 2
P(x>185)=P(Z>2)=[1 — P(Z<2)]
=1-0.9772
= 0.0228
(i) P(50 < x < 125)
_ X~ pm_50—-65_ —15_ _
For x = 50, standard unit z - 50 50 0.25
_ Lo XT M 125—65 _ 60 _
For x = 125, standard unit z p ) 60 1

Z<1)—P(Z< —0.25)
Z<1)— P(Z>0.25)
Z<1)—[1—P(Z=<0.25)]

(iii) P(x < 70) from a sample of 90.

X— Wk _70—-65_ 5
60 6.3245
V90

P(x <70) = P(Z =< 0.7906) = 0.785

= 0.7906

Standard unitz =

Sls

(b) (i) The standard deviation is so big that there are only % = 1.083 standard deviations
above zero.
P(Z < —1.083) = P(Z>1.083) = [1 — P(Z < 1.083)]
=1-0.8599
= 0.14 at time = 0 minutes
This means that there is a probability of 0.14 of negative times, which are impossible.
(i) Alarge sample of 90 = the mean is approximately normally distributed.

9. n=609,0=15¢g
(i) x=45¢g
X~ MK _45-60_ —15 _
15 15
Px<45g)=PZ<—-1)=PZ>1)
=0 —-PZ=<1)]
=1-0.8413 = 0.1587
(ii) P(x <58 g)fromasample of 50.

—1

Standard unitz =

X — — —
Standard unitz = — B o8 s 60 _ 5 12213 = —0.94
n 50 '

P(x <58) = P(Z < —0.94) = P(Z > 0.94)
=[1 — P(z=0.94)]
=1-0.8264 = 0.1736



Solution

(iii) P(x <45 g (small)) = 0.1587
= P(x medium or large) = 1 — 0.1587 = 0.8413

Equal probabilities = 08413 _ 0.4206 in each group

2
= P(x small or medium) = 0.1587 + 0.4206 = 0.5793
P(z) = 0.5793 =2z=0.2
X“KH_x—6
15
= x=0.2(15)+60=63g

Standard unitz = 0_ 0.2

10. p = % —088 ie. 88%
. . 1 1
(i) Margin of error = — = —— = 0.05
J 'n {400
i : % =p—L<p<pil
(ii) Confidence interval (95%) = p = <p<p+ =
=0.88 — 0.05 <p < 0.88 + 0.05
0.83 < p < 0.93

83% < p < 93%
H,: There is no difference in opinion between Cork and Dublin
H,: The is a difference in opinion between Cork and Dublin
.~ 810
Sample proportion, p = 1000 0.81
=81%
Confidence interval is 83% < p < 93%.

The company’s claim in not justified at the 95% confidence level as 81% (the Dublin
population proportion) is not within the confidence limits, so we reject the null Hypothesis
and accept their claim is not justified, and there is a difference in opinion between Cork and
Dublin samples.
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